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APPROXIMATION BY COMPLEX STANCU BETA OPERATORS
OF SECOND KIND IN SEMIDISKS*

SORIN G. GAL* and VIJAY GUPTA'

Abstract. In this paper, the exact order of simultaneous approximation and Vo-
ronovskaja kind results with quantitative estimate for the complex Stancu Beta
operator of second kind attached to analytic functions of exponential growth in
semidisks of the right half-plane are obtained. In this way, we show the over-
convergence phenomenon for this operator, namely the extensions of approxi-
mation properties with upper and exact quantitative estimates, from the real
subinterval (0,7], to semidisks of the right half-plane of the form SD"(0,r] =
{z € C:|z] <70 < Re(z) < r} and to subsets of semidisks of the form
SD"[a,r]={z€C:|z|<r,a<Re(z) <r},withr>land 0<a<r.
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1. INTRODUCTION

If f: G — C is an analytic function in the open set G C C, with D; C G
(where D1 = {z € C: |z] < 1}), then S. N. Bernstein proved that the complex
Bernstein polynomials converges uniformly to f in D; (see e.g., Lorentz [13],
p. 88). Exact quantitative estimates and quantitative Voronovskaja-type re-
sults for these polynomials (see Gal [5]), together with similar results for com-
plex Bernstein-Stancu polynomials (see also the papers Gal [6]-[7]), complex
Kantorovich-Stancu polynomials (see also the paper Gal []]), complex Favard-
Szasz-Mirakjan operators, Butzer’s linear combinations of complex Bernstein
polynomials, complex Baskakov operators and complex Baldzs-Szabados op-
erators were obtained by the first author in several recent papers collected by
the recent book Gal [10].

The approximation properties of certain complex Durrmeyer-type operators
were studied in Gal [4, O], Agarwal and Gupta [3] and Mahmudov [14], 15].
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Furthermore, the approximation properties of the complex Beta operators of
fist kind was studied in Gal-Gupta [I1].

The aim of the present article is to obtain approximation results for the
complex Stancu Beta operator of second kind, firstly introduced in the case
of real variable in D. D. Stancu [I7]. Then, Abel [1], Abel-Gupta [2] and
Gupta-Abel-Ivan [12] obtained various estimates of the rate of convergence in
the real variable case.

The complex Stancu Beta operators of second kind will be defined for all
n € N and z € C satisfying 0 < Re(z), by

o0 nz—1
(1) K1) = gk | s f (0

where B(a, [3) is the Euler’s Beta function, defined by

B(a, B) :/0 %dt, a, B € C, Re(a), Re(B) >0

and f is supposed to be locally integrable and of polynomial growth on (0, 4+00)
as t — oo. This last hypothesis on f assures the existence of K, (f;z) for
sufficiently large n, that is there exists ng depending on f such that K, (f;z)
exists for all n > ng and z € C with Re(z) > 0.

Note that because of the well-known formulas B(«, 5) = Fé?)fg ) and INa+

1) = al'(a), Re(a) > 0, Re(B) > 0, where I' denotes the Euler’'s Gamma
function, for all z € N with Re(z) > 0 and sufficiently large n we can easily

deduce the form

(1'2> Kn(fv Z) - w : /0 ﬁ% (t>dt, Re(z) >0

The results in the present paper will show the overconvergence phenome-
non for this complex Stancu Beta integral operator of second kind, that is
the extensions of approximation properties with upper and exact quantitative
estimates, from the real interval (0,7] to semidisks of the right half-plane of
the form

SD"(0,r] ={z€C:|z|<r,0<Re(z) <r}
and to subsets of semidisks of the form
SD"a,r] ={z€ C:|z| <r, a <Re(z) <r},

withr>landO<a<r.

It is worth noting that due to the special form of the complex Stancu Beta
operators of second kind, the methods of proof are different from those used
in the cases of the other complex operators studied by the papers mentioned
in References.
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2. AUXILIARY RESULT
In the sequel, we shall need the following auxiliary results.

LEMMA 2.1. For alle, =tP,p e NU{0}, n € N, z € C with 0 < Re(z), we
have K,(eg,z) =1, K,(e1)(z) = e1(z) and

Kp(ept1,2) = VZ?’K (ep,2), for alln > p.

Here ep(z) = 2F.

Proof. By the relationship (1.1) of the Stancu Beta operators of second kind,
it is obvious that K,(eg,z) = 1 and K,(e1)(z) = e1(z) (see [1], Proposition
2). Next

Kn(ept1,2) = WB(”»H"P—F L,n—p)

. Bnztptln—p) _ _nztp
=K, (€p, ) B(nz+p,n—p+1) — Kn(eP’ Z) n—p "’

Since B(a, f) is only defined for Re(a) > 0 and Re(5) > 0, it follows that
the above recurrence is valid only for n — p > 0. This completes the proof of
Lemma 2.1. O

3. MAIN RESULTS
The first main result one refers to upper estimate.

THEOREM 3.1. Let Dp = {z € C : |z| < R} be with 1 < R < oo and
suppose that f : [R,00)|UDgr — C is continuous in [R,00)|JDg, analytic
in Dg i.e. f(z) = Y pyp cxz®, for all z € Dg, and f(t) is of polynomial
growth on (0,+00) as t — oco. In addition suppose that there exist M > 0
and A € (QR’ 2) such that |cg| < M - k, , for al k =0,1,2,..., (which implies
1£(2)] < MeA for all z € Dg).

Let 1 < r < 5. There exists ng € N (depending only on f) such that
K, (f,z) is analytic in SD" (0, 7“] for all n > ngy and

|K(f,2) — f(2)| < n, for alln >mny and z € SD"|a,r],

for any a € (0,7). Here C > 0 is independent of n and z but depends on f, r
and a, and ni depends on f, r and a.

Proof. In the definition of K,(f,z) in (1.1), for z = x + iy with = > 0, note
that it follows ™1 — e‘(nz—l)ln(t) _ e(n:c—l)ln(t) .einyln(t) and |tnz—1‘ — tn:c—17
which implies

—+o0o
nz—1
Ka(f.2)] < oty / .

Feo tne—1
= (nz n+1 ‘ / (1+t)nz+n+1 . ’f(t)‘dt

-|f(@)]at
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But it is well-known that because f(t) is of polynomial growth as ¢ — +o0,
the last integral exists finite for sufficiently large n.

Therefore, there exists ng depending only on f, such that K,(f,z) is well-
defined for sufficiently large n and for z with Re(z) > 0.

It remains to prove that K,(f,z) is in fact analytic for Re(z) > 0 and n
sufficiently large. For this purpose, from a standard result in the theory of
improper integrals depending on a parameter, it suffices to prove that for any
& > 0, the improper integral

& tnz—l /
; [WL - f(t)de

is uniformly convergent for Re(z) > § > 0 and n sufficiently large.
But by simple calculation we obtain

tnz—1 / e(nz—1)In(t) / tnz—1
(14t)nzFnFl ; = | ezt DIn(i+0) ; = n[ln(t) - ln(l + t)] ’ (14t)nzFnFis

and since In(1+¢) < 14t for all t > 0, it easily follows that it remains to
prove that the integral [j° (1-5-11):% -In(t) f(t)dt is uniformly convergent for

Re(z) > 0 > 0 and n sufficiently large.
By In(¢) < t for all t > 1 and by

00 1
| e w0 = [ b mo o

+ [ et w050,

clearly that it remains to prove the uniform convergence, for all Re(z) > § > 0
tnzfl

and n sufficiently large, for the integral fol e - In(t) f(t)dt. But this
follows immediately from the estimate

()] - [f ()] < CE° M ()],

tnz—l
(1+t)nz+n+1

(see e.g. [16], p. 19, Exercise 1.51), where |f(t)| < C for all t € [0, 1].

In what follows we deal with the approximation property. For this purpose,
firstly let us define S, (2) = S p_ycr2® if [2| < r and S, (t) = f(t) if t €
(r,400), where 1 < r < ﬁ. Evidently that for each n € N, .S, is piecewise
continuous on [0, +00) (more exactly, has a discontinuity point of first kind at
x =), but locally integrable on [0, +00) and of polynomial growth as ¢ — oo.

Clearly, f(z) — Sn(z) = Yponai k2’ if [2| < rand f(t) — Sp(t) = 0 if
t € (r,00). Also, it is immediate that K, (S,)(z) is well-defined for all n € N.
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Therefore, for sufficiently large n and for z € SD"(0,r] we have

< |Kn(f,2) = Kn(Sn, 2)| + [Kn(Sn, 2) = Sn(2)] + [Sn(2) — f(2)]

<En(f = Sm2)| + 3 lenl - [Kn(er, 2) — ex(2)] + [Su(z) — F(2)];
k=0

where ey (2) = 2F.

Firstly we will obtain an estimate for [S,(z) — f(z)|. Let 1 < r < 5% <
r1 < R. By the hypothesis, we can make such of choice for ry.
Denoting M, (f) = max{|f(z)| : |z] < m}and p= =, by 0 < p =

T
" <
2Ar < 1 and by the Cauchy’s estimate (see e.g. [18], p. 184 Lemma 10. ) we

(k) k!
get |e| = Ukk& <& Mrﬁf ! Mrrl () , which implies
. . ;
- M 4
k r k
1Su(2) = F() < Y el - |2 < D0 =B zf < E M., (f sz
k=n+1 k=n+1 k=n+1

9

M,
— ]\4T1 N+IZ k _ 1 f) ‘pn—i—l

for all |z| <rand n e N.
By using now Lemma 2.1 and taking into account the inequalities

1 2(p+1 1 +1
— < (p ) <pTaan+17

n—p — ntp ' n—p —
for all z € SD"(0,7r] and n > p+ 1 we get
Kn(epi1,2) — epia(2)] =

= B2 K (e, 2) — ey (2) + B ey (2) — epra(2)]

n=p
+
< \nz p| | K (ep, 2) — ep(2)] + lep(2)] - % _ z‘
(p+1) 1
<|nz+p|- fﬂ) | Kn(ep, 2) — ep(2)| + 1P - Ip(nerz)l
P.9 1
< U 2(p + 1) | Kn(ep, 2) — ep(2)] + 222

<2r(p+1) [IKn<ep, 2) = ep(2)| + ”ﬂ )

forallp=0,1,....,.n — 1.

Therefore, denoting E, ,,(2) = |Ky(ep, 2) — ep(2)|, we have obtained

)=
Ep+1n( ) <r(2p+2) [Epn(z) +p- =],

forallp=0,1,....,n — 1.
Since Eyn,(2) = E1n(2) =0, for p =1 in the above inequality we get

Ban(2) <r(2-142) [Bra(z) + 2] <12 (2.1 42).
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In what follows we will use the obvious inequality p < 2(p — 1) + 2, valid for
all p > 1.
For p = 2 in the above recurrence inequality it follows

Ean(2) €1(2:2+4) |[Bon(z) 422

<= [(2 24+2)(2-1+2)+2-(2-2+42)]
gz[(z 24+2)(2-14+2)+(2-1+2)(2-2+2)]
<2%(2.242)(2-1+2).

For p = 3 in the above recurrence inequality we get

E47n( ) ( -3+ 2) [E?,,n(z) +3- %

/\

<32.342)(2-2+2)(2-1+2).

r(2-3+2)- [%(2-1+2)(2-2+2)+(2.2+2)-%

By mathematical induction we easily obtain

— 2n

p—1

) | o |

Epn(z) < &0 T 26 + 1) = @=02700 ) < pplo?,
=1

foralln >p+1and z € SD"(0,7].
Therefore, we obtain

n

Z|Ck’ nlen2) —en(2)] < 22> k(2Ar)F < LN " k(24r)F
k= k=0

where the hypothesis on f obviously implies that > ro ok - (24r)F < oo.
Now, let us estimate |K,,(f — Sy, z)|- By the definition of S,, and by (1.2),
we easily get

Ko (f = Sn,2) = MR e (F(0) = Sa(t))dt,

nl (tyr=tntT
0

for all z € SD"[a,r|, z = x + iy, and n € N. Passing to the absolute value, it
follows

1 nz—1
’Kn(f_sna )| < nr n7‘+) (nr+n) / ‘ l-ijf nzfntl

|f(8) = Sa(t)|dt

nr(nr—i—l) (nr+n) tne—l
<11f = Sullegon - [ et
0
nr(nr+1)...(nr+n) +1 n " 1
n+1 nr(nr nr n tnT—
< C’r’ Tl,f : p : / (1+t)nz+n+1
0
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Now, let us estimate the integral for 0 tne rdt. For sufficiently large n

TFreTntT
(such that na — 1 > 1) we have
T L 1 L T L
gna— o fnz— tne—
/0 arpmerrrrdt = /0 gpmesnrrdt +/1 gmesmrrdt
1 tnacfl dt r tnw+n+l dt
0 (1+t)nw71 + ) (1+t)nw+n+1

&+ -0 (3

, nr—1 , na—1
T(r+1) §T<r+1> )

which immediately implies the estimate for n > ng (with ny depending only
on f and a) and z € SD"[a,r]

IN

IN

)n$+n+1

IN

na—1
Kl — S )| € Gy g pH1 - mrmltorin) (o Y77

Collecting all the above estimates, for sufficiently large n and z € S"[a, ], we
get

|Kn(f,2) = f(2)| € Crpy pp™ ™ + 2L " E(24r)F
k=0

na—1
(3.1) +Cr7rl7f.p"+1.w_r<$) .

n!
In (3.1) we need to choose n > 2/a.
Now, denote

nr(nr+1)...(nr4n) _ 7 (nr+1)“.(nr+n)'

_ 1
On = 32 n! n n!

We can write
+1)... + na—1 1 na—1
pn-ﬁ-l.w.(ﬁ) :(n-p”+)-an'[n<7,il) _

Note that because 0 < p < 1and 0 < r/(r+1) < 1, clearly that for sufficiently
)"a_l < 2 where ¢; >0 and c3 > 0

o ntl c1 T
large n we have n - p < < and n(—r+1

are independent of n and z. On the other hand, by simple calculation we get

e = AR (1 + nrql) (1 + m”:?) (1 + i)

(1 )" e (1)

for all n € N. We used here the inequality e < 3. Therefore, the sequence
(an)n is nonincreasing, which implies that it is bounded.
In conclusion, for sufficiently large n we have

3n
S o = b

ntl | nr(rd)).(ordn) (o \"O7
p n! r+1

IN

<3
n27
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which coupled with (3.1) immediately implies the order of approximation
O(1/n) in the statement of Theorem 3.1. O

The following Voronovskaja-type result with a quantitative estimate holds.

THEOREM 3.2. Let Dp = {z € C : |z| < R} be with 1 < R < oo and
suppose that f : [R,00)|UDgr — C is continuous in [R,00)|JDg, analytic
in Dg i.e. f(z) = > 1o cxz®, for all z € Dg, and f(t) is of polynomial
growth on (0,+00) as t — oco. In addition, suppose that there exist M > 0
and A € (ﬁ, %) such that |cg| < M - Ak—f, for al k =0,1,2,..., (which implies
1£(2)] < MeAFl for all z € Dp).

Let1 <r < ﬁ. There exists ny € N (depending on f, r and a) such that
for alln>mny, z€ SD"[a,r] and a € (0,r) we have

|Knlf,2) = f(2) - 2052000

<L,
where C' > 0 is independent of n and z but depends on f, r and a.
Proof. Keeping the notations in the proof of Theorem 3.1, we can write

[Knlf,2) = f(2) - 25200

(Kalf = Su,2) = (£(2) = Sa(2)) — 2FLE L)

+ (Kn(Sn, z) — Sn(z) — %W)‘

< ‘Kn(f — Sny2) = (f(2) = Su(2)) — Z(1+z)[2f((z)f)5n(z)]

n—1

We get

A < |En(f = Sn 2)] + | £(2) = Su(2)] + [

< VK a(f = S 2)| + 1£(2) = Su(2)] + UL IS
= Al + A2 + A3.

From the proof of Theorem 3.1, for all z € SD"[a,r] with a € (0,r) and for
sufficiently large n, we have

Ay <% and Ay < Cop™t,

where C'y > 0, Co > 0 are independent of n and z but may depend on f, r
and a and 0 < p < 1.

In order to estimate As, let 0 < a1 <a<r,1<r<nr < ﬁ and denote
by I' =Ty, », = 51U L1 the closed curve composed by the segment in C

Slz{z:x—i-iye(C:x:aland —y/r?—a?<y< r%—a%},
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and by the arc
Li={2€C:|z| =r1,Re(z) > a1 }.

Clearly that I' together with its interior is exactly SD"[a1,r1] and that
from r < r; we have SD"[a,r] C SD"[a1,r1], the inclusion being strictly.

By the Cauchy’s integral formula for derivatives, we have for all
z € SD"[a,b] and n € N sufficiently large

£ = Si(e) = 2 [ K0S,

which by the estimate of || f — S, (-)||spr1 (4, r,) in the proof of Theorem 3.1 and
by the inequality |u — z| > d = min{r; — r,a — a1} valid for all z € SD"[a, r|
and v € I', implies

1" (2) = 82 lsprian < 221 f = S ()llsDfay ]

Moy () pt | Gy (D2U(T)
1-p 2rd3 )

IN

with p = .
1
Note that here, by simple geometrical reasonings, for the length [(T") of T',
we get

I(T) =1(51) +1(L1) = 24/7? — a? 4 2ry - arccos(ay /1),

where arccos(«) is considered expressed in radians.

Therefore, collecting all the above estimates we easily get A < n% for suf-
ficiently large n, with C' > 0 independent of n and z (but depending on f, r
and a).

In the last part of the prof, we will obtain an estimate of the order O(1/n?)

for B = | K, (Sn,2) — Sn(z) — 2(15227)_51;‘;(’2) too, which will implies the estimate

in the statement.
Denoting 7y, (2) = Kp(ex)(z) and

=1 (1) k(e
Ek,n(z) = 7rlc,n(z) - ek<z) - %’

firstly it is clear that Eo,(2) = E1,(2) = 0. Then, we can write

Z|Ck\ | Ejn(z

z S//
K (Sn, 2) — Su(z) — 1;(_71 1

so it remains to estimate Ej ,(z) for 2 < k < n, by using the recurrence in
Lemma 2.1.
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In this sense, simple calculation based on Lemma 2.1 too, leads us to the
formula

E k—1 _
kn(2) = 2 Mo (2) = 2F — %

— _ k—2(1 1) (k—2

= bl 1B ya(2) + 2P 4 2 ( 3?31(_1) )(k—2)

k_ 2 (142)k(k=1)
2(n—1)

— —2)zk—2 z z Z—
— kel () + GEUEDE Al o)

—Z

Taking into account the inequalities valid for all 2 < k<nand r > 1

1 2k 2k nr+k—1 <y
n—k+1 — n+k—1 — nt+k’ n+k-1 — 7

2n — D(n+k) >n? k(1 +7r)+ (r—1) < (k+1)(1 +7),
this immediately implies, for all 2 < k <n and |z| < r with a < Re(z) <r

|Ekn(2)] <

na+k— k—1)(k—2)2F2(142)[(14+2)k+(2—1
njkk+11"‘Ek*1,"(z)’+ oth )2(n71()(nf)l[€(+1)) =)

nrdk— k—1)(k—2)rk—2(14+)[(14r)k+(r—1
< #ﬁ'lEk—l,n(z)!-l-( )( )Z(n—l()(n—)lg,‘(—‘,-l)) (r=1)]

k(nr+k—
< 2D By (2)]
n 2k(k—1)(k—2)r*—2(14r)[(1+r)k+(r—1)]
2(n—1)(n+k)

2k(k—1)(k—2)r* =2 (14-r)[(1+r)k+(r—1)]
2(n—1)(n+k)

< 2rk|Ep_10(2)] + Tk72(1+r)27]fg(k71)(k72) k(T +7)+ (r—1)]
< 2rk|Ek,17n(z)\ T rk—l(1+r)2k(k;1)(k—2)(k+1)_

n

< 2kr - |Eg_10(2)| +

Denoting A(k,r) = 2(1 +7)%(k + 1)k(k — 1)(k — 2), we have obtained

rk

Ak, ).

]Ekyn(z)| S 274]{7’Ek71,n<2)| +

Obviously Eon(z) = Ei1n(2) = Eay, = 0. Take in the last inequality,
k=3,4,...n.

For k = 3 we obtain |Es3,(z)| < ;—22 <A(3,7).

For k = 4 it follows

|Ean(2)] <7(2-4) - |Esp(2)] + 2 A4, 1) < Ly (2-4) [AB,7) + A(4,7)].
For k = 5 we analogously get
|Bs n(2)] <7(2-5) - | Ean(2)] + L2 AG, 7)
<r(2:5)[(2- 95[AG, ) + A )] + ZAG, )
< I (2-4)(2-5)[AB,r) + A4, 7) + A(5, 7).
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Reasoning by mathematical induction, finally we easily obtain

k k
|Brn(2)] < 5 (2:4)(2-5)..(2 k) - Y AG ) =T - 2 BN A )
= =
k—1 k
= Gl K204 Y (G -G - Vil + 1)
7j=3
kl(2r)k—1

< EE— (1 + ) (k—2)%(k — D)k(k +1).
We conclude that

B = |Kn(Sn,2) - Sa(z) — 25250

Z\Ckl | Enl

MAQED® Nk — 2)2(k — Dk(k + 1)(2rA)F!
k=2
< MALEDT S (k- 2)2(k — 1)k(k + 1)(2rA)F!
k=2
where since 2Ar < 1 by hypothesis, we get that
D (k= 2)%(k — Dk(k + 1)(2rA)* ! < +oo.
k=2

IN

Indeed, the fact that the last series is convergent follows form the uniform
convergence of the series Y 3o, z¥ and its derivative of order 5, for |2| < 1.
This finishes the proof of the theorem. O

In what follows, we obtain the exact order in approximation by the complex
Stancu Beta operators of second kind and by their derivatives. In this sense,
we present the following three results.

THEOREM 3.3. Let Dp = {z € C : |z| < R} be with 1 < R < oo and
suppose that f : [R,00)|UDgr — C is continuous in [R,00)|JDg, analytic
in Dg i.e. f(z) = > 1o cx2®, for all z € Dg, and f(t) is of polynomial
growth on (0,+00) as t — oco. In addz’tz’on suppose that there exist M > 0
and A € (2R7 2) such that |cg| < M - k, , for al k =0,1,2,..., (which implies
|f(2)| < MeAFl for all z € Dg).

Let 1 <r < i. If f is not a polynomial of degree < 1, then there exists

ni1 € N (depending on f, r and a) such that for alln > ny, z € SD"[a,r] and
€ (0,7) we have

1K (£, = Fllsprian > Soeld),

where Cyo(f) depends only on f, a andr. Here ||-||spr(.,,) denotes the uniform
norm on SD"[a,r].
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Proof. For all |z| < r and n > ng (with ng depending only on f), we have
Kn(f, Z) - f(z) = (nil) |:Z(1+22)f (2)
z(14+2)f" (2
+ﬁ {(n a 1)2 (Kn(ﬁ z) = f(z) — %) H .

Also, we have
||F+ GHSDT[Q,T’} > H|F||SDT[a,T] - ||G||SDT[G,T’” > HFHSDT[a,T] - ||G||SDT[<1,7"}'
It follows

[[Kn(f,") — fHSDT[aﬂ«] > (nil) |: e1(14+e1) pn

2

SD7[a,r]

ot { - 0? [t -1 58500 ]

Taking into account that by hypothesis f is not a polynomial of degree < 1 in

1+
Dg, we get alte) 5 61)f”

SDr[a,r]

Indeed, supposing the contrary it follows that w f"(z) =0 for all z €
Dp, which implies that f”(z) = 0, for all z € Dg\{0,—1}. Because f is
analytic, by the uniqueness of analytic functions we get f”(z) =0, for all z €
Dg, that is f is a polynomial of degree < 1, which contradicts the hypothesis.

Now by Theorem 3.2, for sufficiently large n we have

< QO <M (f).

SD7|a, r]

e1(14e1) pn
2

(0= 12||Kalfy) = f = S s
Therefore there exists an index n; > ng depending only on f, a and r, such
that for any n > nj, we have
1 K _ 61(1+e1
SD"[ay] (1) {( H -/ SDr[a,r]
2 i”el(l + el)fHHSDT[a,T]v
which immediately implies
EKn(f,) = fllsprias] = mller(+ e)) 7 lspriay),  Yn > na.

This completes the proof. ]

As a consequence of Theorem 3.1 and Theorem 3.3, we immediately get the
following:

COROLLARY 3.4. Under the hypothesis in the statement of Theorem 3.3, if
f is not a polynomial of degree < 1, then there exists ny € N, such that for all
n>n1, z € SD"[a,r] and a € (0,r), we have

||Kn(f7 ) - f||5’DT[a,r] ~ %7

where the constants in the equivalence depend only on f, a and r.
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Our last result is in simultaneous approximation and can be stated as fol-
lows.

THEOREM 3.5. Let Dp = {z € C : |2| < R} be with 1 < R < oo and
suppose that f : [R,00)|UDgr — C is continuous in [R,00)|JDg, analytic
in Dg ie. f(z) = Yoo ockzt, for all z € Dg, and f(t) is of polynomial
growth on (0,+00) as t — oco. In addition, suppose that there exist M > 0
and A € (ﬁ, %) such that |cg| < M - Ak—f, for al k =0,1,2,..., (which implies
1£(2)] < MeAFl for all z € Dg).

Let1§r<r1<ﬁ,0<a1 <a<randp € N. If f is not a polynomial
of degree < max{l,p— 1}, then there exists ny € N (depending on f, r and a)
such that for all n > ny and z € SD"[a,r] we have

NP (f, ) = fPsprian ~ L,
where the constants in the equivalence depend only on f,r,r1,a,a1 and p.

Proof. Denote by I' = I'y, ,, = S1|J L1 the closed curve composed by the
segment in C

Sl—{z—x—i-iye((::x—aland —y/r?—a? <y< r%—a%},

and by the arc
Li={z€C:|z] =r;,Re(z) > a1}
Clearly that I' together with its interior is exactly SD"[a1,r;] and that
from r < r; we have SD"[a,r] C SD"[a1,r1], the inclusion being strictly.
By the Cauchy’s integral formula for derivatives, we have for all
z € SD"[a,b] and n € N sufficiently large

2mi (u—z)PF1

£ - KP(7,2) = £ [ K0,
r

which by the estimate in Theorem 3.1 and by the inequality |u — z| > d =
min{ry —r,a — a1} valid for all z € SD"[a,r] and u € T, implies

p! (T
1)~ KN sorian < L 201 = Kol F 50 o
_C Ca(PpIm)
~n 2wdptl

Note that here, by simple geometrical reasonings, for the length I(T") of T', we
get

UT) =1(S1) + (L) = 2\/7“% - a% + 2ry - arccos(ay /r1),

where arccos(«) is considered expressed in radians.
It remains to prove the lower estimation for ||K7(1p)(f, )= f(p)HSDT'[an.
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By the proof of Theorem 3.3, for all © € I' and n > nq, we have
Kalf.2) = 1(2) = gy |52 17
bty { =1 (Ku(r.2) = £(2) - 220 1) ).

Substituting it in the above Cauchy’s integral formula, we get

K®(f,2) - fP(z) = L. |:<z(1;-z) f,,(z))(m

u(1+u)
(n=1)?{ Kn(fru)=f(w)=g0,=7) /" (w)
+ ﬁ ’ 2%1 I ( (U_Z)erl )du} .
Thus
()
KW(f,.)— f® - ‘ er(1er) oo
H (f ) ! HSDT[a,r] = (n=1) < 2 !/ ) SD"[ar]
e (Eea-re- 555 w)
T (n—1) || 27 (u—)p 1 du .
SDra,r]
Applying Theorem 3.2 too, it follows
o 00 (Kalra) 5= 555 w)
o =T du <
SDra,r]
| (I)n? e1(1+e1) My, (HITD)p!
< B || K ) = £ = GRS e

But by the hypothesis on f, we necessarily have

H[el(l + el)f”/z](p)HSD’“[a,r] > 0.

Indeed, supposing the contrary we get that ej(1 + e1)f” is a polynomial
of degree < p —1 in SD"[a,r], which by the uniqueness of analytic functions
implies that

2(1+2)f"(2) = Qp-1(2), for all z € Dp,

where —1(2) is a polynomial of degree < p — 1.

Now, if p = 1 and p = 2, then the analyticity of f in Dp easily implies that
f necessarily is a polynomial of degree < 1 = max{l,p — 1}. If p > 2, then
the analyticity of f in Dpg easily implies that f necessarily is a polynomial
of degree < p —1 = max{l,p — 1}. Therefore, in all the cases we get a
contradiction with the hypothesis.

In conclusion, ||[e1(1 + e1)f"/2] (p)HSDr[am} > 0 and furthermore, reasoning

exactly as in the proof of Theorem 3.3, but for HK}(Lp) (f,)—f® | D [a,r) instead
of | Kn(f,+) = fllspria, we immediately get the desired conclusion. O
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REMARK 3.6. Comparing the error estimate in Theorem 3.1 with that in
the real case, one sees that the overconvergence phenomenon holds (that is,
the approximation from the real line is maintained in the complex plane for
subclasses of analytic functions of exponential growth), with the same order
of approximation O (%) Also, note that moreover, with respect to real ap-
proximation where these kind of results are missing, in the case of complex

approximation the exact order O (%) is obtained including the case of si-
multaneous approximation and a quantitative estimate in the Voronovskaja’s
theorem of order O (#) is proved. O
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