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Abstract. We give weighted Montgomery’s identities for higher order differen-
tiable functions of two variables and by using these identities we obtain gener-
alized Ostrowski-type and Griiss-type inequalities for double weighted integrals
of higher order differentiable functions of two independent variables.

MSC 2000. 39B22, 26D15, 26D99.

Keywords. Montgomery’s identities, Ostrowski-type inequalities, Griiss-type
inequalities.

1. INTRODUCTION

Let f : [a,b] — R be a differentiable function on [a, ] and f’ : [a,b] — R be
an integrable function. Then, the Montgomery identity holds [I5], (see also

[20]),

b b
(1) f@) =it [ f0des [ pa o,
where p(x,t) is the Peano kernel

p(z,t) = {

Suppose now that w : [a, b] — [0, 00) is some probability density function, i.e.,

~+

—2 o <t<u,

I

, x<t<h.

o~ O
Sl

(=

S]

it is a positive integrable function satisfying f: w(t)dt =1 and

0, t<a,
W(t) =4 [fw(z)dz, tela,b],
1, t>b.
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The following identity (Pecari¢ [17]) is a generalization of Montgomery’s iden-
tity,

b b
f@) = [ wOr@dt+ [ puleofd
where the weighted Peano kernel is

] W(), a<t<uz,
Pu(®,t) = { Wt)—1, a<t<b

In [3, [§] the authors obtained two identities which generalize (1)) for functions of
two variables. In fact, for a function f : [a, b] X [¢, d] — R such that the partial

derivatives 2 éz’t), of é‘z’t) and 825; (gf) exist and are continuous on [a, b] x [, d]
and for all (z,y) € [a,b] X [c, d] they obtained:

(d—c)(b T,y) =

//fstdtds+ —C/fsy
—i—(b—a)/C f(x,t)dt—i—/a /c q(z, s)r(y,t aaé(gtt)dtds

and
(d—c)(b—a)f(z,y) =
//fstdtds+// x,s) 9Ilst) 44 ds
// r(y,t “)dtds+// z,8)r(y, t) L8t ds,
where

(z,s) = s—a, a<s<ux,
AL, 5) = s—b, v<s<hb,

(y, 1) = t—c, a<lt<uzx,
"WUT t—d, z<t<b.

We can also find weighted Montgomery’s identities for functions of two vari-
ables in [20]. These identities may be summarized as:

THEOREM 1.1. Let p: [a,b]x[c,d] — R be an integrable function and P(z,y)
s defined as

b d
(2) P(z,y) =/ / p(&,m) dndg.
z Jy
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Of(s,t) 0f(s,t)

Let f : [a,b] x [c,d] — R have continuous partial derivatives ===, =z~ and
828];(5‘;” on [a,b] X [¢,d]. Then, for all (xz,y) € [a,b] X [c,d]
(3) €)=

P(a
// (s, t)f Stdtd5+/P$88f7y)dS

/ Ply.1) 8f(xt / / PV (5 y’t)d(;(gtt) dt ds,

where
s d
P(x,s) = /a p(&,n)dndé, a<s<u,
P 767 $<S§b7
b pt
POM (2, y,t) = /a [ pEmdnde, ety
P(av )) y<t§d
4 S t
//p n)dndé, a<s<z c<t<y,
t
P(z,s,y,t) = //P&ndndgf, r<s<b c<t<uy,
d
p&,n)dndé, a<s<z, y<t<d,
a t
\P(S,t), $<8§b,y<t§d.

THEOREM 1.2. Let f : [a,b] X [¢,d] = R have continuous partial derivatives
2
aff()‘z,’t), afé‘:’t) and 68J;(§£t) on [a,b] X [¢,d]. Then, for all (z,y) € [a,b] X [c,d],
we have

4)  flz,y)P(a,c) =

b pd b pd
- [ [ snsenaass [ ps s s
b b B
—|—/ / p(s,t)f(:v,t)dtds—{—/ / P(xz,s,y,t) as(gtt) dt ds,
a C a c

where p(.,.), P(a,c), P(z,s,y,t) are as in Theorem .

THEOREM 1.3. Let f : [a,b] X [¢,d] = R have continuous partial derivatives

afa(‘;’t), Bfé‘;’t) and 826];(5;5) on [a,b] X [¢,d]. Then, for all (z,y) € [a,b] X [c,d],




52 Asif R. Khan, Josip Pecari¢ and Marjan Praljak 4

we have

b d
£ 1) [Pa, o) = Pla,c) / / p(s,0)f (s, 1) dt ds

(] Promorsan)s
/ ( / / p(s,n)ﬁ(y,t)f’fg?t)dtds> dn
// (x,5,y,) 54D dr ds,

where p(.,.), P(a,c), p(m,s), P(y,t), P(z,s,y,t) are as in Theorem and

_l’_

P(z,s,y,t) = 2P(z,8)P(y,t) — P(a,c)P(x, s,y,1).

Montgomery’s identities have many applications and capture other well
known and important identities and inequalities which includes Ostrowski-
type, Cebysev-type and Griiss-type inequalities, as we can see in this paper
also. Ostrowski’s inequalities have many applications in field of Numerical
Integration (for an extensive reference see [10]) and Probability Theory (see
[7, [14]). We can also obtain Special Means with the help of such inequalities
(for example see [I, 2]). Very famous Cebysev’s inequality is also an spe-
cial case of Ostrowski-type inequalities (see [I8], [19]). Griiss-type inequalities
have applications in Numerical Integration and other fields (for reference see
[4, 5 16]).

The structure of this paper based on four sections. In the second section, we
give generalization of Montgomery’s identities using higher order differentiable
functions of two variables. In the third and the fourth sections respectively, we
obtain some generalized Ostrowski-type and Griiss-type inequalities for higher
order differentiable functions of two independent variables by using identities
proved in the second section. These identities and inequalities generalize many
results given in [3] 8, O] 12} 16, 20] etc.

2. WEIGHTED MONTGOMERY’S IDENTITIES FOR HIGHER ORDER

DIFFERENTIABLE FUNCTIONS OF TWO VARIABLES

In start of this section, we define some notation to reduce our lengthy ex-
pressions as follows:

(5) Pfa’iie(bd) (,y) / / (&mn' x) O de,

(6) POD o) / / (6,m) 2512 dyde,
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M P / / (6, &2 e,
(8)  R(z,y; f) =
:_sz (i.9) (2, Y) ai)ﬁ(bd)( Y)
=1 j=1
C (0,9) S (4,0)
- Zlf(o,j)(%y)P(a:g)ﬁ(b,d)(y) - Zlf( )(x y)P( )= (b, d)( )
j= i=

For our next theorem, we give a lemma from [I3] using our notations as follows.

LEMMA 2.1. Let p, f : [a,b] X [c,d] — R be integrable functions and f €
CWNFLM+1) (4. b] x [¢,d]). Then we have

9)
// p(z,y) wydydx—ZZP(Z’i)ﬂbd ¢)fi5)(ac)

=0 5=0

N?
+Z/ P(x SL by (O f(v1,5) (2, ¢) do
+Z/ (lM —(b,d) (a y)f(zM+1)(a y) dy

b
N,M
+/a . P(( y)— )(bd)(x y)f(NH M+1)(33 y) dy dz.
We give generalizations of Theorems and [L.3|respectively as follows:

THEOREM 2.2. Let p, f : [a,b] X [¢,d] — R be integrable functions and
f e CNHLMA) (g, b] x [¢,d]). Then we have

b d
10)  f@y)Pee) = Ray )+ [ [ penssnds
M b a C
+Z/ P(NJ)(‘T’Svy)f(N—l-l,j)(Say) ds
2/,
]N )
s / POM (. 8) foarsny (s £) dE
i=0"“¢

b pd
_/ / P(N7M)($7$7y7t)f(N+l,M+1)(S7t) dtdS,
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where
(N.4)
P(N’])<q; 5,9) P(a,c)ﬁ(s d)(s,y), a<s<u,
, —pN) (s,y), ©<s<b
(s,0)=(b,d)\72 /> <0,
(4,M)
P z,t), c<t<y,
P(LM) (l’,y,t) = { ((?70)?(b7t)( ) Y and
7P(a:t)—>(b7d) (mv t), y<t<d,
P(((;N(;)]W—B(s t)(S,t), a<s<z,c<t<ly,
(N.M)
PN (3 5.y, 1) = Ploosmn(st) z<s<be<t<y,
15, Y, _ ((é\;’)]\i)(sd)(s’t)’ a<s<z y<t<d,
P((S]\;’)Ai)(b d)(svt)v r<s<by<t<d,

where P(( ’;) S0 )( .) for i j € {N,M} is defined in , and P(a,c) and
R(z,y; f) are defined in and (8) respectively.

Proof. Using Lemma |2 - 1| for [a, x]

// (s,t)f stdtds-// (s,t)f(s,t)dtds =

—>(a,c)('r y (4,9 :B Y +Z/
i=0 j=0

(4,M)
+Z/ th—)(ac)

+/ / P((ﬁgBAi)(a )(3 ) fvi1aa (s t)dtds

X [e,y], we obtain the equality

P(ij)

P( o) (s,9)—(a,c) y)f(N+1vj)(8’y) ds

(z,y)

z,t) fipqn) (o, 1) d

N M
_ J) (4,9) (4,5)
- ZO ZO f [ :ci/)—)(b d)( )P(x ]c)—>(b d) (gj’ y) - P(a,;)e(b,d) (‘T’ y)
1=V 7=
(1.5) (N.9)
+P .y (@ } Z fN+1,j 5,9) [P(s 0 s () (52 Y)
j=0"7
(N.5) (N.5) (N.5)
P 5:0) = Pty (5:9) + P .y (59 ds
= [V plisM) (i,M) (i,M)
Z/ fapriy(@,t) { () 0d) D) =Py s 5,y (@ ) = Pl 5,0 (252
M N,M
+ P( )) 2, d)(x t dt—l—/ / f(N+1 M+1) (s,t) [P((s,t)_g(b,d)(s’t)
(VM) (N, M) (N, M)
Py (5,8 = P 0y (58 + PO (s, 6)] dtds
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Similarly, for [z, b] X [c,y], we get

/b /yp(s,t)f(s,t)dtds = —/: /ycp(s,t)f(s,t)dtds -

:—sz” .9) [PED) o @)L 0@ 0)]

=0 j=0

b
N,' ’
_Z / Toveran(5:9) [P (59 = PO o (59 ds

i, M
JrZ/ sz—i—l (z,1) { (( ))(bd)(m t) — P((xc)l}(bd)(x,t)} di

N,M
// Sove 1) (s, 1) {P((st)%)(bd)( t) - P(( 0)— )(bd)< )] dtds.

For [a,z] X [y,d], we have

/: /ydp(s,t)f(s,t)dtds = —/: /ydp(s,t)f(&t)dtds _

:—szw 2.9) [P0 ) ~ P s (®9)]

20]0

N,j N,j
+ Z f (N+1,5) (5,9) [P((syyg)ﬁ(bd)(say) - P((ayyg)ﬁ(bd)(say)] ds
j=0"7

( M) (4,M)
—Z/ szH Zz, t [ (wt)%(bd)(:c,t) —P(a’t)_%bd)(x,t)} dt

N,M N,M
/ / fove e (s t)[ P o (5:8) = PO, d)(s,t)] dt ds.

Finally, for [z,b] X [y, d] we obtain
b pd N M .
[ vl s 00tds =33 fus ) PED) () =
Ty i=0 j*()

N,j
—I—Z fN+1,] s y)P(( )L(b,d)(S,y) ds+
j=0"%
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M
+Z/ Garen (@ DPLN, o o (@) dt
N.M
—I—/ / f(N+1,M+1)(Sat)P((&t)_))(b,d)(S,t)dtds.
z Y

Adding the four expressions, we get our required result. O

THEOREM 2.3. Let p, f : [a,b] X [c,d] — R be integrable functions and
f e CNHLMA) (g b] x [¢,d]). Then we have

(11) f(z,y)P(a,c) =
R(z,y; f) + // p(s,m) ].j fo.5)(s,y)dnds

+Z// ft f,0)(z,t) dtdE— // (s,t)f(s,t)dtds
+/a /c p(s,t)f(S,y)dtder/a /C p(s,t)f(x, 1) dt ds

b pd
+/ / P(N7M)(x)Suy’t)f(N—‘rl,M—l-l)(Sat) dtdS,

where PO, M)(x s,y,t) is as in Theorem and P(a,c) and R(z,y, f) are
defined in (2) and . 8) respectively.

Proof. First, we find an expression for

b
/ P(N’])(x’ S, y)f(N+1,j)(sv y) ds

by using integration by parts as follows

b .
/ PO (25,1 fivs1, (5, y) ds =
b
/ Pac_>(5d Y F(va1,5) (8, ) dS/ ((S C’)J)_>(bd)( $,Y) fv+1,5)(8,y) ds

b
Nj
/ Pac —>(sd )f(NJFlJ)(S’y) ds + /:): P((b,c)]L(s,d)(S’y)f(N+1vj)(S’y) ds
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74 T N_ 7'
- P((Ci\fcg)—}(w’d)(xjy)f(N’j)(x7y) +/ P((a,c)i@,d)(&y)f(N,j)(s,y) ds
b
. -
’ ng)ﬁ(bd) (x’y)f(N’j)(x’y) +/ P((b,c)igs),d)(s,Z/)f(N,j)(s,y) ds
. x N 7.
=P ) v @) + / PO L (s,) fovs) (5, ) ds
’ (N—1,5)
+/ P(b,C)—;(Js,d) (S7y)f(N7j) (S7y) ds

b A
- P((Ng) S (@Y v (@ y) +/ P(((fc;i@,d)(svy)f(N,j)(Say) ds,

continuing in this way, we finally get

(12) / PO (2, 5,) fov gy (5 ) ds =
/ / (6,m) = [Z J)’“f@,j)(x,y)] dn d

- / / p(s,1) S fio 1 (5, ) .

d ~ .
(13) / POM (2, 1) froag oy (. £) dt =

b d M
:/ / p(ﬁ,ﬁ) [Z n— y) le T y)] dndg
b J il 0
_/ / (& 1) S5 i) (1) A dt.

If we put all these values in , then after some cancelation and some rear-
rangements, we get our required identity. O

Similarly

THEOREM 2.4. Let f : [a,b] X [c,d] — R be a function such that f €
CON+L2ZMA) (g, b] x [¢,d]). Then for all (x,y) € [a,b] x [¢,d] we have

(14) fla,y)[Pla,c)]* =
b pd
= P(a,c)R(x,y; f) + P(a, c)/ / p(s,t)f(s,t)dtds

N d
+Z/ PEM) (@, y ) R(x, t; fupgry) dt+
i=0 "¢
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b
+Z PN (z,5,y)R(s, y; f(Nt1,5)) ds

N M
X;Z/ / / (z,s,y)p(&, t) (N+1+U)(S t)dtdsd¢
+ PUM) (g, y, t)p(s, 77)( ) fa, A (s,t)dtdsdn

;;///

N
+2/ / SN PN (@, s, y) PO (@, y,8) fvgrgipraieg) (s, ) dt ds
@ 7 =0 j=0

b pd
—/ / PN (s, y,) fvsn,a41) (s, 1) dt ds,

where PN ()5, y) POM) (g t), PNM)(z s 4. t) are as in Theorem
and P(a,c) is defined in (2).

Proof. Summing for j =0,...,M and fori =0,...,N, we get
respectively

M b pd ;
(19)  f@Plad) =Ry +> [ [ pn) 5P fo(s.) dnds
]:0 a C

M
-1-2/ P(N’])(LIZ,S,y)f(N+1,j)(3,y) ds,
j=0-¢

and

N b pd
(16)  f(z,y)P(a,c) = R(z,y; f) + (&, 6%
y e[ [0

N pd
+ 30 [Py t) Sy )
i=0 v ¢

for all (z,y) € [a,b] X [c,d].
Formula applied for partial derivatives f(; pr41) for e =0,1,..., N, gives

(17) fam+1)(z,t)P(a,c) =
= R(z,t; fi,m41))

M b pd .
+Z/ / (5,1 " Fiar e (s,1) dn ds
]:0 a C

M b
i Z / PWNI) (g, s, ) fvvirinmieg(s,t)ds.

o)z, t)dtdg
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Formula applied for partial derivatives f(y41 ) for j =0,1,..., M, gives

(18) fivs+1,5)(8,y)Pla, c) =
= R(s,¥; f(nt+1,))

+Z// (1)

+Z/ P(i’M)(Sayat)f(N+1+i,M+1+j)(37t) dt.
i=0"°¢

N+1+Z J) (8 t) dtdg

Substituting and into , we get
f(z,y)P(a,c) =

b d
— Rz,y: ) + / / p(s, 1) (s, )t ds
M

b .
(V.4) (l’, S, y) |:R(S? Y3 f(N—‘,—l,j))

S

+Z/C PUM (s y ) fivs1siniisg (s, t) dt] ds
i=0

N—H—HJ)(S t)dtd¢

d
POM) (4 1) [R(:r, t fa41)

M b pd .
+Z/ / p(s,m) U2 fo a1 (5, 1) dnds

+Z/ (2,8, t) fvrreims14)(8: 1) dS] de

—/ / P(N’M)(%S,yat)f(NH,MH)(Sat)dtds-

After some rearrangements and using Fubini’s Theorem, we get our required
result. 0

REMARK 2.5. For N = M = 0, Theorems and [I.3] become special
cases of Theorem and respectively (see also [20]).
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If p(s, t) = q(s)r(t) in identities (L0)), and (14)), then we get respectively
the following special cases:

f(.T y)Pa—>b

c—>d
_Qxya / / StdtdS

+Z/ Q(N,j)(xﬂS7y)f(N+1,j)(Say)dS
j=0"1

N .d
+Z/ Q(LM)('T?yut)f(z,M—l-l)(xat) dt
i=0 V¢
b pd
_/ / QUV,M)(x,sayvt)f(N+1,M+1)(Svt) dtds,
f(@,9) Pasb(q) Pessa(r) =

— Qi f +Z/ () fro (5, ds Q2 4(r, )

+ZQHbq7 / ()Zoxtdt—// F(s,t)dtds

// sydtd8+// flx,t)dtds

—/ / QWM (z, 5, y,t) fn41,0m41) (5, 1) dt ds,

f(l" y)[Pa%b(Q)PC_}d(T‘)P =
= a—>b(Q)Pc—>d( )Q(x,y; f)

—I—Z Q V) (2, 5,)Q(s, y; fivg1,5)) ds

j=0"49

N d o
+3 / QM) (a2, y, Qw1 fiar 1)) dt

£330, () / / QWD (2, 5, y)r () fiy ey (1) dt ds

i=0 j*O
+ZZQC%CI ™Y / / Q(ZM 33 Y, t ( )f(zM—i—l—i—])(S t)dtds
i=0 j=0
b pd N M o
+2/ / ZZQ(N’J)(x,S,y)Q(l’M)(l’,y,t)f(N+1+i,M+1+j)(3at) dtds
a Jc =0 j=0

b pd
—/ / QWM (x, 5, y,t) f(v+1,041) (5, 1) dt ds,
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where

b b )
Pu(q) = / a(s)ds, QW (¢x) = / 2(©) 2 e,

a

Qgi’f"c))ﬁ(b,@ (z,y) = Q((l—ﬂ)(q’ )Qc—>d( Y),
QYY) by ®) = Pacn(a) QY 4(r),
QEZS:))ﬁ(b,d) (x) = Q((zzlb(% l’) Pcad(r)y

Q@,y; f sz(w z,y) (ch))a(b,d)(x’y)

=1 j=1
M
=" fon (@9, Zf@ 0@ QLY 4o (@),
Jj=1
(N.7)
Q(N’])(l' s y) Q(a,c)—)(s’d) (Say)v a<s< x,
_Q(N’] (s,9), ®<s<b
(s,c)—(b,d) v Y) < 0,
(4,M)
Q(z M) (l‘ y t) _ Q(q7c)—>(b,t) (‘T’t)v c<t<y, and
9 ) (’L,M) t t < d
Q(at)—>(bd)(‘% )7 y<t=<a,
ngjl\f;])\/i))(s,t)(‘g?t)ﬂ a<s<zx c<t<y,
(N, M)
Q(N M)([I} 5,9 ) _Q(]if’c)%(b’t)(s’t)’ r<s<bc<t<ly,
_Qg(j\yjﬁ(s,d)(sat)a a<s<z,y<t<d,
Qgs,é)—z(b,d)(svt)a r<s<by<t<d.

Particularly, if p(.,.) = 1 in identities (10)), and (14), then the expressions
look like

i —z)ttl_(qg—g)it1
Posp =b—a, leb(ﬂf) = &= (i—i—l()! .
(b—z) !t —(a—a)tt! d—y)it1_(c—y)i+1
(@, y; f ZZ (1) x (=) (j+1()! ! fag) (@)

=1 j=1

M
(d—y)i+1 —y)itl
—(b-a Z 2 g+1c f(O,J)(ﬂc Y)
7j=1

N

b i+1 z+1
Z g z+1a & fi,0) (T, ),
=1
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N+1 i1 (o \i+1
_(‘1 s) (d—y)’ (c—y)? a<s<z

3(N,5) _ (N+ GIor <s<uz,
Q (.’E,S,y) = B N)+1 (d y ]+1_(C_y)]+1 r<s< b
(N+1) G+1)! ) S0,
(cft)M+1 (bfx)“qf(afx)“rl c<t<
(i - ] 7 1 ) SUxY,
Q( 0 (l’, Y, t) = (d(J—Mt;;&)ll (b—m)iiltl(zl'_x)zﬁrl and
IRCTERY] (GO , y<t<d

(afs)N“'1 (cft)M+1
N+DT (£
(b—s) +1 (c—t)Mle
GOM (5,0 = T, T
(N+1)! (M+1)! >
(b—s)N+1 (d—t)M+1
(N+1)! (M+1)! >

a<ls<z,c<t<ly,
r<s<bc<t<y,
a<s<z,y<t<d,
r<s<by<t<d O

3. OSTROWSKI-TYPE INEQUALITIES FOR DOUBLE WEIGHTED INTEGRALS FOR
HIGHER ORDER DIFFERENTIABLE FUNCTIONS

The following well known Ostrowski’s inequality is extracted from [16].

(19) ‘ —/f dt‘ [ (w(ba;b)g](b—a)M, z€ab],

where f : [a,b] — R is a differentiable function such that |f/(z)| < M for
every x € [a,b]. This inequality undergoes many generalizations and in [20]
Pecari¢ and Vukeli¢ provided additional ones for two independent variables

using identities and . By using identities and , we can give
generalized results of Ostrowski-type for higher order differentiable functions
of two independent variables as follows.

THEOREM 3.1. Let f : [a,b] x[c, d] — R be such that f € CNTLMA) ([g b] x
lc,d]). Then ¥ (z,y) € [a,b] X [c,d] we have

‘f // (s,t)f(s,t)dtds| <

N
< D(z,y) +ZD(°”)wy > DU (z,y) + D(x,y),
=0 i=0

where

D(l’,y) = m’R(x7ya f)|a

Ay Mob Ny X 1/4;
D ’J)(%y) = M(Z/ |P( ’])(9373,9)|qjd3> 'Hf(N+1,j)”ﬁj7
j=0"7
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provided that
fvt1,j) € Ly, ([a,b] X [e,d]), 1/p; +1/¢; =1,
-0 ) N o rd . _ 1/Gs
D )(ﬁ»y) = M(Z/ |P(z’ )(m,y,t)lq’dt> NS na41) 155
i=0 v ¢
provided that
f(i,MJrl) € Lﬁz([aa b] X [67 d])7 1/]51 + 1/61 =1,
> 1 bt v q Ha
Do) = b ([ [ 1P sy ttatas) sl
provided that
fovirmn € Lp([a, 0] x [e,d]), 1/p+1/g=1,

where p(N’j)(x,s,y) PEM) (g4 1), PWM) (3 s y.t) are as in Theorem
whereas P(a,c) and R(z,y, ) are defined in and respectively.

Proof. Identity may be written as

b d
f(x,y)—P(}w/ / p(s,t)f(s,t)dtds =

P(ac [ z,y; f) +Z/ (, 8, y) fvi1,)(s,y) ds

+Z/ P(%M)(‘T7y7t)f(1,M+1)(‘T7t) de
i=0 "¢

b pd
_/ / P(N7M)(:L‘7S>y7t)f(N+1,M+1)(sat) dtds|.

Now, taking absolute value and applying Holder’s inequality for double inte-
grals, we easily obtain our required inequality. O

REMARK 3.2. For N = M = 0, Theorem 4 of [20] becomes special case of
Theorem [3.1{and we also retrieve results of [9] by simply putting p(.,.) =1. O

THEOREM 3.3. Let f : [a,b] X [c,d] — R be a continuous function on
la,b] x [c,d] such that f € CNFTLMAN (g b) x (¢,d)) and | f(N+1,0m41) P be

an integrable function, i.e.,

1/p
| fon1,0041)] </ / |fove1,m41) (58P dtds) < 00,
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1/p+1/q = 1. Then, it follows that

b d
\//mwmmww—hmmv
M b pd ,
30 [ plem) 5 f(si) dndis
j=17a Je
N b pd
+ p(&, 1)
>
b d
+/ / p(s,t)f(x,t)dtds
b d
+/ /mwﬁ@ww®—ﬂameﬂw§
b opd 1/q
fg(//Nﬂmeﬁyﬁme T,

for all (z,y) € [a,b] x [c,d].

o) (z,t)dtdg

Proof. Identity may be written as

/ab /cdp(s’ Hf(st)dtds - [R(x, v: )
—i—/ab /cdp(s,t)f(s,y) dtds + /ab /cdp(b’,t)f(x,t)dtds

M- b pd
+Z/ / p(s, 1) " flo.4) (5. y) dpds

+Z//’gt. Fioy (. ) At dE — f(z,y)Pla,c)| =

:/ / P(N’M)(x,s,y,t)f(N_,_l,MH)(s,t)dtds.

Now taking absolute value and applying Holder’s inequality for double inte-
grals, we easily obtain our required inequality. ]

REMARK 3.4. For N = M = 0, Theorem 5 of [20] becomes special case
of Theorem and we also retrieve results of [3] and [§] by simply putting

p(.,.) =1 O
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4. GRUSS-TYPE INEQUALITIES FOR DOUBLE WEIGHTED INTEGRALS FOR
HIGHER ORDER DIFFERENTIABLE FUNCTIONS

A celebrated integral inequality proved by Griiss [I1] in 1935, can be stated
as follows (see [I5) p. 296]),

. abf(:v)g(m)dx— <b1a /abf(:v) dx) <b1a /abg(x) dx)‘ <
< 3 (M —m)(N —n)

W=

provided that f and g are two integrable functions on [a,b] and satisfy the
conditions

m< f(z) <M, n<g(x)<N,

for all x € [a,b], where m, M,n, N are real constants.

In [20] Pecari¢ and Vukeli¢ gave new Griiss-type inequalities for double
weighted integrals by using identities (3)) and . Now, we give more general-
ized results by using higher order differentiable functions of two independent
variables but in order to simplify the details of the presentations we define the
following notations.

(20) AU (z,y) = p(z,y)[fi; (@ )9, y) + 965 (@, 9) f(2,y)]x

(4,9)
X P(a,f:)—>(b,d) (x,y),

b d
@) Ay =pley) / / p(s,)[f (5, g, ) + g(s, 1) f ()] dt ds,

—~
[\
(]

~
D>>

. b
N3 (z, y) =p(:v,y)/ fve1,5) (8997, y) + g(v+1,5) (8, 9) f (2, 9)] %
X p(N’j)(a;, s,y)ds,
~f d
(23) AGM)(z,y) = p(z, y)/ fm+1) (@) g(2,y) + 9641y (2, 1) f (2, y)] X
x P:M) (x,y,t)dt,
- b rd
20 A% Gy) = p(ey) [ [ [foverarin(s gt

+ g(N+1,M+1)(Sa t)f(SU, y)]p(N’M) (CC, $Y, t) de d57
(25) B (2,y) = [p(z, v)g(z, )| |1 £5.5) (@ 0)llo + Pz, y) £, 9)] %
X Hg(z-,j)(x,y)\loo,
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1,7 max{b—z,z—a})"*? (max{d— —c})itl
(26) D (g, ) _ {b(z‘+’1)! D ( {d(j-yk’%l)! DT
b pd
X// Ip(&,m)| dndg,
] max c})itt
@) OOy = (b a)tmeddyyd) / / Ip(€&,m)| dnde,
i max{b—z,z—a})"*!
(28) 60 (g) = (d — o) maxls s a)) / / Ip(&, )| dnde,

. b A .
(29)  OWI () = / PO (2,5, )| ds,
d
(30)  COM(g,y) = / P (2, y, 1) dt,
(31)  CNM (5 ) / / POV ()| dt ds,

(32) F(z,y) = Rz, y; f) // (s,8)f(s,y) dtds

+/ / p(s,t) f(z,t) dtds
// p(s,n) 0= (oJ)(S y)dnds
+; / / P& D)L ooy (o, 1) e e,
(33) G(z,y) —R(w,y;g)+/ab/cdp(87t)g(8,y) dtds
—|—/ab/cdp(s,t)g(z,t) dt ds
£ [
+Z/ / (€.) S g ) (2, 1) dE de,

where P(N’j)(x,s,y) PEM) (g oy t), PIN-M)(g s 9. t) are as in Theorem
whereas P(a,c) and R(x,y, f) are defined in and respectively.

Now, we are ready to present our main results of this section by using
notations defined above, which are as follows.

(n;'y)J 90,5 (s,y)dnds




19  Montgomery’s identities for higher order differentiable functions of two variables 67

THEOREM 4.1. Let f,g : [a,b] X [e,d] — R be two functions such that
f, g € CNFLMED) ([q b] x [e,d]). Then

P / / z,y)g(x,y)dy dz
<P(ac// p(z,y) :Eydydm)
X <P(ac // p(z,y)g(x,y dydm)‘_

// [ZZB W)z, ) C) (2, y)

=1 j=1

N
+ZB ) Z 0)(x)

—|—B(N+1’]) (JJ, y)é( ’ )(xa y) + B(Z’M_'_l) ($, y)é(%M) ([E, y)

+ BpWV+LMA+1) (z, y)C_'(N’M) (z,y)| dy dz.

Proof. From , we have the following identities:

b d
(34)  fla.y)Plac) = R(z,y: f) + / / p(s,£) (s, £)dt ds
—i—Z/ N.j) (z,8,y f(NHJ)(s y)ds
.S / PUM (2. 1) fursny (2. ) di
i=0"“¢
b opd
_/ / P(N7M)(xvsaya t)f(N—l—l,M—l—l)(S’t) dtds
a C
b d
(35)  g(a.y)P(a,c) = R(z,y:9) + / / p(s, D)g(s, t)dt s
M b A '
+Z/ PN (2, 5,9)g(v+1.5)(5,y) ds
j=0"a
N d o
+ Z/ P(ZVM)(‘T7yat)g(i,M—i-l)(‘/Evt) di
i=0"v¢

b d
- / / PO (0 6.y, O ginsaren (s.8) di ds
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for (z,y) € [a,b] X [¢,d]. Multiplying by p(z,y)g(z,y) and by
p(z,y) f(x,y) and adding the resulting identities, we obtain

<

(36) 2P(a, c)p(x,y) f(z, y)g( ZZA(”) vy) -y AWy

i=1 j=1 j=1

—ZA(ZO) ) + Az, y) + AN (@, y) + ACM (2, ) — AN ()

Integrating over [a,b] X [c,d], we get

b pd b d N Mo
/ / p(x,y)f(x,y)g(w,y)dydiv—gp(la,c)/ / [—5 > A (,y)
a Je a Je i—1 j—1

M N
— 3 ACD () = 3T A (@ 4 A, ) + AN (2, ) + A ()
j=1 i=1

—AWNM) (x, y)} dy dz

It may be written as

b d
60w [ [ ety dys

- (s [ b / o) () dy i)
>< <P(1) [ dp(m)g(x,y) dyd

M
~aotr [ [ [~ LA -3 a0
Jj=1

=1 j=1
LS A6 ) 4 AV (5, ) ACM g, g — Az, y>] dy da.
=1

Using ,. . .,@ we have the following inequalities

1AW (z, )| < BUI) (2, y) C)(z,y),
A0 < BOIy) Oy,

490 = B0

|AND (2, )| < BNTEI) (3, y) O (),
|ACM) ()| < BEMI (z,4) CEM (g, ),

| <
‘A(N,M)( )| <B N+1 MJrl)( NM)(

z,y) C Y,
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Y(x,y) € [a,b] X [¢,d]. Taking absolute value on both sides in and using
all these inequalities in it, we get our required result. U

THEOREM 4.2. Let f,g : [a,b] X [¢,d] — R be two continuous functions on
[a,b] x [c,d], such that f, g € CNFTLMF) ([, b] x [¢,d]). Then

P(ac)/ / p(z,y) f(z,y)g(x,y) dy dx
+ (P(tlzc)/a /C p(z,y)f(x,y) dydx) <p(ic) /ab /cdp(x,y)g(:r,y) dydx>

b pd
—stap | [ Pen)loe ) F0) + 1o p)Glr )] dyds| <

b d
< ST / / BWHLMED (3 y) CNVM) (g, ) dy da

Proof. From , we have the following identities:

b d
(38)  f(z.y)Pla,c) = F(x,y) - / / p(s,6)f (s, H)dt ds

b pd
+/ / PN (g, s, y,1) fvsn,m41) (5, 1) dt ds,
a C b d
(39) g(z,y)P(a,c) = G(z,y) —/ / p(s,t)g(s,t)dtds
b opd
+/ / P(N7M)(x7Svyvt)g(N—i—l,M—i-l)(s?t) dtdS,

for (z,y) € [a,b] X [¢,d]. Multiplying by p(z,y)g(z,y) and by
p(z,y) f(x,y) and adding the resulting identities, we obtain

(40) 2P(a, c)p(z,y) f(z,y)g9(x,y) = p(x,y)g(z, y) F'(x, y)
+p(z,y) f(2,9)G (2, y) — Az, y) + AN (2, y)
Integrating over [a,b] X [c,d], we get

b d
(41) / / pla. )1 (2, 9)g(x y) dy da =

b d
Zzp(lac)/ / p(z,y)[9(z,y)F(z,y) + f(z,y)G(z,y)] dy dz

b pd b pd

p(}w)</ / p(x,y)f(w,y)dydx) </ / p(w,y)g(w,y)dydx>
b prd N

+2P(1“)/a /C ANM) (g ) dy dar

(42) | AN (g )] < BNVFLMED (5 4y GV (3, )
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From and , we obtain our required inequality. O

REMARK 4.3. For N = M = 0 Theorems 6 and 7 of [20] become special
cases of Theorems and respectively and we also retrieve results of [16]
by simply putting p(.,.) = 1. For N = M = 0, we can also find similar results
in [12). O
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