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Abstract. In this paper we demonstrate a Voronovskaja-type theorem and ap-
proximation theorem for a class of modified operators and Generalized Boolean
Sum (GBS) associated operators obtained (see (3)) from given operators.
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1. INTRODUCTION

In this paper we start from a class of linear and positive operators. We
construct the bivariate operators and GBS operators associated for bivariate
functions.

The aim of this paper is to modify these operators applying the G.H.
Kirov idea (see [3]) and for the new class of operators, we demonstrate a
Voronovskaja-type theorem and an approximation theorem.

Let N be the set of positive integers and Ny = N U {0}. In this section we
recall some notions and results which we will use in this paper.

We consider I C R, I an interval and we shall use the following function
sets: B(I) = {f|f : I = R, f bounded on I}, (C(I) = {f|f : I = R, f
continuous on I} and Cg(I) = B(I) N C(I). For = € I, let the function
Yy I = R, ¢ (t) =t —x forany t € I and let ey : I — R, ep(x) = 1 for any
r el

If I C R is a given interval and f € B([I), then the first order modulus of
smoothness of f is the function w(f;-) : [0,00) — R defined for any § > 0 by

(1) w(f;0) =sup {|f(2') — f(a")| : ', 2" € I |2" — 2"| < 0}

and then w(—f,d) = w(f,9).
IfneN,§>0and fi, fo,..., fn € B(I), then

(2) wW(ft + fot -+ fn;0) Sw(f130) Fw(f2;0) 4+ - + w(fn; 9).

Let Iy, I, J1, Jo C R be intervals, E(I; x I3), F/(J1 x J2) which are subsets of
the set of real functions defined on Iy X Is, respectively J; x Jo. In these sets,
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we have the classical operations of addition of functions and multiplication
with scalars of functions.

Let L : E(I; x Is) — F(J; x J2) be a linear positive operator. The op-
erator UL : E(I; x I3) — F((I1 N J1) x (I2 N J2)) defined for any function
fe E(Il X IQ), any (l‘,y) € (Il N Jl) X (I2 N J2> by

(3) (ULF)(2,y) = (L((2,%) + f(,9) = £ %)) (z,9)

is called GBS operator (“Generalized Boolean Sum” operator) associated to
the operator L, where “” and “x” stand for the first and second variable (see
1)).

If f e E(I1 x Iy) and (z,y) € I x Iy, let the functions f, = f(z,x*),
Y = f('ay) L x I = R, fac(sﬂt) = f(l',t), fy(svt) = f(S,y) for any
(s,t) € Iy x Is. Then, we can consider that f,, f¥ are functions of real variable,
fo:Io = R fi(t) = f(x,t) forany t € Iy and fY : [; —» R, fY(s) = fY(s,y)
for any s € I.

Let I1, Io C R be given intervals and f : I; X I — R be a bounded function.
The function wyerar(f;-, %) : [0,00) x [0,00) — R, defined for any (d1,02) €
[0,00) x [0,00) by

(4)  wiotar(f;61,82) =sup {|f(x,y) — f(«',y)| : (x,y), (@',¢) € [y x I,
|z —a'| <61, |y —y'| < 02}

is called the first order modulus of smoothness of function f or total modulus
of continuity of function f (see [10]).

If (Lym)m>1 is a sequence of operators, L,, : E(I) — F(J), m € N, for
1 € Ny define T; by

() (TiLm)(x) = m' (Lt} ()

for any € I'NJ and m € N, where E(I), F(J) are subsets of the set of real
functions defined on I, respectively J.
We consider that if n € Ny and k € Z\{0,1,...,n}, then (}) = 0 and

(8) = 1. The identities

k ' (=DF(""), 0<k<n-1,neN
(6) 1) =94 L n=20
=0

j , in other cases

(7) > (7 G = (")

<

are known, where k, m,n € Ny.
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2. PRELIMINARIES

In this section we recall the construction and the results from the paper [8].

Let pp, = m for any m € N or p,, = oo for any m € N and similarly is
defined ¢,, n € N.

Let Iy, 15, J1,Jo C R be intervals with Iy NJ; # () and I, N Jy # (. For
m,n € Nand k € {0,1,...,pn} NNy, j € {0,1,...,¢,} NNy, we consider
Omi:J1 = R, o (x) > 0 for any x € Ji, ¢y : Jo = R, ¢y ;(y) > 0 for any
y € Jo and the linear positive functionals A, : E(I1) = R, By, ; : Ea(l2) —
R.

For m,n € N define the sequences of operators (L, )m>1 and (K )n>1 by

(®) Lnf) () =3 s () A (£,
k=0
dn
(9) (Kng)(y) = Z Vn,j(y)Bn,j(9)
=0

for any f € Ei(I1), g € Ea(I2), v € Jy and y € Ja, where Ey(11), E(I2) are
subsets of the set of real functions defined on Iy, respectively Is.

The operators (Ly,)m>1 and (Kp),>1 are linear and positive on
Eq(I1 N Jy), respectively Eo(Iz N Ja).

In the following let s € Np, s even.

We suppose that the operators (L, )m>1, (Ky)n>1 verify the conditions:
there exist the smallest o, 3; € [0,00), j € {0,2,4,...,5+ 2}, such that
(10) Tim S = o))
for any x € Iy N Jq,

. (TjK,

(11) nlggo( Jnﬁj)(y) — bj(y)

for any y € I3 N Jz and if we note

(12) Ys =max {os_o 4+ B : L€ {0,1,...,5}},
then
as_o1+ Bopo —vs —2 <0
(13) Qg_214+2 + /82l — Vs — 2<0
Qs—g142 + otz —vs —4 <0
where [ € {0,1,2,...3}.
In the following we consider the set E(I; x Iy) = {f\f I x Is — R,
fz € Ea(I3) for any x € I1 and fY € E1([;) for any y € IQ}.
For m,n € N, let the linear positive functionals A, nx; : E(Iy x Iz) = R
with the property

(14 Ay (=206 = 9)") = A (¢ = 2)) Bug (= 9)')
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for any k € {0,1,...,pm} NNy, 7 € {0,1,...,¢,} NNp, 4,1 € {0,1,...,s} and
xel,ye .
Let m,n € N. The operator Ly, ,, defined for any function f € E(I; x I2)
and any (z,y) € J; X Ja by
Pm  Qdn
(15) (L;kn,nf) (l‘, y) = Z Z (Pm,k('r)wn,j (y)Am,n,k,j(f)
k=0 j=0
is named the bivariate operator of LK-type.
The operators (L;“nn)m > are linear and positive on E ((I1NJ1) x (I2NJ2)).
In the following we consider that

(16) (T()Lm)(l') = Amp(eo) =1
for any x € I1y N J1, m € N and
(17) (ToKn)(y) = Bno(eo) =1

for any y € Io N Jo, n € N.
From , it results immediately that

Pm
(18) > pmalz) =1
k=0
forany r € [ NJi, m €N,
an
(19) Y dngly) =1
§=0

for any y € I N Ja, n € N and then
(20) oo = Py =0.
In the following, we note by t,7 the first, respectively second variable of

function.

THEOREM 1. Let f : I x Is — R be a biwariate function. If (x,y) €
(I1NJy) x (IaN J2) and f admits partial derivatives of order s continuous in
a neighborhood of the point (z,vy), then
1) i | (Enf) (20~

m— 00

S ST G2 (0y) (T (2) (TiKow) ()| = 0.
=0 =0

If f admits partial derivatives of order s continuous on (Iy N Jy1) x (I2 N Ja)
and there exist the intervals K1 C Iy N J1, Ko C Is N Jy such that there exist
m(s) € N and agy, by € R depending on K1, respectively Ks, so that for any
m €N, m >m(s) and for any (z,y) € K1 x Ko we have

(22) M < agy,

me2l
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(23) M S b2l)

mBQZ

where | € {O, L...,5+ 1}, then the convergence given in is uniform on
Kq x KQ and

(24) m* | (L f) (2,9)—

=3 st 3 el (029) (it (@) (T) ()] <
=0 =0

<13

=0
s

~N|n

J(as—2 + as—or+2) (b + borio):

w0

(S)w o°f . 1 1
;) %total Ot5=2 07"’ \/mds  \/mds
=0

for any (x,y) € K1 x Ka, any m € N with m > m(s), where
(25) &5 = —max {Oésm + Baitz = ¥s — 2, As—ai42 + Par — s — 2,

%(QS—QH—Q + Boppo—vs—4): 1€ {0,1,..., ;}}

In the following, in addition we suppose that

(26) st < as+ 2,

(27) Bstra < Bs+2

and for any f € E(I; x I) we have

(28) Amnk,j(fz) = Bnj(fa),

(29) Amnkg (fY) = Amp(fY),

(30) Amnk () = Amk(Bnj(fz)) = Bn.j(Ami(f*))

foranyx € I,y € Is, k €{0,1,...,pn}NNo, 7 € {0,1,...,¢,}N Ny, m,n € N.
Now, let (UL;‘n,n)m > be the GBS operators associated to the (L’,;Ln)
operators. o

m,n>1

LEMMA 2. If m,n €N, then ULy, ,, have the form

31 (ULpnf) (@,y) = (Enfo) (@) + (L f) (@) — (L nf) (2,9)
for any (z,y) € (ILNJ1) x (IaNJ2), any f € E(I; X I3).
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THEOREM 3. Let f : I x Is — R be a biwvariate function. If (x,y) €
(I1 N J1) x (IaN J2) and f admits partial derivatives of order s continuous in
a neighborhood of the point (z,vy), then

m—r0o0

=0

o f
¢t

+ (l‘, y) (TZLm) (.CL‘)) -

7

=0

If f admits partial derivatives of order s continuous on (Iy N J1) x (Ia N J2)
and there exist the intervals K1 C Iy N Jy, Ko C Is N Jy such that there exist
m(s) € N and ag, by € R depending on K1, respectively Ko so that for any
m € N, m >m(s) and any (z,y) € K1 x Ko we have

(33) Totbm)(@) < g,
Toi Km
(34) Laifn) W) <y,

where | € {0,1,...,5 + 1}, then the convergence given in is uniform on
Kl X K2 and

(35)

ms_'\fs

(UL m ) (2, y)—

St (@, 9)(TiLy) () -

—ZJJQ@WM%MH

() g2 (@) (Tt L) (2) (T ) () | | <

=

O fz 1 o Y. 1
(bs+bs2)w (aTs \/W) (a5 Fasp2)w <8t5 a\/mmsasH) +

o

1
<3

S

% b b s\ o°f . 1 1
(l)(a5—2l+as—2l+2)( 21 + 2[—}—2)2 (z) Weotal \ grs—ig i > Vmds ’ mds
=0

[t

+
l

I
o

for any (x,y) € K1 x Ko, any m € N, m > m(s), where d5 is given in .
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3. MAIN RESULTS

Let the fixed number » € Ny and (
construct in Preliminaries.

We denote by Er(Il x I) the set of all function f € E(I; x I3) with the
partial derivatives i€{0,1,...,k}and k € {0,1,...,r} belonging to
E(Il X IQ)

For (z,y) € (I1NJ1) x (IaNJ2), a € {0,1,...,7} we consider the functions
Gz,y,0s Jry - 11 X Iz — R, defined by

(36) ryalt,T) = (% (@ =)+ & (y—7)" flt,7) =

= Z s (6,7 (@ — )P (y - 7)7,

mn)m7n21 the operators which we

_ ok
atk 197t )

T

(37) gz,y(ta T) = Z i 9z.,y, (ta T)

a=0
for any (t,7) € Iy x Iy and f € E"(I1 x I5).
DEFINITION 4. For m,n € N define the operator L,,,, for any
feE (11 x I), any (x,y) € (I1 N J1) x (IaN J2) by

Pm  Qdn r

(38) (L m,n r‘f z,y) Z Z Pm, k(z T;Z)n,] Y) % Am,n,k,j (ga:,y,a) =
k=0 7=0 a=0
Pm  Qqn r a
_Zzwmk wn,] )ZZ%(%)
k=0 j=0 a=0 =0

o~ -
A (5 (@ = ) Py - 9%

REMARK 1. If in we replace the function f by the function g, (z,y) €

(I N J1) x (I N J2), we obtain the operators from (38). O
REMARK 2. The operators (L, nr)m,n>1 are construct about G. H. Kirov
idea, but for the bivariate functions. ]
REMARK 3. For r = 0 we obtain L, 50 = L;“nm for any m,n € N. O

THEOREM 5. a) Let f: I} x Is — R be a function, f € E"(I; x I3).
If (z,y) € (I1 N J1) x (Ia N J2) and f admits partial derivatives of order s
continuous in a neighborhood of the point (x,y), then

(39) n}i_I}nOO(Lm,m,rf) (SC, y) = f(ﬁ, y)a
(40) lim (ULm,m,rf)(x7 y) = f(.’L', y)

m—r0o0
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if s=0 and

(41) lim m* 7

m—ro0

(Lm,m,rf)(xv y) - f(xa y)_

Y (S 2 ( y)(Tisz)(w)(Tsz)(y)] =0
=0

.

and

(42) lim m* 7

m—r o0

(ULm,m,rf)(‘Ta y) - f(SC, y)_

® —N——

- (0w (s )Kg?f(w Y) (LK) (0)+ 5 (@, 9) (T L )())
=1
=2 () gty @) uLm)(a:>(Tsz><y>H — 0.

=0

b) Assume that f admits partial derivatives of order s continuous on (I; N
J1) x (I N J3) and there exist the intervals K1 C Iy N Jy, Ko C Iy N Jy such
that there exist m(s) € N and ag, by € R depending on K1, respectively Ko,
so that for any m € N, m > m(s) and for any (x,y) € K1 X Ky we have

(43) Talm)(@) < g,
TorKm
(44) ( 2lmﬁzz)(y) S le,

where | € {0,1,...,%4—1}.
¢) In hypothesis b), then the convergence given in — — are uniform
on K1 x Ko and

(45) (L))~ ()| < (an) (U b)wronat (F; 7 o),

46) (UL D) 9) — Fa9)] < (14 baJo (i oes) +

+ (1+az2) (1Y m) (I+az)(1+b2)wiotal (f;m7\/;%)§
< (1 b (fos i ) + (L ao)w (1% A ) +

+ (14 a2)(1 + bo)w (f,ﬁ \/—50)

for any (z,y) € K1 X Ko, any m € N, m > m(0) if s =0, where
(47) S = —max {fz — 2,02 — 2, L (aa + B2 — 4)}
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and
(48)  m® 7 (L ) (@, y) — [, y)—
s i )
- 5
— ()Y OS5 () (Tt L) (2) (T ) (9)| <
=1 =0
S
r 2 s s
< IS0 () (@s—a + as—nira) (b + bag2) Y (3)
a=0 1=0 =0
o°f . _1 1
" Weotal <8t5*i87—i " mds m) )
(49) m® s (ULm7m7rf)(x7 y) - f($7 y)_

s

- (_1)T Z mlw (Z;l)

i=1

g;m,ymmxx))—

(gj{ (@, 9)(TyKm) (y) +

— 3 () 5ot (@, y) (T L) (2) (T ) ()

< l{(o)

S
. > 2, s
+ (as + as+2)(,u <88i];y; \/m2+is—as+2> ] + Z (Z) Z (%)

a=0 =0

<

O fa. 1
(bs + bsy2)w (a‘rs M) *

s

“(@s—21 + as-a142) (bar + barya) Y (§)wrotal (a i o w%)}

tsfiaTi 9 m )

=0

for any (z,y) € K1 X Ky, any m € N, m > m(s), if s > 2, where §, is given

m .
Proof. For (t,7) € I1 x Iy and « € {0, 1,...,r}, we have from

ai
8tigj:igfl <t7 7—) -

NE

7 aa B
(g) ati?lafl (81&‘1*5];7—6 (t,7)(x—1)" ’B(y—r)5> =
0

B

=39 [ > (i?)m<t,r)((x—t)a—ﬂ%“)(y—ﬂﬁ] ,
B=0 i1=0

|
~
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from where

) « i—l 1 4
gt ) = (52 D (@)
B=0 11=012=0
gati—ip—ig

R (67 (@ — 7)) (y - 7)P) ),

Taking into account that the function ((z — t)*= %)) ((y — 7)%)(2) of variable
(t,7) takes nonzero value in (z,y) if and only if & — f = i; and 8 = i9, we
have that

«

Slme (ry) = (1) (3) () (5) (@ — B)81 52 L= (2. y)
B=0
SO
(50) stz (@,y) = | 33D (6 () | gitm @)
a=0 =0

fori e {0,1,...,s}.
Ifi € {0,1,...,s} and [ = 7, from we have that

Pt () = S 317 (%) (D) 3 ) =

=0 =0

=3 10)7()) 5L (@, w).
a=0

But » (~=1)*(%) = (=1)7(";"), then
a=0

9'gx r(i— i
(51) T (,y) = (1) (1) 54 (@)
and similarly
9'ge r(i—1\ 9
(52) éqti’y (xhy) = (_1) ( rl) %t{ (x,y),
ie{l,...,s}.
If i = 0 then
(53) 9(@,y) = fz,y).

Applying Theorem (If and Theorem 3| for the function g, , and taking @,
@ and f into account, we obtain the assertions from Theorem ]
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THEOREM 6. If m,n € N, then ULy, ., have the form

r

(54) (ULmnaF)(@,9) =D &

a=0

+ (Lo @ =) (@)

(Kn Ol (y - *)“) (y)+

= (L f) (@, y)

for any (x,y) € (IhNJ1) x (IaNJ2) and f € E"(I1 x I3).

[

Proof. From we have that g,y (x,7) = % (x,7), 80 goyalzr,7) =
9°J= (7) and then

oT™
s T
gx,y($a7-) = Z %gx,y,a(va) = i%i—];z (7_)
a=0 a=0
s
Similarly g, 4(t,y) = iagtj;y (t) and if we replace the function f by the

a=0
function g, 4 in , we obtain relation (54)). O

Now, we give an application.

If Iy =J =101, Ir = J2 = [0,00), E1(I1) = C([0,1]), Ea(I2) = C2([0,00)),
P =M, G = 00, P k(%) = P () = (7)aF (1—)™F, 5 () = e Y

Anp(F)) = 1 (£ 9), Bug(he) = F(2.2), Apnpg(f) = £ (£.2) for any
(z,y) € [0,1] x [0,00), m,n € N, k€ {0,1,...,m}, j € Ng and f € E(]0,1] x
[0,00)). Then starting with r € Ny, ( m)m>1 the Bernstein operators and
(Sp)n>1 the Mirakjan-Favard-Szdsz operators, we obtain the operators
(L )mm>1 and (ULpnr)mnp>1 defined for any function f € E([0,1] X
[0,00)), (z,y) € [0,1) x [0,00) and m,n € N by

(55) (Lo f) (@ ZZ — gy ke ()
k=0 j=0
T a N ) e \ B
X Qe (5o4) -0 (v-3)
a=0 SB=0

a=0 §=0

+ Z )G (2 - f:;)“] — L f) (2, 1)

=0

We have as = B2 =1, 6o = 1, K1 = [0,1], Ko = [0,b], b >0, a0 = 2, by = b
and m(0) =1 (see [8]).
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THEOREM 7. Let f :1]0,1] x [0,00) be a function, f € E"(]0,1] x [0,00)).
If (z,y) € [0,1] x [0,00)) and f is continuous in (x,y), then

(57) Tr%i_rgloo(Lm,n,rf)(x’ y) = f(ﬂ?, y)
and
(58) Jim (UL f)(2,y) = f2,9).

If f is continuous in [0, 1] x [0,00), then the convergence given in (57)),
are uniform on [0,1] x [0,b], b > 0 and

(59)  (Lmanr /)@ ) = @) < § O+ Brorar (5 s )

1
(60)  |(ULmnr$)@,y) = F)| < (L0 (fui o) + oo (1 )
+ % (1 + b)wtotal (fa ﬁ )

for any (x,y) € [0,1] x [0,b], any m € N.
Proof. It results from Theorem O

Elg
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