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SOME ESTIMATIONS FOR THE TAYLOR’S REMAINDER!

HUI SUN,* BO-YONG LONG' and YU-MING CHU'

Abstract. In this paper, we establish several integral inequalities for the Tay-
lor’s remainder by Griiss and Cheyshev inequalities.
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1. INTRODUCTION

For two given integrable functions f and g on [a,b], the Chebychev func-
tional T'(f, g) is defined by

b b b
T(f9) = s [ F@glade— i [ fa)de- ity [ gte)da.
In 1935, Griiss [1] proved that
(1.1) T(f.9)| < 3(M —m)(L 1)
if
m< flx) <M, 1<g(x)<L
for all = € [a,b], where M, m, L and [ are constants. Inequality (1.1) is called
Griiss inequality.

The well-known Chebyshev inequality [2] can be stated as follows: if both
f and g are increasing or decreasing, then

T(f,g9) > 0.

If one of the functions f and g is increasing and the other decreasing, then
the above inequality is reversed.
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In what follows n denotes a non-negative integer. We denote by R, r(xo,x)

the nth Taylor remainder of the function f(x) with center zg, i.e.
n
R
R g (w0, 2) = () = 3 552 O (o).
k=0

The Taylor remainder has been the subject of intensive research [3]-[9].
In particular, many remarkable integral inequalities for the Taylor remainder
can be found in the literature [5]-[7]. The following Theorems A and B were
proved by Gauchman in [6].

THEOREM A. Let f(x) be a function defined on [a,b] such that f(x) €
C™"Ha,b] and m < O+ (z) < M for each x € [a,b], where m and M are
constants. Then

(n) a n b—a)nt?2
‘/ Ry, g, z)dz — SO @ g g “) < Gold5r (M —m)

° ) (B)— £ (q " "
‘( H/ Rnfba:)dm—if ((73+§) ()(b— +1‘<(bnl) (M —m).

THEOREM B. Let f(x) be a function defined on [a,b] such that f(x) €
C™ta,b]. If f+)(x) is increasing on [a,b], then

(n+1) (p)— F(n+1) (¢ n
_f ((7)/;,4_];) ()(b_a) +2<

£ a N
/Rnfaaz ((Izz+2),()(b—a) <o

and

b
n ) () £ (q n
0<(-1) +1/ Ry (b, 2)dw — L2QZL 0 (- gynt!

(n+1) (p (n+1) (g n
S e

If f(”H)(x) is decreasing on [a,b], then

b
0< [ Ruslasa)do - CUPLRE b - apit <

(n+1) (g)— fn1) (3 n
<1 i(q)ﬂ-{)! b —ay+?

and

(n+1) (g)— F(n+1) (p "
20— e <

b
< (—1)n+1/ Rmf(b’:p)dx — %(b _ a)n—H <0.

It is the aim of this paper to establish several new inequalities for the Taylor
remainder by Griiss and Cheyshev inequalities.
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2. MAIN RESULTS

LEMMA 2.1. Let f(x) be a function defined on [a,b] and xo € (a,b). If
f(z) € C"a,b], then

)"t o(n
(21) / Rnf o, T d.T —/ (b(n+1 | f +1 ( )dx
and

(2.2) /I0 Ry, ¢(xo,z)dx = /mo "Tl f n+1)( )dx.

Proof. We only give the proof of (2.1) in detail, the similar argument leads
0 (2.2). It follows from the formula of integration by parts that

b T n+1 n
/ (b(n+)1 1 f +1) ( )dz =
z0

_ (b—m)nt! * (o) (n)
= Coalt s (@), + [ D 1) (2)da
xo

— n+1 —z)" _ b —z n—1 _
= =Bt 1 (o) + 52 D @), +/ ol Y (@) de

x0

1 " b
— LI 1) ) — S 1D ) == (b= o) f(ao) + [ Fla)da
- [ Z I8 (@ — o) da

b
= / Ry, ¢(zo,z)dx.

o

O

THEOREM 2.2. Let f(x) € C" ' a,b], such that my < fO+H)(z) < My for
x € [a,zg] and mg < f("“)(:v) < My for x € [xo,b], where mi, ma, My and
My are constants. Then

b
() (b)— £() (1 N
(2.3 | [ Bogtan, e = LG gy
™) () — £V (g "
L) gyt

T _a)n+2 (b Zo )n+2
< Casr (M —ma) + Gt

(Mg — myg).
Proof. Let

n —x n+1
Fz) = f™D(),  Gla) = G2
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Then for any = € [z, b], we clearly see that

b—xo)nt!
my < F(z) < My, 0 < G(x) < o,

/G d:c:

b—z)"t1 o (n b "+1 n
(/ oap? o) <x>dx—b_;0/ bty / FOD (@) de|
Zo

< %(Mz —ma).

Making use of Griiss inequality (1.1) one has

(2.4)

Equation (2.1) and inequality (2.4) lead to the conclusion that

b
/ R, ¢ (2o, )dx_%@_wo) +1‘ <
o

—x n+2
< %(M2 —ma).

(2.5)

Similarly, if = € [a, z¢], then Griiss inequality (1.1) leads to

(2.6) ‘ / ) 1) () da
0 n
:co—a/ (ani)l +ldx/ f(nJrl) dm‘ =
a)™ 2
< %(M1 —my).

Equation (2.2) and inequality (2.6) imply that

£ (20)— £ (a "
(2.7) n.f(T0, dx—%(a—xo) H‘ <
xo—a)" 12
< %W(Ml m)-
Therefore, inequality (2.3) follows form inequalities (2.5) and (2.7). O

If take n = 1 in Theorem 2.2, then we have

COROLLARY 2.3. Let f(x) € C?[a,b] and my < fP(x) < My for any
x € |a, xg], may < f@)(az) < My for any x € [xg,b], where my, ma, My and Mo
are constants. Then

b
]/ f(@)dz — (b — a) f(z0) — L8 (b — 20)? + L9 (a — a)?
— L20) (g 4 b — 220)(b—a)| <

X 7(13 —X
< { = ) (M —m1)+7(b 80) (Mo — mg).

In particular, if zg = “TH’, then Corollary 2.3 becomes
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COROLLARY 2.4. Let f(z) € C?[a,b] and my < fP(x) < My for any
z € [a, %F2], mo < fP)(z) < My for any x € [%5L,b], where my, mo, M and
M are constants. Then

/ f(@)dz — F(552) — L6 — a)(F () — f'(@)] <

< & a) (M7 —mq + My —mg).
If take n = 0 in Theorem 2.2, then we have

COROLLARY 2.5. Let f(x) € Cla,b] and my < f'(x) < My for any z €
[a, z0], ma < f'(z) < My for any x € [x0,b], where m1, mo, My and My are
constants. Then

/ f(x)da — (b— a) fxo) — f()— (mo)(b — 20) — f(xo);f(a) (a —m)| <
< (zo— a) (M; — )+M(M2_m2)
atb

In partlcular, if xg =

COROLLARY 2.6. Let f(x) € Cla,b] and my < f'(x) < My for any = €
[a, “T'H’], me < f'(x) < My for any x € [“T'H’,b], where my, ms, M1 and Mo
are constants. Then

5, then Corollary 2.5 becomes

L/‘f Jdz — Lp(agb) - HartfO)| o
—a)(My + My —my — ma).

THEOREM 2.7. Let f(x) € C™"Ma,b] and zo € [a,b], then the following
statements are true:
(1) Ifn is an odd number and fV(z) is increasing in [a,b], then

xo—a)"t? n n
(2.8) ) (" D (o) — £ (a)) >
' £ (o)) (a) w1
2 / Rn7f(.'L'(], )d$ — W((I — 1'0)
) (B)— £ (5 "
_f (?ZH—];) ( O)(b—xo) +1
T n+2 n n
> iy (P D 0) = £ (o))
(2) Ifnis an odd number and fV(z) is decreasing in [a,b], then
zo—a)"t? n n
(2.9) — Bl (F () — £ (o)) <
' F ()= (@) w1
S / Rnhf(CCO, )d.’[‘ — W(CL 1170)
™) () — £ (5 "
_f (?31-%];)! (z0) (b — o) +1

—x)" 2 n n
< O (F D (o) — £ (0));
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(3) Ifn is an even number and "V (z) is increasing in [a,b], then

T a n+2 n n
(2.10) —(Zf(ni_l_)l(f 1 (20) — £+ (a))
— n+2 n n
L El S (P () — 0 () <
' f™ (@o)—=f™ (a) ntl
< i Rmf(xo, )dx_W(a xo)
() (p)— £(m) (5 "
—%(b _ xo) +1

< 0

9

(4) If n is an even number and "V (z) is decreasing in [a,b], then

xo—a)"t? n n
(2.11) B (£ (a) — £ (20))
—x)"+2 n n
+ LS (F7 ) () — fM (b))

b
™ (20)— £ (a "
2/ Ry, ¢(xo,v)dx — %( — z)" !

() (p)— £() (g "
_f (lgw};)! ( 0)(b—x0) +1
> 0.

Proof. We divide the proof into two cases.

Case 1. = € [x9,b]. Let F(z) = f+t)(z) and G(z) = %, then we
clearly see that G(z) is decreasing in [zg,b]. We divide this case into two
subcases.

Subcase 1.1. F(x) = f"D(z) is increasing in [zg,b]. It follows from the

Chebyshev inequality that

b (b n+1 b (b n+1
| G @ - L £IM/f“1mWw
y) xo

Making use of equation (2.1) we get

b
M) (p)—£(P) (2 n
(2.12) / Ry, (0, z)dz — LEQEL 00 () — gig)n it < 0,
o

From the monotonicity of F' and G we have
F ) (@) < Fa) < f&HD(b)

and
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for x € [z9,b]. Therefore, inequalities (2.5) and (2.12) lead to the conclusion
that

—x0)" T2 n n
(2.13) ~ S (D (B) = £ (o)) <

b
(n) _f(n) T n
: / Ry g (g, w)da — PR (0 — )™ < 0.
o

Subcase 1.2. F(x) = f*(z) is decreasing in [z¢,b]. The Chebyshev
inequality implies that

b (b n+1 b (b n+1
/ (nﬂil, FOD (g )d:r—b_lxo/ nil dx/ FOH) (z)dz > 0.
xo xo

Then equation (2.1) and inequality (2.5) lead to the conclusion that

—x0)" 2 n n
(2.14) bl (P ) (o) — f@ D (b)) >

b
> / Ry, f(zo, z)dz — W(b — )™t >0,
zo

Case 2. = € [a,x0]. Let F(z) = f®*t)(z) and H(z) = % We
divide the discussion into four subcases.
Subcase 2.1. n is an odd number and F(z) = f+1)(z) is increasing in

[a,x0]. Then H(z) = % is increasing in [a, zo] and

F (@) < Fla) < f7 (@)

for all = € [a, xo].
Making use of the Chebyshev inequality we get

o n+1 o \nt1 xQ

/ (a(nf‘l ! f n+1)( ) €T = xola/ (a(nf_)l)! d.’L‘/ f(n+1)(l’)dl’ Z 0.
a a a
Then equation (2.2) and inequality (2.7) imply that

To—a n+2 n
(2.15) (o= (FD) (gg) — fH) (@) >

o M) (20)— F(M) (a .

Subcase 2.2. n is an odd number and F(z) = f*1(z) is decreasing in
[a,z0]. Then H(x) is increasing in [a, z¢]. It follows from equation (2.2) and
inequality (2.7) together with the Chebyshev inequality that

(2.16) %(ﬂ”ﬂ (a) — f () <

Subcase 2.3. m is an even number and F(z) = 1 (z) is increasing in

[a,z0]. Then H(z) = (a( i)f)ﬂ is decreasing in [a,zo]. Therefore, equation
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(2.2) and inequality (2.7) together with the Chebyshev inequality lead to the
conclusion that

(2.17) Lt () () — F V() <

n) (n)
/ Ry, ¢(xo,x)dz — 1t (Q(ETOAZJ; (a )(a—aﬁo)"Jrl <0.

Subcase 2.4. n is an even number and F(z) = f"*D(zx) is decreasing
in [a,z9]. Then H(x) and F(z) have the same monotonicity in [a,zg]. It
follows from equation (2.2) and inequality (2.7) together with the Chebyshev
inequality that

T0—a n+2 n n
(2.18) ﬁﬁm%ru<ﬂkw—f<ﬂwm»z
x(o . .

a
Therefore, inequality (2.8) follows from inequalities (2.13) and (2.15), in-
equality (2.9) follows from inequalities (2.14) and (2.16), inequality (2.10)
follows from inequalities (2.13) and (2.17), and inequality (2.11) follows from
inequalities (2.14) and (2.18). O
If take n = 0 and xy = a—“’ in Theorem 2.7, then we have

COROLLARY 2.8. Let f(z) € C'a,b], then the following statements are true:
(1) If f'(x) is increasing in [a,b], then

(2.19) 50— a)(f'(b) — f'(a)) <
sﬁ/‘f dr — Lf(25t) — LOH®) < g
(2) If f'(x) is decreasing in [a,b], then
(2.20) w50 —a)(f'(a) = (b)) =
2/ fla)de — Lp(agh) - @0 5

Let us recall the well known Hermite-Hadamard inequality:

(2.21) ﬂ%ﬁé(@ﬁﬂ/wﬁmMS<a“%¥@

if f(x) is convex (concave) in [a, b].
Inequality (2.19) can be rewritten as

(2.22) TF(agy ¢ L0 Ly a)(f'(b) — f'(a)) <

b
< ol [ oo < (o) + 100,

N[
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We clearly see that

[a)F7(b) )+f ®) > 1j‘"(““’)—kf(a)’Lf if f(x) is convex in [a, b].

Therefore, inequality (2.22) is an improvement of inequality (2.21) if f/(x) is
decreasing in [a, b].
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