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ON APPROXIMATING THE SOLUTIONS OF NONLINEAR
EQUATIONS BY A METHOD OF AITKEN-STEFFENSEN TYPE
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Abstract. This paper completes the results that are presented in [I14]. Using
as a starting point the abstract method of the chord, in the mentioned paper
we have presented an iterative method of approximation for the solutions of an
equation. This method uses auxiliary sequences, and aims to improve the con-
vergence order. The used method generalizes the method of Aitken-Steffensen.
In the paper [I4] we have given the statement of the main theorem and the
statement and the proof of an auxiliary proposition concerning the convergence
of some recurrence sequences of real numbers. In the present paper we give the
proof of the main result and at the same time we discuss an interesting special
case.
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1. INTRODUCTION

We will take again the main elements that are presented in detail in the
papers [13]-[14] and that constitute the basis of our result.

Let us consider X,Y two linear normed spaces. We note by |-[|y : X = R
and |-y : Y — R their norms respectively, and by 6x and 6y their null
elements. Through (X,Y)" we note the set of the linear and continuous map-
pings defined from X to Y. The set (X,Y)" is a linear normed space as well,
if we define the norm |[|-|| : (X,Y)" — [0, 4o0[, for any U € (X,Y)* having
Ul = sup{||U(h)|| : h € X, ||h||y = 1}. For the case of Y = R we de-
note by X* the set (X,R)", this set representing the space of real, linear and
continuous functionals defined on the linear normed space X.

Let us consider now a set D C X and a nonlinear mapping f : D — Y.
Using this mapping we have the equation:

(1) f(x) = by
We will study the approximation of its solutions.

In order to clarify the aforementioned notions we have the following de-
finition:
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DEFINITION 1. If we fix the nonlinear mapping f : D — Y together with the
points x,y € D, x # y, any mapping L'y, € (X,Y)" that verifies the equality:

(2) Ff;a:,y (l’ - y) =f (l’) - f (y)

is called generalized abstract divided difference of the function
f:D —=Y at the points x,y.

In connection with the previous definition we have the following remark:

REMARK 2. a) We consider the theorem according to which in every lin-
ear normed space (X, ||-||y), for any a € X \ {6x} there exists a linear and
continuous functional v € X* such that ||u|| = 1 and u(a) = ||a||x . Then,
for any z,y € X with x # y there exists the functional U,, € X* such that
|Usyll = 1 and Uyy (z —y) = |lz — yllyx . At the same time there exists the
functional Uy, € X* such that ||Uy,|| =1 and Uy, (x —y) = ||y — z|| x as well.
In the paper [13] there appears the mapping [z,y; f] € (X,Y)", defined by
the equality:

(3) [z, y; f]h = ny(h)fﬁi)——i;ﬁ};:(h)f(y)
for any h € X.

This mapping verifies the equality and it is called abstract divided
difference of the nonlinear mapping f : D — Y at the points z,y € D with
x # y. This mapping is a special case of generalized abstract divided difference.
Therefore we can choose I't.,, , = [x,y; f].

b) Let us suppose now that the space X is a space with a scalar product
(-] : X x X — R. Defining |||y : X = R by |lz[|y = /(z|z), the space
(X, ]|l x) is a linear normed space.

For any z,y € X with « # y the functional U,, € X* from a) will be
defined by:

ny (h) _ (hlz—y)

— lle—ylix

for any h € X. So, for the same elements z,y € X with z # y we have that
the abstract divided difference [z, y; f] € (X,Y)" is defined by:

[,y f] = LUl U1

le—yl%
for any h € X. d
Let us consider a initial element g € D. Besides the main sequence
(#n) pen= © D we also use two auxiliary sequences (yn),en+ > (2n)pens € D-

For these auxiliary sequences we request the existence of the numbers
K1, Ko,p,q > 0 such that for any n € N* the following inequalities are verified:

(4) 1f (wn)lly < K1 llf (@n)ll5
1F Gza)lly < Kz |If ()3 -
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Then, if for a number n € N* we have available the elements y,,z, €
D starting from x, € D, we will build the new iterate x,11 € D for the
verification of the equality:

(5) Lty ,zn (Tnt1 = Yn) + f (yn) = Ov.
On account of the property of definition of the mapping I'f,,, -, € (X,Y)"
the equality is equivalent to:

(6) Lty zn (Tnt1 — 2n) + f (2n) = Oy.
If for any n € N* there exists the mapping I‘JI;?IJM 2 € (Y, X)* we have:
(7) Tt = Yn = Dp e f () =20 = Tpy o f ().

In connection with the main sequence (z,),y € D and also with the
auxiliary sequences (Yn),cns (2n)peny € D, one can see the remarks 2.1- 2.2
from the paper [14].

REMARK 3. It is clear that if the first of the inequalities is verified
for any n € N with a certain K; > 0, this inequality is verified with any
number K > max {1, K1}. The situation is identical regarding the second
inequality from . In conclusion we can suppose that in these relations we

haveKlngzKZL
Identically, we can suppose that in the inequalities:
[y — znllx < allf (@n)ly,
l2n = @nllx < b (@n)lly
that are true for any n € N, we can have b = a > 1.
In conclusion, for the main sequence (), € D together with the auxil-
iary sequences (Yn),cn= s (2n)pen= © D We can suppose that for any n € N* we

have y, # z, and there exist the numbers K,a > 1 such that for any n € N*
the following inequalities are verified:

(8) I1f n)lly <K |If (@n)lly
1f za)lly <K|If (za)ll§-
1yn = znllx <allf (zn)lly

lzn = znllx <allf (zn)lly - O

In connection with the stated problem we consider, for the real numbers
p,q > 1, the following equation in x on the interval [0, +oo] :

(9) aPTal 4922 4 2z — 1 =0.
We have the following remarks:

REMARK 4. a) The equation (9) has an unique root a € ]0, 1[.
b) If a € ]0,1[ is the root of the equation (9) one verifies the following
inequalities as well:

(10)  o*+a—-1<0, o*+2a—-1<0, 2a*+2a—-1<0
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and these inequalities are equivalent to the following inequalities respectively:

2 2
(11) 0<% <1, 0< =2 <1, 0< 1oz <L O

Let us consider now the numbers a, K, L, By, Ry > 0 and the numbers p,q >
1 and using these numbers we build the real number sequences (un),cy- 5

(Sn)nen+» (Un)nens s (Wn)pens s En)nens s (Bn)pen+ and (Ry),cn- using the
following recurrence relations:

(12) u, = LKB2R?,
sn = LKB2RY,

BSRP+q
Vp = al’K? . B 7t
_ LKB2R}
Wn = T=un)(I—vn)’
PR al2K2B3 RPTY
T (1—up)(1—vn)(1—wp)?

n

By = (I=tn) (1= (1—wn)(1—tn) *
Rpy1 = LK?B2RPT,

It is obvious that this construction has a meaning if for any n € N* we have
that wn, v, wp, t, € R\ {1} and By, R, > 0.
It is clear that for any n € N* we have:

(13) Un = B T
Wn = T o)
tn = o) (1w

Rp+1 = %7
as well.

Referring to the sequences that are defined by the relations we have
the following proposition:

PRrROPOSITION 5. If the following inequalities are verified:

1 . p—g+l g—ptl
(14) a< By < 7 - min K21 K20-1)
(with the specification that for ¢ = 1 the expression that has ¢ — 1 in its

denominator is +0o, and the same for the expression that has p — 1 in its
denominator) and:

LK B2 1 RPPTa=D) pep—g+1  Re(P+a=1) prg—p+1
(15) d= KB { : : .

o2 - maxrta—1 (LBg)q_l , (LBg)p_l
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where « € 10, 1] is the unique root of the equation @D, then for any n € N* we
have the following inequalities:

(16) Uy < ad®P" <o <1,

sn < ad?Pt9" < o < 1,

a? 2(p+q)" o?
vnga—l'd <a_1<].,
W < l—aa—a2 AP < l—aa—a2 <1
o’ 2(p+q)" a?
tn < 1—2a—a2d < 1—2a—a? <1
B’IL
Bri1 < 19552507
2 2 n
Ry < ppzd (pra)”,

The proof of this proposition has been given in the paper [14].

2. THE MAIN RESULT

In this section we present the statement and the proof of the main theorem
regarding the convergence of the sequences (), cn+> (Un)pens > (Zn)pen+ C
D CX.

THEOREM 6. We suppose that the following conditions hold:

i) The linear normed space (X, ||-||x) is a Banach space;

ii) The mapping f : D — Y admits for any z,y € D with v # y a
generalized abstract divided difference Ty, € (X,Y)" and there exists
a number L > 0 such that for any z,y,z € D with x # vy, y # z we
have the inequality:

Hrf;x,y - Ff;y,ZH <Lz~ ZHX ;

iii) The main approzimant sequence (Ty),cn- together with the secondary
sequences (Yn)pen= 0Nnd (2n),en- are such that for any n € N* the
following equality is fulfilled:

(17) Ff;yn,zn ($n+1 - yn) + f (yn) =0y

together with the inequalities (@ with the constants a, K > 1 and p,q >
1. We also have that f (yn), f (zn) € YNAOv}, yn # 2 and we are in
one of the following situations:
iiil) Tn # Yn and Yni1 # Zn,
or
ille) @y, # 2zn and zp41 # Yn.
iv) The mapping T f.y -, € (X,Y)* is invertible and FJT,;O . €V, X)".
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v) If we note:

By :max{ Hnyo,on}
Ro = f (@o)lly
o 2(g—1) 2(p—1)
K = max {K (B()\/Z) p=a+1 (BO\/Z) q—p+1 }7
LKB2 Rp(m-q—l)?p—q#-l RI(Pra-1)pFa—ptl
d = . X 0 g1 5 0 o\p—1 )
(LB3) (LB3)
d? d
0 =2aRy+ ¢ LB2 " 1—2(pta-1) + LKB T I—dgptaD»

where o € 10, 1] is the unique root of the equation @D, the conditions
d<1andS(xg,0) ={z e X/||lx— ol x <} are fulfilled.

If the previous hypotheses are true, then the following conclusions are true
as well:

j) for any n € N* we have that xp,Yn,zn € S (x0,9), there exists the
mapping Fﬁln ., € (Y, X)" and:
(18) Tn+l = Yn — F;;i/n,znf (yn) = 2n — F;;zn,znf (2n);

jj) the sequences (xn),cnx - (yn)neN* s (2n)pen= © X are convergent to the
limit T € S (x9,0) and f(T) = by;
jij) for any n € N* the following inequalities are fulfilled:

2 -1 n
(19)  lnst = oally < 225 2000 4o oo,
_ 2 J2+a)n 1 de+a™
(20) ||:En - :EHX S Z%g . 1_d2(17+q)n_1(p+q71) + L?QBO 1— d(p+q)”(p+q 1),
(21) maX{Hyn—THXaHZn—fHX} <
< d2(p+q)” 1 L 2— 2e+o"” Lpt+q-1) @ de+a™
- LB 1—g2(p+a)" L(p+q—1) LKBy 1—-d®eta)™(p+e=1) "

Proof. For more clarity in the case of the hypothesis iii) we suppose that
the situation iiiy) is fulfilled, namely for any n € N* we will suppose that we
have:

Fn) s fzn) €EYNAOYY, Un # 20y Tn # Yy, YUnt1 # Zn;
while the equality is verified.

Using the constants L, By, K, Ry > 0 we generate the real number sequences
(Un)nen > (5n)nens s (Vn)pens » (Wn)pens s (tn)nens » (Bn)nens » () en- on the
basis of the relations (12) in which the constant K > 0 is replaced by K >0.

From the expression of K we immediately deduce that:

__p—qtl __g=p+l
K 2(a-1) > B()\/Z, K2(-1) > Bo\/E,

therefore:
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so the double inequality is true. The condition imposed to d, expressed
by the inequality , from the hypothesis of the Proposition |5|is fulfilled on
the basis of the hypotheses of the theorem.

On account of the Proposition [§] we deduce that for any n € N* the relations

are true.

We now prove that for any n € N* the following relations are true:
a) Tny Y, Zn € S ((lio, 6) ;
b) IIf (@n)ly < R
c) there exists the mapping F;;n . € (Y, X)T, ||F]7;n .|l < By, and:

(22) Lnt1 = Yn — F;ﬂl;n,znf (Yn) = 2n — F;;;n,znf (2n) -

In order to prove these relations we will use the method of the mathematical
induction.

For n = 0 we notice the following statements:
a) Evidently zp € S (z9,0) and:

lvo — 2ol x < allf (zo)lly = alo <4,
therefore yo € S (xg,9) .
Similarly:
20 = 2ol x < allf (zo)lly =aRo <6
so we have that zy € S (xg,0) as well.
b) Evidently || f (z0)|ly < Ro;

¢) The existence of the mapping I';1

Fwozo € (Y, X)7 is assured from the

hypotheses of the theorem and the inequality ||T'7.L

Fao.zoll < Bo is assured
from the definition of the number By.

We suppose that the inequalities a) - ¢) are true for any number n € N*,
n < k and we prove them for n =k + 1.
a) For any j € {0,1,...,k} we have that:

1 = 2jllx < Ny =25l x + 107, 1 1F @)lly
<allf @)y +B; I ()5
= aR; + B;R"

B2RP
J— . J 7
=al; + B

-
< alj+ KBy

For j = 0 we obtain:

|z1 — zol|y < aRo+ =2 = aRy+ —=2— - d.

LK B LKBo
For j € {1,2,...,k} we obtain:
2 i1 i
(23) 201 — 2]l < a- LLBg C2lera’ T #Bo . deta)’
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Therefore:

lzrs1 — zollx <

k
Z Tjt1 — ;)
j:

k
Z @541 — @5l x

X

< aRy+

k—1 k

aa? 20p+q) | __a (p+q)’

LKB d+ LB? Z(:)d + LKBg z(:)d )
j= j=

In the last expression we have:

k—1 , k—1 ‘
z:d2(p+q)J = 24 @2t 44 @2eto T o dQZdQ(erq)J—?
j=0 j=0

As p,q > 1 we have that:

2(p+a) —2=2(p+q—1)[1+{p+a) +..+ (p+a) ]
>2j(p+q—1),

and as d < 1 we deduce that g2(+2)’—2 < {d2(7’+‘1 1)] therefore:

k—1

2p+a) — 72 2prq—1)]7 42
> <d Z [d (v 1)} T 1=t
7=0 7=0

Similarly
k
j
Zd(zﬂrq) < l—dli%'
=0
Therefore

2 d? d
|Trs1 — xOHX <aRy+ } LB2 (d 17d2(p+q—1)) + LKOCBO " 1—gpFa-T
<9,
80 Tp41 € S (x0,9).
From here it is clear that:
lyr+1 — zollx < Nkt — o1l x + 2ra1 — 2oll
<allf (xr+)lly + llzrsr — zoll x
< aRpyr + |zpp — 20l x

= mo L A P
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Asd<1land (p+q)" >1itis clear that d2P+0" < @2 therefore:

2 2
Hyk+1 - xOHX S 2aR0 + z%g (d2 + l_dQ(CfH—q—l)) + LfaBO ’ 1—de+q71
=9,
therefore yr41 € S (xo,9) .
As
Izke1 = woll x < llzke1 — o llx + lzra — 2ollx
< allf (@era)lly + lzner = 2ol x

we obtain for ||z541 — 2o|| y the same delimitation as for ||yy+1 — 20|y and the
expression of this delimitation is . Therefore we have that z;11 € S (z0,9).
b) We know that:
If (@rs)lly = IS (@p41) = Oy [ly
= 1f (@re1) = f () = Trgiomn (@1 — wi)lly

3 L N
< Llloiss — il - hower — 2l x

On account of the equalities that are true for n = k we have that:

1 @re)lly < LTy, o 12 - 1F Wl - 1 (i) lly -

Using the hypothesis of the induction and the hypothesis of the verification
of the inequalities we obtain:

If @esn)ly < LE?BE | f () |lf7* < LR BERE™ = Ry

¢) From the existence of the mapping I‘ﬁ/k . €, X)*, of the fact that

f(yr) # Oy, f(zr) # 0y and using the equalities:
Terr = yk = Dpy o F (k) = 26— Ty f(20)

we deduce that xx1 # yr and 241 # 2.
So, the following mapping has a meaning:

_1 N
Uk - Ffvykazk (Ff’ykzzk - Ff;$k+17zk) S (X7 X) .
From here it is clear that:
(24) Ff§mk+lazk =Tz (Ix —Uy).

Considering the fact that yg, 2z € S (x0, ) and taking into account what we
have proved at a) and as we have x4 € S (20,0), we deduce that:

(Lo ) e R | PSS
< BL||lzgs1 — yellx <
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< LBi|Try, ol L i)ly
< LBYK || f (i)

= LKBR}

=up <a<l.

From here, using the well known theorem of Banach (on account of the fact
that (X, ||-||x) is a Banach space), we deduce that there exists the mapping

(Ix —Up) "' e (X,X)" and

—1 1 1
1Ix = U) " I < 19537 < =

From the existence of the mappings I';} e (Y, X)* and (Ix — Up)™*

Ii¥ko2k

€ (X, X)" using the equality we deduce the existence of the mapping

-1 * .
I‘f;ka,Zk e (Y, X)" and:

-1 —1p—1

(25) Ff;kaerZk - (IX - Uk) Ff;ykzzk‘

From the equality we have the inequality:

- -1 - B
L g (S O B A e =

as well.
Also the mapping

-1
Sk = Ff;yk,zk (Ff;yk@c - Ff;yk,wkﬂ) € (X, X)*
has a meaning. We can write that:
(26) Pf;ykwkﬂ =T rynn (Ix — Sk).
In the same way as in the case of the mapping U we have that:

|Sk|| < LKBER] = s, < a < 1,
therefore there exists the mapping (Ix — Sk)_1 € (X, X)", so there exists the
mapping I';} € (Y, X)" as well.

F3YksThi1

As F;;;k,xkﬂ = (Ix — S) ™ Iy, .. we have that:
. o N
1T e | < A = S) 7 T L ] < p2

As Y11 # 2z the following mapping has a meaning

-1 .
Vie = Ff§$k+1zzk (Ff?g”k-klvzk - Ff§yk+172k> € (X, X)",

from where evidently

(27) Ff§yk+172k = Ff;zk+17zk (IX - VK) .
As g1, 2k, Ypr1 € S (20,0) € D we deduce that:
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(N S 1 a3 | PSS A

< [T, kaﬂ zkHL k1 — Yrsa

<al- = 1f (@ren)lly

_ aLBk LK BZR}H-q

T 1—ug
277° B3 pPt+a
alL K By R,
1—ug

2
:Uk<1017a<1.

From here we deduce that there exists the mapping (Ix — V;) ' € (X, X)*
and || (Ix — Vi) 7' < 2.
Taking into account of the existence of the mappings I'.

€ (Y, X)

E $k+1 2k
and (Ix — V;) ' € (X, X)* we deduce the existence of the mapping:
—1 _ 1 1 *
Ff;yk+1,2k = (Ix = Vi)~ Ff Tt 1,2k € (Y, X)
and the relations:

(28) Iy, 5

f@k-s—h%” = (I—ug)(I—wvg)"

| < @x = Vi) - T

' yk+17zk‘

At the same time from the hypotheses we have yx1 # Zr+1, so the mapping:

(29) Wi = F;;;kﬂ,zk (Ff;yk+1,zk - Ff;yk+1,$k+1) € (X7X)*

has a meaning.
Obviously we have:

(30) Ff§yk+17$k+1 = Ff%yk+112k (Ix — Wg).
As 2k, Ykt1, Tpr1 € S (20,0) € D we deduce that

-1
Wi < Hl_‘f;ka,ZkH ’ H]‘_‘f§yk+1vzk - Ff§yk+1733k+1
< T e, zkH Lz — 2kl x

<L gmantimoy il 1 EOIY
L32
= (1_%)7(1 ) K| f (z)ll
BiR;
(1- uk)(l—vk)
2 < 17

1aa

=LK -
=w <

therefore there exists the mapping (Ix — W) € (X,X)* and we have the
inequality H (IX - Wk:) H < 1— ||W I < 1 lwk
Considering the existence of the mapping Ff wrenoe € (Y, X)* from the

previous evaluation we deduce on the basis of the equality (30 the existence



70 A. Diaconu 12

of the mapping Fﬁ/kﬂ,rkﬂ € (Y, X)" such that
—1 . —1p-1
Ff§yk+17$k+1 = (Ix = W) Ff;yk+17zk
and
—1 -1 -1
‘|Ff§yk+1,$k+1H < M@x = W)~ - ||Ff§yk+17zk||

By
= (T—ug)(1—vg)(1—wg)

Evidently yi11 # 2zr11 therefore the mapping:
-1
(31) Ty = Ff;yk+1,xk+1 (Ff§yk+171'k+1 - Ff?yk+172k+1> € (X>X)*

has a meaning.
From we obviously have that:

(32) Ff;yk+17zk+1 = Ff§yk+1vmk+1 (Ix —T).
AS Yp11, Tpt1, 2641 € S (20,9) € D we deduce that
-1
1Tkl < ||Ff;yk+1,;pk+1|| ) ”Ff;yk+1yxk+1 - Ff;yk+172k+1
<07 oo - Llkokss — 2

< aLBy| f(xr+1)lly
= T—up)(1—op) 1—wy)
o aLByRi41

T (=) (I—vg) (I—wy)

LB =2 592 +
= (1711,)@)((;*’0:)(17“”6)[/[{ BkRi !
_ aL’K’B}RP*
= O—up)(0—vp)(1—wg)

2
J— [}
=tk < To9a=az < L.

Therefore, based on the same theorem of Banach, there exists the mapping
(Ix —Tp) "€ (X, X)" and || (Ix — Tp) " || < =iy < 1=

I|Tel] = 1—t&’

Adding to the last information the fact that there exists the mapping
F;;;Hhmkﬂ € (Y,X)", we deduce on the basis of the equality the ex-
istence of the mapping:

—1 _ _ -1 -1 *
Ff;yk+17zk+1 =(Ix —Ti) Pf;yk+1,$k+1 e (Y, X)
together with the inequality:
-1 -1 -1
||Ff§yk+172k+1H <[ @x =T - Hrf;ykﬂ,xkﬂ”
By

S Tmat=o(—en=6) — B+t

The existence of the mapping F]?.;Hl seps € (Y, X)" and the inequality

HFE;HL%HH < By41 express the fact that the proposition c) is true for
n=k+1.

Therefore the propositions a) - c) are true for n =k + 1.
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On account of the principle of mathematical induction these relations are
true for any number n € N.

We will now show that the sequence (x,), oy is a Cauchy sequence.

Taking into account of the inequality we deduce that for any n,p € N
we have the following inequality:

n—+p—1
lents = @ally =|| 3 (@1 —2))|
j=n
n—+p—1
< DY lwjs — gl
j=n
2n+p—1 ( )j L n+p—1 ( )j
2(p+q)? ~ +
Sg%gzdpq +L£Bozdpq'
j=n Jj=n

But, as p,q > 1, we deduce that for any s € NU{0}

2p+)" =20+ 9" =200+ 9" o+’ - 1]
>2s(p+q)" ' (p+q—1),

therefore as d < 1 we deduce that:

n+p—1 ) p—1
3 2oty d2(p+q)"_lz [dZ(erq)"_l(erqfl)]

j:n s=0

S

dQ(P+q)7L71

1—2+a)" L(p+e-1)"

Similarly
n+p—1 ] ¢ o
(p+aq) o ___d®PtO"
Z d < 1—d®P+ta)" (p+g—-1)"
j=n
therefore
a2 2+ a dr+a™
(33) Hxn-i-p o x"HX < LB? " 1_@2+a)" Hpta—1) T LKBy 1—deto™rte—1"

From the fact that d < 1 we deduce that:

1i 2eta™ ! -k de+a™ _
ngrc}o 1—d2+a)" " L(p+a-1) ng{}o 1—dP+0)" (p+9—1) —

0,

therefore nlggo %gig |Zntp — Znll y = 0 and this equality expresses the fact that

(n),eny © D € X is a Cauchy sequence.

From the quality of the linear normed space (X, ||-||y) of being a Banach
space we deduce that the sequence (z,),.y € X is a convergent sequence,
therefore there exists an element T € X such that T = nh_)rgo Tp.

If in the inequality we tend to the limit as p — 0o, we obtain the
inequality form the conclusion of the theorem.



72 A. Diaconu 14

From the inequality with n =0 we deduce that:

17 = 2ol x < |17 = z1llx + 21 = 2ol x

aa? d? « drta ad
< LBZ " 1-d?(rta—D + e ey + aRy + 5]
<0,

and this inequality expresses the fact that T € S (z,d) .
The existence of the mapping F;;ﬂ 2 € (Y, X)* allows for the expressions
of the element x,; under the forms .
Obviously, for any n € N we have the inequalities:
1yn = Zl x < llyn — znllx + llzn — Tl x
< allf (@n)lly + llzn — =l x
<aRy,+ ||z, —T|

n—1
(34) < 5 PO 4l — 7

We have a similar estimate for ||z, — Z||x as well. We obtain in this way

the estimates . The inequality expresses in fact that:
Jim lyn — Tl x = lim [|zn —7[|x = 0.
We still need to show that T € D is the solution of the equation f (z) = y.
We will first remark that from the fact that for any n € N we have that
n—1
f (zn)lly < R, < LLBQQ - @?(rta) and from d < 1 we deduce that
0

Jim [ f (zn)ly = 0.

Let us consider a number n € N arbitrarily. As f (y,) # 0y we deduce that
Yn # T, therefore as x,, # y, we will have that:

0<I[If @)y
< WS (yn) = F @y + (1S (wn)lly
< ayall - lyn =zl x + K|If @)y -
Here, we have:
||Ff;f,yn|| < Hrf;f,yn - Ff;f,yoH + ”Ff;iyo”

< Lllyn — yollx + 1T r:z,00l
< L([lyn — wollx + [lyo — 2ollx) + [T a0
< L6+ lyo — wollx) + 1T r:zaoll

therefore
(35)
0<If @)y <L+ llvo —wollx) + ITrzg0lll - lyn —Zl x + K |1 (zn)]5 -

As Tim lyn —T||x =0 = Jim | f (zn)]ly and p > 1 we deduce that:

i {[L (5 + o — 2ollx) + [T izl - lom — L+ K [1f ()[4} =0,
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from where on account of the relation we deduce that ||f (Z)|l,, = 0,
namely f (T) = 0y.
With that the theorem is proven. O

3. REMARKS ON THE MARGIN OF THE MAIN RESULT

REMARK 7. With the hypotheses of the Theorem [f] the sequence:

(H fyn an)nEN*

is bounded, and for any n € N* the following inequality takes place:

(36) IP7a .| < BoeC(®)
where:
a(2—3a—a2) d
(;(d’a)::(1—aX1—2a—a2)'1—dVW*1
a?(2—3a—3a? d2
(37) + (17047(052)(172(17)2042) 121

Also the sequence (||I't.y,, 2.1
the inequality:

nel * is bounded and for any n € N* we have

(38) IT figm oo | S T fign | +20 (K + 28) - . O

Indeed, from the recurrence relation of the sequence (By,) we deduce

that:

neN*

Bn < — Bo .
H[(l ug) (1—v;) (1—wy)(1-t;)]

Obviously
n—1 : <
[T1a—upa-vpa-w)a—,)
j=0
B an

= %Z ( ;T 1—1wj + 1—1tj)]

r 1 4n
=1+ A%Z ( ;T 1 i 1 Pl )]

| 0

n—1 n—1 4n
a) > wj+ Qu () th)] ,
=0

§=0 §=0 j=0

IN
— 1
_l_
-
T

M
£

+
‘@
M
h@

+
O
w
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where
Q1 (o) = ﬁ?
Q2 (04) = | 1a2 = 1,107,(1a2a
T l-a
A2
Q3 (@) = -7 ' . 11—26:1—%2’
—O0—
_ _ A2
Q4 (a) = 1a2 = 11722572032'
1_172047012

It is obvious that

n—1 n—1 .
. (r+q)’ ad
> uj<ad d < gt

n—1

n—1
o o? 2(p+q)’ a?d?
Uj < 11—« Z{)d < (1_a)(1_d2(p+q—1))’
J:

n—1 .
. a (p+q)’ ad
ng S Tma—a? Zd < Gca—a(i=arFa Ty
j=0

n—1
. a72§ 2(p+q)’ a’d?
EA O:tJ < T20-az 4 od < (1-2a—a?)(1-d2(ta-1) "
J= J=

Therefore

n—1 n—1 n—1 n—1
Q1 (@)Y uj+Q2() Y v+ Qs(a) > wj+Qa(e) Y t; <
=0 =0 =0 =0

ad O[2(12
< a1y T (1—a—a?)(1-d2ta=1))

ad a?d?
+ (1—2a—a?)(1—dpta-1) + (1—2a—2a2)(1—d2(p+‘1_1))

=G (d,a).

As
4n
By < Bo[l+ G (d )] " < Boe®®),

the inequality is proven.
In order to establish the inequality , we note that for any n € N we

have:
n—1

Ltignozn =T fiyo,z0 + Z (Ff;yj+1ﬂzj+1 - Ff;yp%') ’
=0
from where:

n—1
||Ff;yn,an < ||Ff;yo,ZO|| + Z HFnyjJrlvszrl - Ff%?/jvzj
Jj=0
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For any j € N we have

< HFijJrl»ZjJrl _Ff§yj+1azj + HFf§yj+17Zj_Ff§yjazj
< L(llyj+1 —yillx + llzi+1 — 2l x) -

Hrf;yj+172j+1 _Ff§ijzj

But

lyi+1 = Yillx < NYj+1 — 2l x + 1241 — yill x
<allf @pn)lly + |07, 1 @18
= aRj+1 + KB'RP

aa® | 2 Ka
< e @2t Ko . dta’

a(KBO +aa)
LB?

0

dP+a)’

For ||zj11 — zj|| y we obtain the same estimate.
Therefore, for any n € N we obtain:

KB +aa
HFan:ZnH S HFf§’y0,ZDH LB2 Z p+q

from where the inequality derives directly.

REMARK 8. For any n € N we have the following inequality:

7 2 n—1
(39) |lzn — ||y < m ) (B% + %) J2(p+a)

and this inequality show that the convergence order of the studied iterative
method is p + q.
Indeed, from the fact that p,q¢ > 1 and d < 1, we deduce that (p+ ¢)"

> 2(p+q)" ', therefore dP+9)" < 2e+0)" " and

AP+ (pta=1) < 2(+a)" " (p+a-1)

So

dp+a)™ 2e+on!

1—dP+a)" (p+a—1) < 1—g2p+a)" Hp+q-1)7

therefore:

1 2+ !

len —7llx < 285 (8 + %) T Tomy-

But K > K, and as n > 1 we have that B2+a)" " (p+a-1) < @2(pta-1) and
in this way we obtain the inequality . O
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4. NOTICEABLE SPECIAL CASES

REMARK 9. An important special case is that in which for any n € N we
have x, = z,. This case is admitted from the hypotheses, and it is necessary
for the following conditions to hold:

f(@n), fyn) €YNAOy}, Tn # Yn, Tn # Yntt
and:
Utzpyn (Tnt1 — zn) + f (zn) = Oy,
using for this aim the property that is expressed by the equality @
For any n € N there exists the mapping F;;i:n,yn € (Y, X)", therefore the
recurrence relation of the sequence (), cy- Will be:

Tntl = In = F;;}vmynf (zn)

the inequality in this case becomes:

)

n—1
(40) |z — Fx < zEr=r - (B% i %) . 20+

therefore the convergence order of the method is p + 1. O

One verifies the hypotheses of the Theorem [6]in the case of ¢ = 1, therefore
we have the conclusions of this theorem in this case.

REMARK 10. We will now consider an even more special case. Let be a
mapping U € (X,Y)*\ {O} (O being the null mapping) and we will choose
the sequence (y,),cn- Dy the relation y, = z, — U f () for any n € N*. At
the same time we will choose z, = x,. This case comes in the framework of
the previous more general case.

Therefore the sequence (), oy« Will be chosen such that for any n € N*
the following equality is verified:

(41) Ff;mn,xnfo(xn) (an—f—l - xn) + f (xn) = 9Y?

or if for any n € N* there exists the mapping F;immn_Uﬂxn) e (V,X)" we
have the equality:
(42) Tntl = In = F.;i]ényxn*Uf(xn)f (ﬂ:n) : D

For the convergence of the iterative method generated by the relation (41))
we have the following corollary:

COROLLARY 11. If the following hypotheses are fulfilled:

i) (X,|Illx) s a Banach space;

ii) the mapping f : D — Y werifies the hypothesis ii) of the Theorem |§|
with a constant L > 0 and there exists a number A > 0 such that for
any z,y € D the following inequality is true:

| <N

||Ff;fc,y
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iii) the sequence (xy),cn« © D verifies for any n € N* the equality
with a mapping U € (X,Y)"\ {O};
iv) the mapping T t.00 20U f(xo) € (X, Y)* is invertible and F};io,mo_Uf(%?
€ (Y, X)";
v) denoting:
By = max {|[U],||T

Ro = [|If (@o)lly »
d— LBZRo(1+A|U|])?

o )

2
6 =2[|U[| Ro + £ - (a+ 1+/\\|U||) T4

—1
f§I07I0—Uf(360)|‘} )

ISH

with o = @, the relations d < 1 and S (z¢,0) C D are true.
Then we have the following conclusions:
j) for any n € N* we have that xy,x, — U f (x,) € S (x0,0), there exists
F]f;imxnfo(xn) € (Y, X)* and the equality |i is true;
jj) the sequences (), e » (Tn — U f (Tn))pen- are convergent to the same
limit T € S (xg,9) for which f(x) = 0y;
jij) for any n € N* the following inequalities are true:

(43) [Zn1 — 2allx < 15 (BLO + 71+§¥\\UH> ",
o d2’n/
(44) lzn — 2| x < 25 (BLO + 1+AaHUH') -

Proof. For any n € N* we will note y,, = x,, — Uf (zy) , 2, = Tp.
For the verification of the hypothesis iii) of the Theorem |§| we have the
following relations:

1yn = 2nllx <NUI- 1S (yn)lly»
LF Cyu)lly < WS @)lly +11F (yn) = F (20)lly
< @a)lly + 1T sz gnll - lyn = @nll
<A+ AU @n)lly

therefore the inequalities (8)) will be verified with a = ||U||, K = 1+ A ||U]|, if
we take into account the conditions on the sequence (2,),cn+ = (Tn)pen+ 88
well.
Obviously, from p = ¢ = 1 we deduce that K = K and the others constants
from the statement of Theorem [6] have the values from the present corollary.
By the application in this case of Theorem [6] we can deduce the conclusions
j)-jjj) from the previous statement. O

An other special case is the case in which we obtain the sequences (yy,),,cn» »
(2n)pen+ © D with the help of the iterative operators Q1,Q2 : X — X that
verify Q; (D) C D for any i € {1,2} . In this case we can choose y, = Q1 (zy)
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and 2z, = Q2 (z,) , obtaining the sequence (), by the verification for any
n € N* of the equality:

(45) L 01 (@n),Qa(@n) (Tn1 — Q1 (zn)) + [ (Q1 (20)) = Oy

In this equality the roles of the operators @y and ()2 can be inverted.
If for any n € N* there exists the mapping I‘f 01 (5n),Qa(an) € (Y, X)" the

relation is equivalent to:

(46) Tp+l = (1 (ajn) - f Q1(50n) Qa(xn) f (Ql (xn)) .
If for any = € D and i € {1,2} we have the following relations:

{ 1F Qi @)y < KNI @)Y
1Qi (2) = zllx < allf (@)y,

for the sequences that are chosen in the manner showed the hypotheses of
the Theorem [f are fulfilled, therefore we have the conclusions of this theorem.
One obtains the convergence order p; + pa.

The convergence order can be increased if we replace the mapping Q)2 with
the mapping Q20 Q1 : X — X.

In this case:

1f (@20 Q1) (@)]ly = [If (Q2(Q1 (2)))ly
< K| f(Q1 (@)Y

< KU f (@)l

(@20 @1) (z) — 2l x < [[Q2(Q1 () = Q1 (@) x + Q1 (2) — | x
<allf(Q @)y +alf @)y
<a(K(f@IF +1f @)y)-

Usually we are interested in the set of points from around the solutions, for
which || f (z)]ly <1, therefore as p > 1 we have ||f (2)||5 < ||f (2)]ly and so:

(@20 Q1) (z) = zllx <a(l+K)|f ()l

Therefore using the sequences (Yn),,cn+ s (2n),en+ that are defined by y, =
Q1 (zn), 2n = (Q20Q1) (z,) for the main sequence (), - We obtain the
convergence order p; + pips.

(47)
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