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CONVERGENCE ANALYSIS
FOR THE TWO-STEP NEWTON METHOD OF ORDER FOUR
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Abstract. We provide a tighter than before convergence analysis for the two-
step Newton method of order four using recurrent functions. Numerical examples
are also provided in this study.
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1. INTRODUCTION

In this study, we are concerned with the problem of approximating a locally
unique solution z* of equation

(1.1) F(z) =0,

where, F is Fréchet-differentiable operator defined on a convex subset D of a
Banach space X with values in a Banach space ).

Many problems in computational mathematics can be brought in the form
. The solutions of these equations are rarely found in closed form. There-
fore most solution methods for these equations are iterative. Newton’s method

(1.2) Tni1 = Tp — F(xp) ' F(2z,) (n>0), (x0€D)

is undoubtedly the most popular method for generating a sequence {z,} con-
verging quadratically to a* [5], [13, [15]. Two-step Newton method (TSNM)

UYn = Tp — ]-"/(:cn)_l]:(xn) (n>0), (x0€D),
Tn+1 = Yn — f’(yn)_l]:(yn)?

generates a converging sequence {x, } to z* with order four [5,9]. The following
conditions have been used to show the semilocal convergence for the Newton’s

(1.3)
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method ((1.2)) and consequently the semilocal convergence of (TSNM) [5] [13]
15, [17] (Ck):

F'(xzg)™t € L(Y,X) for some xq € D;
| F' (o)~ F(wo)|| < v
| F (z0) H[F () = FW)]| < L|z—y| forall ,y € D;
(1.4) hi =Ln<3
and

U(zo, \) = {z € X |||z —x0]| <A} C D,

for specified A\ > 0.

Note that is the, famous for its simplicity and clarity, Kantorovich
sufficient convergence hypothesis for the Newton’s method . A current
survey on Newton-type methods can be found in [5] and the references therein
(see also [1-4] and [6-17]). We have shown [5] the quadratic convergence of
the Newton’s method using the set of conditions (Cag)

Fl(zog) ™ € LY, X) for some xy € D;
| F (w0) ' F(x0)|| < m
| F (w0) " [F'(x) — F'(20)]|| < Lo ||z — zo|| for all z € D;
|F (zo) ' [F(2x) = F'(w)]|| < Lllw—yl|  forall 2,y € D;
(1.5) ham =Ln <3

and

U(x07 )\0) g D7

for some specified \g > 0, where

(1.6) L=1(L+4Lo+ VI?+8LL).
Note that
(1.7) Lo<L

holds in general, and L/Ly can be arbitrarily large [4, [5]. Moreover, the Ly
Center-Lipschitz is not an additional condition, since Lg is a special case of L.

Furthermore, we have by (|L.4})-(|L.7)
(1.8) hg < % = hag < %

but not necessarily vice versa unless if Ly = L. The error analysis under ([1.5))
is also tighter than ([1.4)). Hence, the applicability of Newton’s method (|1.2)
has been extended.

In this study, we provide the sufficient convergence conditions for (TSNM)
corresponding to . The paper is organized as follows: §2 contains the
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semilocal convergence analysis for (TSNM), whereas the numerical examples
are given in §3.
2. SEMILOCAL CONVERGENCE ANALYSIS FOR (TSNM)
We need the following result on majorizing sequence for (TSNM).

LEMMA 1. Let Lo, L, n be constants. Assume: there exist parameters «
and ¢ such that

L
(2.1) ST toy) = @
L
(2.2) 5T anzn < ¢ < ¢y
and
(2.3) n <o
where,
(2.4) Li=d’L, Ly = (1 +a)Ly,
9. 4L
(2.5) o1 = 2(Lo+La)a—L++/[2(Lo+L)a—L)?>+8Lo Lo’
2L1 _ 2&[1 (L0+L2) }
(2'6) ¢ LH_\/m ¢3 - Ln )
(27) = min {¢17¢27¢3} )
_ 2 _ 1
(28) m= L1 +2L2(14¢)° = Lo+L2’
(2.9) no = min {7y, 72} .
Then, sequences {s,}, {tn} generated by
to = O, so=", tnt1=8n+ 2((1snL§Z7)L)

(2.10) P
Sn+1 = tn—i—l + 2((171210,5:13)7

are non-decreasing, bounded from above by

(2.11) = (120,

and converge to their common least upper bound t* € [0,t**]. Moreover, the
following estimates holds

(2.12) 0<tpt1—5sn <a(s,—tn),

and

(2.13) 0 < $pt1 — tnt1< d(sn — tn).
Proof. We shall show using induction on k:

(2.14) 0< Zost) < g

2(0—Losr) —
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and
Li(sk—tk)
(2.15) 0< mg b.
Note that estimates (2.12]) and (2.13)) will then follow from (2.14]) and (2.15),
respectively. Estimates (2.14) and (2.15]) hold by the left hand side hypotheses

in (2.1) and (2.2)), respectively. It follows from (2.10]), (2.14]) and (2.15) that
estimates (2.12]) and (2.13) hold for n = 0. Let us assume estimates (2.14) and

(2.15) hold for all £ < n. It then follows that estimates (2.12)) and ([2.13)) hold
for n = k. We then have:

(2.16)  0<sp—tr < P(sp—1 —thc1) < &+ G(sp—a — tpa) < -+ < ¢,
(2.17) 0 < tppr —sp < alsp —tg) < adkn,

and
tht1 < sk + ad™n <ty + adfn + ¢
< sp—1 + ad" '+ agtn + ¢
<t 4+ 0" '+ ad" I+ agfn + ¢Fy
=ti1+ (" + I+l + M <
<sot+an+on+-+ o) +algn+ -+ ¢'n)

(2.18) =L+ a)(l+ ¢+ +okn) <™.
In view of (2.16|) and (2.18)), estimate (2.14) certainly holds if
LoPn
(2.19) 0 < STt dt Tty < @
or
(2.20) Lo*n+2aLa(1+ ¢+ -+ ¢ n — 2a + 2Leat* 1y <0.

Estimate motivates us to introduce functions fj on [0,1) by
(2.21) fr(t) = Lntf + 2aLo(1 +t + -+ + " Yy + 2Loat™ 1 — 2a.
We need a relationship between two consecutive functions fy:
frer1(t) = Lt* g + +2aLot*n 4+ 20 Lo (1 + t + - - + t¥)n — 2a — Lt*y
—20Ly(1 4+t 4 -+ tF V) — 2Loat* 1 4 20 + fi(t)
= fu(t) + Lt*y — Liky + 2aLot*n + 2Lgat*n — 2Lgatt 1y
(2.22) = fi(t) + g(t)t* ',
where

(2.23)  g(t) = Lt* + [2a(Ly + Lo) — L]t — 2Lgav.
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Using , we see that holds
(2.24) it fu(®)
(2.25) or fi(¢)

(226) since,  g(¢) <0 and  fr1(9) = fi(9) + 9()¢"n < fr(0)

where ¢ is chosen as in the right hand side inequality of (2.1)). But (2.23)) also
holds by ([2.1]). Moreover, define function fo, on [0,1) by

(2.27) foolt) = Tim (1),

Then, we have by ([2.24))

0
0

IAIA

Y

foo(9) < 0.
Hence, and hold for all k. Similarly, holds if
(2.28) Lag"n <26 [1 = Lo(1+ ¢+ -+ ¢")n)]
or
(2:29) L1d™n + 26 Ls(1+ ¢+ -+ ¢")n — 26 < 0.
As in we define functions hy on [0,1) by
(230) hie(t) = LytFn + 2Lo(1 4t + - - + tF)p — 2¢).

We need a relationship between two consecutive functions hy:
hpg1(t) = LitiHy 4 2t Lo (1 4t 4 - - - 4+ t* ) — 26 — LytFn—
—2Lo(1+t+ - +t%)n + 20 + hy(t)
= hi(t) + Lat* ' — Lyt*n + 2Lot"2p

(2.31) = hi(t) + g1 (£)tn

where

(2.32) g1(t) = 2Lot* + Lyt — L.

In view of , estimate holds if

(2.33) if hp(¢) <0 or hi(p) <0

(234)  since, g1(6) <0 and hys(d) = he(6) + 91(6)6"n < hi(0)

where ¢ is chosen as in the right hand side of (2.2)). Note now that (2.33)
holds by ([2.3)). Furthermore, define functions h, on [0,1) by

(2.35) heo(t) = kli_>m hi(t).
We then have
(2.36) heo(9) < 0.
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That completes the induction for (2.13) and (2.15]). Finally, in view of (2.12]),

(2.13]) and (2.18), sequences {t,}, {sn} converge to t*. That completes the
proof of the Lemma. O

We need an Ostrowski-type relationship between iterates {z,} and {y,}
[5, [14].

LEMMA 2. Let us assume iterates {x,} and {yn} in (TSNM) are well defined
for alln > 0. Then, the following identities hold:

37 Fnn) = [ [P+ 0 — )~ F o) s ~ )00,

and

(2.38) F(yn) = /01 []:,(mn +0(yn — n)) — _F’(xn)} (Yn — zn)dO.

Proof. Identity ([2.37]) follows from the Taylor’s theorem and the first itera-
tion in (TSNM), whereas (2.38)) follows from Taylor’s theorem and the second
iteration in (TSNM). That completes the proof of the Lemma. O

We can show the following semilocal convergence result for (TSNM).

LEMMA 3. Let F : D C X — Y be Fréchet-differentiable operator. Assume:
there exist xo € D, Lo >0, L > 0 and n > 0 such that for all z,y € D:

(2.39) F(z0)™" € LY, X),
(2.40) | (o) ™" Fxo)|| < n,

(2.41) | (o) ™ (F'(2) = F'(w0))|| < Lo lz — o],
(2.42) | (20) ™" (F'(z) = F'(w)) | < Lz —yll,
(2.43) Ul(wo,t*) C D;

hypotheses of Lemma 2.1 hold, where t* is given in Lemma 2.1. Then, se-
quences {xn} and {yn} generated by (TSNM) are well defined, remain in
Ul(xo,t*) for all n > 0 and converge to a solution x* € U(xo,t*) of equa-
tion F(x) = 0. Moreover, the following estimates hold

(2.44) [9n — 2nll < 8n — tn,
(2'45) Hxn-‘rl - ynH < tn-!-l — Sn,
(246) Hxn—i—l - xn” S tn—l—l - tna
(2.47) [9n+1 = Ynll < Sn41 = sn,
(2.48) |y — ™| < t* —tp,
(2.49) P

Furthermore, if there exists R > t* such that

(2.50) Ulzo,R) C D
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and
(2.51) Lo(t" + R) < 2,
then, x* is the only solution of F(z) =0 in U(zo, R)

Proof. We shall show using induction on k that (TSNM) is well defined, the
iterates remain in U(xq,t*) for all n > 0 and estimates (2.44) and ([2.45] hold
for all n > 0. Iterate yo is well defined by the first equation in (TSNM) for

n =0 and (2.39). We also have by (2.6)) and (12.40))
HyO - JI()H = H]:/(x())il}_(x())H <n=sp=859)—1t < t*.

That is (2.44) holds for n = 0 and yo € U(zo,t*). Using (TSNM) for n = 0,
we see that 1 is well defined. Let w € U(wg,t*). Then, we have by Lemma

2.1 and :
(2.52) | F" (z0) ™" [F/(w) — F'(x0)]|| < Lo |w — o] < Lot* < 1.

It follows from (2.52)) and the Banach lemma on invertible operators [5 13}, [15]
that F' (w) ™" exists and

(2.53) |7 (w) " F (o) < S o e €

In particular, for x; € U(xo,t*), we have

(2.54) | (1)~ F(wo)]| < o] S T oot = TLoh
Moreover, in view of for n = 0, (TSNM), and —, we get
(2.55)

21 — yoll =

‘/01 [-F/(yo)flf'(xo)}f’(xo)*l [F'(204+0(yo — x0)) —F ' (0)]dO(yo — w0)

1
L 2
< TM/O Ollyo — ol|~dO

L 2
ST=olyo—zom 10 — ol

IN

m(so —t0)? = t1 — S0,
which shows (2.45)) for n = 0. We also have
l1 = zoll < [lz1 = yoll + [lyo = zoll < t1 = s0 + 50 =t =t —lo <7,

which implies ([2.46]) holds for n = 0 and z1 € U (xo,t*).



40 LK. Argyros and S.K. Khattri 8

Using (TSNM), (2.6)), (for n = 0) and (2.54), we get
lys = @all = | [#/ @)~ F (@0)] [F (o) Flan)|
e e[ te0 5]

IN

/01 F'(z0) ™" [F'(yo + 0(z1 — o)) — F'(yo)] dO(z1 — yo)

1
1— Loty

1
< PLLﬁ/O 0l|z1 — yolldOl|z1 — yoll

ﬁ%(fl —50)(t1 — s0) = s1 — t1,

IN

which implies (2.44) for n = 1. We then have:

ly1 — yoll < llyr — 21| + |#1 — yoll < s1—t1 +t1 — s = 51 — S0,
lyr — xoll < lyr — woll + llyo — zol| < 51— s0+ so — to = s1 < t7,

which imply (2.47) for n = 0 and y; € U(zo,t*). Let us now assume (2.44
2.47), yn,xp € U(zo,t*) for all n < k. Using (TSNM), (2.6)), (2.37), (2.38
2.42)), (2.53)) and the induction hypotheses, we have in turn:

|2kt — woll < Mlzrgr — well + lzg — 21l + -+ [[21 — 20|

(2.56) <tppr — g+t —tp—1 + -+t —to = tpp <t
(2.57) lyk — @oll < llyk — il + 2 — 2ol

<sp—te itk —to

=g, < t*
(2.58)

lYk+1 — Tt || =
= ||[F @ks1) " F (@0)] [F (w0) " Flans)]|

<P @ryn) T F o)) |7 (o) T F (@)
1
< 1—L0||xlk+1~xo\|/0 | F (z0) ™" [F (yr+0(zrs1 — yk)) — F (yx)] d0(@pg1 —yn) |
1
< =k ) Ollown — w0

L1 2
< Loy 2 (b1 — sk)

= Sk41 — Lkt 1,

(259)  llwkso — g = |[[F (o) 7 F (@0)] [F (w0) " F )] | <
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1
< 17Lolsk+1/0 | F (20) 1F (2hs1 +0(Yrs1 —h41)) = F (2531) 140 (Y1 — Th1) |

1
S %/0 Ollyrs1 — xpi1]°d6

L 2 _ _
m(skﬂ —tr41)” = th2 — Sk+1,

IN

lyk+2 = k1l < Ykt — zer2ll + [[Tpt2 — Yot |

(2.60) < Skt — bkt +tkro — Sk41 = Skt+2 — Sk+1,
|Zkr2 — Thrall < lTrr2 — vrrrll + vk — 2l

(2.61) <trpgo — Skg1 + Skl — Tyl = tpyo — trgl

which show ([2.44)-(2.47)) hold for all n > 0. Estimates (2.48) and (2.49) follow
from and ([2.47)), respectively by using standard majorization technique
[5, 13, 15]. It follows from Lemma 2.1 and (2.44)-(2.48) that (TSNM) is
Cauchy in a Banach space X and as such it converges to some x* € U(xg, t*)
(since Uz, t*) is a closed set). Moreover, we have by

(2.62) | F (@0) " Flar)] < Sllerss - willlonss —well =0, as k- .

That is F(2*) = 0. Finally to show uniqueness, let y* € U(xq, R) be a solution
of equation F(x) = 0. Let us define linear operator M by

1
(2.63) M= /0 Fly* +0(z* — y*))do.

Then using (2.41), (2.50) and (2.51f), we get in turn

1) (M = Pl < Lo [ " + 0" ) ~ ol 6

1
< L /0 (1= 0)lly* — ol + Ol* — wo]] A6
(2.64) <R+t <1

It follows from (2.60) and the Banach Lemma on invertible operators that
M~ exists. Then, in view of the identity

(2.65) 0= Fa*) - Fly*) = M(z* — ),
we conclude that 2* = y*. That completes the proof of the Theorem. O

REMARK 4. 1) Limit point ¢* can be replaced by t**, given in closed form

by (2.7)), in hypotheses (2.40]) and (2.48)).
2) The verification of conditions ([2.1))-(2.3)) require simple algebra (see also

Example 3.1).
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3) If Ly = L, then scalar sequences {s,}, {t,} given by ({2.6] reduce essen-
tially to the ones used in [9]. In particular, we have in this case
— _ — _ L 71’1,7777, 2
to=0, So=1n, tng1 =8n+%,
(2.66) _ — L(En+l_§n)2
Sn+l = tn+1 + 2(1_L¥n+1)
If Lo < L iteration (2.6) is tighter than (2.62). Moreover, in view of the proof
of the Theorem 2.3, we note that sequence

%)

— = *x (= _: 2
(2.67) = :% " L*(%n+1j§n)2
L (1 Lott)
is also majorizing for (TSNM), where
I = Lo, if n=0
L, if n>0.

In case Ly < L, (2.26)) is even a tighter majorizing sequence than (2.62]).
Furthermore, L, L1 can be replaced by Lo, LT = a?Lg at the left hand sides of

(2.1) and ([2.2)), respectively.

4) If @ = 0, define Ly = L, then it is simple algebra to show that conditions
of Lemma 2.1 reduce to (|1.5). Moreover, if Ly = L, these conditions reduce to
(1.4). That is we have Newton’s method ([1.2)) and iteration (2.6)) reduces to

L(tpi1—tn)?
(2.68) to=0, t1=n, tnps=tnp1+ il

In the case of Newton’s method for Ly = L, we have the well-known Kan-
torovich majorizing sequence.

L(vnt1—vn)?

(2.69) =0, VI=10, Vni2=Vpsl T 50y

Note that if Ly < L, {t,} is a tighter majorizing sequence than {v,} for the
Newton’s method [5], 13} [15]. O

3. NUMERICAL EXAMPLES

Let X = )Y = R? be equipped with the max-norm, zo = (1,1)T, D =

U(zg,1 —p), p€[0,1) and define F on D by

(3.1) Fa)=(8-p&-p) . o=

Using (2.35))-(2.37), we get
77:1_?”, Ly=3—p and L =2(2-p)> Lo.

Let p = 0.7. Then, we get

n=0.1 Lyg=23 and L = 2.6.
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The Newton-Kantorovich hypothesis is satisfied, since
2(1-p)(2—p)=026<1 forall pe[0,1/2).
Using Lemma 2.1, for « = 0.17 and ¢ = 0.0052, we get
Ly =0.07514, Lo =2.691 ¢ = 0.756703694,
P2 = 0.111383518, ¢3 = 0.666923077, P9 = @2
m = 0.364622409, n2 = 0.200360649, no = mn2,
Ln/[2(1 — Lon)] = 0.168831169 and Lyn/[2(1 — Lan)] = 0.005140238.
Hence, the hypotheses of Lemma 2.1 are satisfied. Moreover, we have by

that
t** =0.11761158 < 1 — p = 0.3.

Furthermore, using (2.48) (for t* replaced by t**), we get
" < R < £ — " = 0.751953637.

So, we can choose R = 0.3. Hence, hypotheses of Theorem 2.3 hold, and
(TSNM) converges to

T
" = (V0.7,907) = (0.887904002,0.887904002)" .
We compare (2.6 to (2.62)).

Sn—1tn tnt1—Sn Sp—1tn %n.i,-l—gn gn—fn %n-i,-l_?n
1.00-107°T 1.69-107%% 1.00-107°" 1.76-107°2 1.00-107°' 1.49.-10772
5.07-107% 457-107°7 5.78.107% 6.27-107°7 3.49-107° 2.15.107%7
3.73-107 247-107% 537-107% 1.02-1072* 8.19-107'* 1.19.1072%¢
1.09-107%° 2.11-107%® 1.94-107*® 1.09-107%¢ 249.107°% 1.09-1071'03
7.91-1071% 1.11-1073°° 9.44-107'%' 1.67-10738° 2.11-10720% 7.88-10"*412
2.21-1077 8.70-10715%0 524.1077° 5.15.1071%19 1.09.107822 2.13.107 164

Table 1. Comparison among (2.6)), (2.66) and (2.67))

Tl W~ O3

As expected from the theoretical results iteration (2.6)) is faster than (2.66]).
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