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THIRD ORDER CONVERGENCE THEOREM
FOR A FAMILY OF NEWTON LIKE METHODS IN BANACH SPACE

TUGAL ZHANLAV* and DORJGOTOV KHONGORZUL'

Abstract. In this paper, we propose a family of Newton-like methods in Banach
space which includes some well known third-order methods as particular cases.
We establish the Newton-Kantorovich type convergence theorem for a proposed
family and get an error estimate.
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1. INTRODUCTION

Recently, many third order iterative methods free from second derivative
have been derived and studied for nonlinear systems [I]-[10]. In particular,
in [I] were suggested two Chebyshev-like (CL1, CL2) methods, while in [10]
are considered two families of modifications of Chebyshev method (MODI,
MOD2). In [6] was also presented a new family of Chebyshev-type methods
with a real parameter 6 (A2y). All the above mentioned methods are obtained
using different approximations of second derivative in Chebyshev method.

In [9] it was proposed a family of third-order methods given by

1 Tyt = Ty — f(@n) , acR\{0
() T () )~ £ (et dE)) MO

for solving nonlinear scalar equations f(z) = 0. In this study, we consider
a generalization of methods in Banach space, which is used to solve the
nonlinear operator equation

(2) F(z) =0.

Suppose that F' is defined on an open convex domain {2 of a Banach space
X with values in a Banach space Y, F'(z) is a Frechet derivative in Q, and
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F'(z)71 exists. The generalization of methods is
Yn = Tn — F/(Ccn)ilF($n)7
zn = (14 a)x, — ayn, a#0
1 ! 1 v -1
(3) Tt =an = (14 ) Fl(wn) — £ F'(z0)] Flan).

Thus we have a family of methods for solving nonlinear equation . We
consider some particular cases of . Let a = —1. Then leads to

Yn = Tn — F/(l‘n)_lF(xn)a
(4) Tn+l = Tp — % [F/(wn) + F/(yn)]_ F(xn)a

which was proposed by Q.Wu and Y.Zhao in [7]. They established third-
order convergence of this method by using majorizing function and obtained
the error estimate. It should be mentioned that the iteration for scalar

1

equation was given also in [5]. Let a = —%. Then 1' leads to
Yn = Tn — %F,(mn)_lF(fEn)v
In+l = Tp— F/(yn)_lF(xn)'

This is a generalization of the third order method proposed by the Frontini and
Sormani [2] for scalar case. Thus, the proposed iteration can be considered
as a generalization of well known iterations.

We prove Newton-Kantorovich type convergence theorem for the family of
methods to show that it has third order convergence by using recurrent
relations [3]-[4] and get the error bounds. Finally, some examples are provided
to show the application of the proposed method.

2. PRELIMINARIES

Let us assume that F'(zo)~! € L(Y,X) exists for some zg € ), where
L(Y, X) is a set of bounded linear operators from Y into X. Moreover, we
suppose that (see [4])

(c1) IToll = [1F"(z0) M| < 8,

(c2) lyo — ol = [[To F(xo)| < n,

(c3) IF'(x)]| <M, zeQ,

(ca) |F"(x) = F"(y)| < Kllz —yll, z,y€Q, K>0.

Let F' be a nonlinear twice Frechet differentiable operator in an open convex
domain Q. We denote T, = F'(x,,) !,

(5) ag = Mﬁna
flz) = &£, 0<z<2,

1.2
g(x) = md,
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where

(6) d=3+4%(1+]al),
W = Mlgm’
m = min ITn] >0

and define the sequence
an+1 = f(an)Qg(an)an.
We need following technical lemmas, whose proofs are trivial [4].

LEMMA 1. Let f and g be two real functions given in . Then
(i) f(z) and g(x) are increasing and f(x) > 1 for x € (0, 3)
(it) f(y2) < f(x) and g(yx) <~y°g(x) for v € (0,1).

LEMMA 2. Let f?(ag)g(ag) < 1. Then the sequence {a,} is decreasing.

LEMMA 3. If0 < ap < 3 f’ then f2(ag)g(ap) < 1.
LEMMA 4. Let 0 < ag < \f and define v = ay/ag. Then
()7 = Plaoglao) € 0,17
(iin)an§7n1 1<7 2 ap;
(iiin) f(an)g(an) < f(a Flao) — A'an A= f((llo) <1
3. CONVERGENCE STUDY
According to , we have

(7) Tr1 — Ty = —AalF(CL‘o),
where
(8) Ag = (14 5)F'(z0) — 5, (20)-

Using the following formula
20
F'(29) = F'(x0) +/ F"(z)dx
z0
in , we obtain
AO = F’(.CE(])(I — Po),
where
20
Py = ifo/ F"(x)dx.
zo
If we notice that M||To||[|[ToF (z0)|| < ao < %, then follows
1Poll < gig Lol M |all[ToF (z0)]| < % < 3,
which shows the existence of Ay !

Ayt = (I - Ry)™'Ty,
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where Py = %FOF”(&))FOF(%). So, from we get

_ 1 U] n —
lzr = zoll < Zay [ToF (o)l <~y < ey a7 = B
where R = —a-———. This means that yo,z; € B(xo,Rn) = {z € X :
(=38
|z — ol < Rn}.
In these conditions, we prove the following statements for n > 1:
(In) ITnll < flan—1)[Tn-1l
(I1,) T F (zn)]| < flan—1)g(an—1)[|Tn—1F (xn-1)l,
(I11) M| Tol[ITn F(zn)[| < an,
(IVy) |Tni1 — zn| < 17;7“/2||FnF($n)Ha
(Vn) Yn, Tn+1 € B(IE(),R’I’])

Assuming 17‘;7%/2 < 1 which is valid for ap < 2/3 and x; € © we have

I = ToF (z0)]| < [TollllE"(z0) = F'(z0)ll < IToll M llzo — 21l < 72 < L.
Then, by the Banach lemma, I'; is defined and satisfies

I
IT1 < e < =2 lIToll = f(ao)IToll

ag
==

Taking into account and the Taylor formula of x,,y, € {2, we have
9
(9) -

F(zpi1) = F(yn) + F (yn) (@ps1 —yn) + F"(x)(zpy1 —x)dz, n=0,1,...
Yn

Also

Yn
Flga) = Flan) + F@) (g — ) + [ F'(2)(ga — 2)do

In

= /01 F//(l'n + t(yn - xn))(@/n - xn)z(l - t)dt

1
Fl(yn)(xn—&-l —Yn) = %/0 F//(»’Un — at(Yn — Tn))(Tn — Yn)(@Tn41 — T5)dL.

Substituting the last two expressions into @D, we get
Fltns1) = /01 F (0 + (g — 20)) (g — ) 2(1 — )t +
—I—% /01 F'(xp — at(yn — 20)) (@0 — Yn) (Tny1 — yn)dt
[ B+t~ )~ 7)1 )

1
+/0 F”(yn + t(xn—I—l - yn)>(xn+1 - yn)2(1 - t>dt'
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From we also obtain

Zn
Tn4+1 — Yn = %/ F”(:C)(-:Un-l,—l — .I‘n)dl'
In
and

Tn4+1 — Tn = (I_ Pn)il(yn - an) =Yp — Tp + Pn(I_ Pn)(yn - !Tn)y

where

Taking into account

/01 F'(2y — at(yn — 2n))(@n+1 = Yn) (Tng1 — 25)dt =
_ /01 F" (@ — at(yn — 7)) (g — an)?dt

- /01 F"(@n — at(yn — 20)) (U — 20)Pa(I — )~ (yn — )t

we obtain

Flon) = [ UF -t — 0)) — B ()] (g — 20)(1 — )t
+1 /Ol[FH(a}n) — F"(xn — at(yn — x0)))(yn — 20)*dt
-1 (00— at(yn — 2)) (g — 2) Pall — Po) " g — 2t
+f 4 g — 7)) (5 — ) (st — )t

(10) +/01 F(yn + (@11 — Yn)) (@ng1 — yn)* (1 — )dt.

From for n = 0, we obtain ||T'oF(zy,)||; therefore
D1 F (1) < D1 F (zo) || Do F (21)]] < f(ao)g(ao)|ToF (zo)]|-
So, (I1) is true. To prove (I117) and (IV;), notice that
M|T[[|[T1F ()| < M (ao)g(ao)ns = f*(ao)g(ao)ao = a1

and
2o — 21| < AT F (1)
where
Ay = F'(z1) + 5 (F'(z1) = F'(z1)) = F'(z1)[I — Pu).
Since

|Py]| = SIT1F" (m)T1F ()] < % < 1,
there exists Al_1 = (I — P)"'T';, thereby we get

A
7z = 1]l < TP @)l < K2 = 52n.
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Consequently, we obtain

A 1+A
lw2 = zoll < o2 — @1l + lle1 — woll < 1500 + 1075 = 124027 < 1.
Analogously, we get
1 = zoll < llyr — @1l + llz1 — o]l < f(ao)g(ao)n + 1—457n < Rn

ie. (IVy) and (V) are proved. Now, following an inductive procedure and
assuming

(11) Yns o1 €2 and %5 <1 VYneN,

the items (I,,) — (V},) can be proved. Notice that I';, > 0 for alln =0,1,....
Indeed if Ty, = 0 for some k, then due to statement (I,,), we have ||I'y|| = 0
for all n > k. As a consequence, the iteration terminated after k-th step,
i.e. the convergence of iteration does not hold. To establish the convergence

of {z,,} we only have to prove that it is a Cauchy sequence and that the above
assumptions are true. Note that

ﬁ”rnF(xn)” < #D/Qf(an—l)g(an—l)||Fn—1F(33n—1)||
n—1

< ... < 7o lloF (zo) | I flax)g(ar).
k=0

As a consequence of Lemma [, it follows that

n—1 n—1 3n_q
I flan)glar) < ] a9* = am "z
k=0 k=0

So, from A < 1 and v < 1, we deduce that [[}_5 f(ax)g(ax) converges to zero
by letting n — oco. We are now ready to state the main result on convergence

for .

THEOREM 5. Let us assume that Ty = F'(x9)~! € L(Y, X) erists at some
zo € Q and (c1) — (cq) are satisfied. Suppose that

(12) 0<ap< 3-5—27\/8 with d given by (6)

Then, if B(xo, Rn) = {z € X : ||z —x0|| < Rn} C Q, the sequence {x,} defined
n and starting at xg has, at least, R-order three and converges to a solution
x* of the equation . In that case, the solution x* and the iterates yy, Ty
belong to B(xo, Rn) and x* is the only solution of (2)) in B(xo,2/MB— Rn)NS.
Furthermore, we have the following error estimates:

3"—1 n
Y 7 A

(13) [z — 2% < —
1—7?7

Proof. Let us now prove . From ag € (0; 3+2 \/g) follows

iy < i < 1
2 T2




8 Third order convergence theorem 87

In addition, as y,,x, € B(zg, Rn) for all n € N, then y,,z, € Q, Vn € N.
Hence follows. Now we prove that {x,} is a Cauchy sequence. To do this,
we consider n,m > 1:

(14) [[@n4m — anll <

S NZnem = Tnpm—tlFlZnem—1 — Tagm—2||+. .. + [[Zas1 — 24|

n+m—2 n+m-—3 n—1
< 11%77( 1T flanglan)+ T1 flar)glar) +...+]] f(ak)g(ak)>
2 k=0 k=0 k=0
3n+m71_1 3n+m72_1 3n_1
< 1_#7” (An+m—1,72 + An+m—2772 NS An’yiQ )
2
3"—1 3%m Am
1— A
< n3n_1 ’y ATL 1’1’73TLA 9

a
-y 2

Then {z,} is a Cauchy sequence. By letting m — oo in , we obtain .
To prove that F'(z*) = 0, notice that [|[I',F(zy)|| — 0 by letting n — co. As
|E(z)|| < |F(xn)||||ThF (z2)|| and {||F'(zy)]|} is a bounded sequence, we
deduce |F(zy,)|| — 0, this means F'(z*) = 0 by the continuity of F.

Now to show the uniqueness, suppose that y* € B(xg, Miﬁ — Rn) N Q is
another solution of . Then

1
0= F(y") = F@') = [ P’ +1ly" - )dily" — ).

Using the estimate
1
[IToll /0 [F(z" +t(y" — 27)) — F'(zo)]|dt <
1
<MB [ " " — ") — ot
0

1
< MB [ (1= )la" — woll +ty" — a0l
M
we have that the operator [} F'(z* + t(y* — 2*))dt has an inverse and conse-
quently, y* = x*. O
It should be mentioned that in [7] the convergence of iteration (4)) was
proved under conditions (¢1) — (¢4) and

1
a0 < 55K
2(1+535)

whereas convergence of iteration holds under condition (12).In [10] was
found the convergence domain

(15) 0 < ap < 59,
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where
1+ 2w, for Chebyshev method (CM)
d=<¢ 145w, for the first modification of CM
1+ 4w, for the second modification of CM.

The comparison of and shows that the convergence domain of
is larger than that of CM and its modifications, when |a| < 7.

4. NUMERICAL RESULTS

Now we present some numerical test results for the various third order, free
from second derivative methods. Tests were done with a double arithmetic
precision and the numbers of iterations such that ||z, — x,—1|| < 1.0e — 15 are
shown below. Compared were

MOD1 [10]: Yn = Tp—InF(xy,)
zn = (1—=0)x, + Oy, 0 € (0,1]
Tn+l = Yn — ;?Fn(F/(Zn) — F'(20))(yn — wn)

MOD2 [10]: Yn = Tp—IpF(xy)
zn = xp—InF(xy)

Tn+l = Yn — Fn ((1 + g)FQ/n) + F(xn) - %F(zn)) be [_2, 0]

CL1 [1: Yn = Tp—DpF(xy)
Tn+1 = Yn — %Fn(F/(yn) - F/(xn))(yn — Tn)
CL2 [1]: Yn = p—DpF(xy)
T+l = Yn — FnF(yn)
A2y [6]: Yn = Tp—LIpF(xy)
b = x, — 00, F(xy,)
yh = —3Ta(F'(ah) = F'(xn)) (2] — zn)
wo=
Tn+l = Yn — %FH(F,(:C?L) - F/(xn))(l‘% - $n)

and the proposed iteration (3]).
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As a test we take the following systems of equations:

I. 23—y +1=0
r1 4 cos(§x2) =0 20 = (0;0.1)

II. T1T3 + Toxg + X325 + T426 = 0
r1x5 + xoxg = 0
T1+x3+r5=1
—x1+x2—2T3+x4—2x5+26 =0
—3x1 —2x9 —x3 + 25+ 226 =0
3r1 — 2w9 + 3 — 25 + 226 = 0 2 = (0;0;0;1;1;0)

I11. i 423 =1
22 —23=-05  2°=(0.3;0.7)
1V. -z —ai=1
sin(xy) —x2 =0 2% = (0.1;0)
V. x3 423 =4
et + g =1 2% = (0.5; —1)

MOD1 | MOD2 | CL1 | CL2 A2y (3)

Ex. | =05 | b=-1 0=—-1|60=1|a=—-1|a=-05|a=0.5|a=1
I 7 7 8 7 6 - 6 6 6 5
11 6 6 6 6 5 18 6 6 6 6

11 6 6 6 6 5 7 5 5 5 5
v 6 6 6 6 6 8 6 6 7 8
\ 7 6 7 7 6 15 6 6 6 6

Table 1. Numerical results.

5. CONCLUSION

In this work we proposed a family of Newton type methods which is free
from second derivative and includes some known third order methods as par-
ticular case. Also, we proved Newton-Kantorovich type convergence theorem
using recurrent relations to show that it has a R-order three convergence and
obtained an error estimate. The proposed method was compared to previously
known third order methods to show that it has an equivalent performance.
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