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CERTAIN PROPERTIES FOR A CLASS OF ANALYTIC FUNCTIONS
ASSOCIATED WITH HYPERGEOMETRIC FUNCTIONS
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Abstract. In this particular paper, we investigate coefficient inequalities, clo-
sure theorems, convolution properties for the functions belonging to the class
Sﬁ&: (n). Further, integral transforms of functions in the same class are also
discussed.
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1. INTRODUCTION

Let A be the class of analytic functions of the form
o0
(1) f)=z4> ap*;  2eU={zeC:|z|<1})
k=2

and S be the subclass of A consisting of univalent functions, and S(«a), C(a)
(0 < a < 1) denote the subclasses of A consisting of functions that are starlike
of order a and convex of order « in U, respectively.

For two analytic functions f(2) = z+ Y po, axz® and g(z) = 2+ 70, b2k
in the open unit disc U = {z € C : |z| < 1}, the Hadamard product (or
convolution) f* g of f and g is defined by

(2) f(2)xg(2) = (f*9)(z) = 2+ Y arbyz".
k=2

For complex parameters aq,...c. and f1,...0s (85 # 0,—1,-2,...;5 = 1...s),
Dziok and Srivastava [1] defined the generalized hypergeometric function

TFs(ala ceey Qi 517 ceey BS; Z)
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by
0o N i
(3) TFS(alv"'aaT;ﬁlv"'7B8;Z): mkia
k=0
(4) (r<s+1;r,s e Ng=NUO;z € U),
where (z) is the Pochhammer symbol defined, in terms of Gamma function
[, by
(2 = Sl k=0,
I(=) z(z+1)..(z+k-1), ifkeN.
Dziok and Srivastava [I] defined also the linear operator
(5) H(alv"wa'r;ﬁla' 758 _Z+Zrkak’z
where

(o1)p—1---(ar)p—1
(B)k=15 s (Bs)k—1(k = 1)1
Al-Abbadi and Darus [2] defined the analytic function

m (1A (k—1)™" 1k
(7) A, A2 T Z+Z 1+;\2(1c 1) Z5
where m € Ny = {0,1,2,....} and )\2 2 A1 > 0.

Using the Hadamard product , we can derive the generalized derivative
operator )" as follows

(6) Iy =

(o]
(8) m,rs (1+M (k=1))™— 1
>\1,A2 - (T x2(k— 1 T2 (k—1))™m

k=2

Fkakzk

where I'y, is as given in @

REMARK 1. When (A = A2 =0), (A1 =m =0) or (A2 =0 and m = 1) we
get Dziok-Srivastava operator [I].

Also there are three cases to get the Hohlov operator [3], by giving (A =
)\2 = 0,0éi = O,ﬁj = 0), ()\1 =m = 0,0él' = O,ﬁj = 0) or ()\2 = O,m = 1,011' =
0,8 = 0) where (i = 1...r and j = 1...5).

Putting ()\1 = )\2 = 0,0[2 = 1,0[3 = .= Oy = 0,,82 = ... = ,63 = O),
M=m=0ce=1la3=..=a,=0,80=...=0s=0) or (A\a =0,m =
las =1l,a3 =... =, =0,8; = ... = 85 = 0), we obtain the Carlson-Shaffer
operator [4].

There are six cases to get the Ruscheweyh operator [5] as follows: (A; =
=0aw=a3=..=a,=0,01=po=...=6:=0), A\ =m=0,a0 =
ag=..=a,=0,1=02=...=0,=0), a=0m=1a =03 =..=

a,=0,p1=0=.=0=0),MM==0cw=a3=...=0 =0,0 =
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e =Bs=0), M1 =m=0aa=a3=...=a, =0,8=...=0,=0) or
(A=0m=1las=a3=..=a, =0, =...= 3, =0).

A =0m=2,0 =z = ... =, = 0,51 B2 = ...= Bs =0), we get
the generalized Ruscheweyh derivative operator as well [6] .

Moreover, if we put (e = a3 = ... =a, =0, = B2 =... = 3, =0) or
(g =az3=..=a, =0, = 2 =.. = s =0), we can get operator given
by Al-Abbadi and Darus [2].

After that, if(Aa =0m=m+l,ace =az =...=a, =0,5 = f2 =

Bs = 0), we get the generalized derivative operator by Al-Shaqgsi and Daru [ ).
O
DEFINITION 2. Let f € A. Then f(z) € 87\ (n) if and only if
(I
m,T,s
ASWWIC)
In this present paper, we obtain the coefficient inequalities, closure theo-

rems, convolution properties for the functions belonging to the class S;Z’;\j (n).
Finally, the preserving integral operators of the form

1
(10) Ge(z) = c/o w2 f(uz)du; (c>0)

for the class Sy t\s(n) is considered. We employ techniques similar to those

used earlier by [§].

9) }>77, 0<n<l,z€el.

2. COEFFICIENT ESTIMATE FOR THE CLASS S"'\" (1)

THEOREM 3. Let f(z) € A. If

e _ m—1
) Y- [ EasE et <10, 0<n<t
k=2

then f(2) € S\ (n). The result is sharp.
Proof. Suppose that holds. Since

o0

1+A1 (k—1))™1
1= = (k=) | e | Tulaxl

k=2
(1A (k=1))™ " (14X (k—1))™
77[ (Hiz(k )™ ]Fk|ak| Zk[ 1+§\2(k )™ ]Fk|ak|

Mg

T

2

we deduce that

&S [AHA (e—1))™ L
1+k§2k [W] Lilag]

>n
X [ (142 (k—1))ym—1
1+ 3 [CESE e | Celad
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Thus
mrsf 2
M >, 0<n<l,z€el. O
IC)\L)QJC(Z)

We note that the assertion (11)) is sharp, moreover, the extremal function
can be given by
o0
k

- (1-m) —
Z [N :
(k=) [ A

COROLLARY 4. If the hypotheses of Theorem [3] is satisfied, then

(1—n) vk > 2.

(12) lag| < R
(k—ﬂ) [(I(Yi%\;k(ki)l)))mi :| Tk ’

3. CLOSURE THEOREMS

Let the functions f;(z) be defined by
(13) 2) =2+ Zak,jzk; (ar; >0,z €U).
3) be in the class Sy T)\S(n)

THEOREM 5. Let the functions f;(z) defined by (1

for every j =1,2,....,1. Then the function G(z) defined by

z):z+2bkzk; (b >0,z €U)

is a member of the class Sy T)\S(n), where

k:%ZaJ, (k>2).
7j=1

Proof. Since f;(z) € Sy"y"(n), from Theorem [3{ we can write

s m—1
Sk — ) [ S [ Phfars < 1—-9, 0<n<1

k=2
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for every j =1,2,...,1. Thus

>k =) | S el =
k=2
- 1+ A (k=1))m !
- Z(k — 1) |:((1+;\(2 i 1))m }Fk Zakd
k=2
14 A (k—1))m !
=< %Z (Z (k—mn) [%}Fk’ak,j )
7=1 k=n
!
=71 (1—m=0-n)
j=1
In view of Theorem [3, we conclude that G(z) € Sy (n). O

THEOREM 6. The class S;n 7;\5(77) 15 closed under convez linear combination.

Proof. Let f;(z) defined by be belonged to Sy1'\"(n) for every j =
1,2,...,1, it is sufficient to prove that the function

h(z) = pfi(z) + (1 = p) fa(2)
is also in the class S} T)\z(n)
Let us write, for 0 < p <1,

hz) =2+ {pary + (1 — plaga}z",
k=n

we note that

>k =0 [ S | Tk pan + (1= wana| =
k=n

> _ m—1
< = ) | G | Telana +
k=n

= 14+ (k—1))m—1
+ 30— ) [l [ Tl - )
k=n

- 12 (k—1))™!
= MZ(I‘? ) [%}Fk!ak,ﬂ
k=n

_ m—1
+ (1= ) Dk — ) | R [ Tlanal

k=n

Sp(l=n)+ 1 —=p)(l-n)=(1-n).
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It follows from Theorem (3| that h(z) € S;ZT); (1), which completes the proof.
O

THEOREM 7. Let
fo(z) ==z

and

1-n) k
fe(z) =2+ g T2
(=) [ C ] T

Then f(z) € S;Z’gzj(n) if and only if it can be expressed in the form

(14) f(z) = Zpkfk(z)
k=0

where pp, >0 and > 72 pr, = 1.
Proof. Firstly, suppose that

(15) F2) =) prful(2)
k=0
where p, > 0 and > 7, pr = 1. Then

1G) = Y ofu() = pofol2) + 3 prdu(2)
k=0 k=1

(1-n) k
= z++ — PLZ".
(A (1)
(k=) [ S ey | T

We observe that

> (141 (k—1))™ 1 (1—n) =
>k~ ’7)[ T+ (17 }F’“' [(kn) [W]FJ% -

k—n A (k=17

== p=0-n1~p) < (1—-mn).
k=1

In view of Theorem [3| we conclude that f(z) € 87" (n).
A1,A2

m,r,S

Conversely, let us suppose that f(z) € Sy'\(n). Since

< (1=n) Vk > 2
= 142 (k—1))m—1 ’ - <
(h=n) [ A= ] T

(16) Qg

Then by Corollary [ we set

(142 (k—1))m 1
(k’_”)[ (1+1A24(k71))m }Fk

Pk = =) g,

and

o0
po=1- Zpk-
k=1
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We thus conclude that f(z) = >"27 pkfe(z). This completes the proof of the
theorem. 0

4. CONVOLUTION PROPERTIES
For functions f;(z) € A;(j = 1,2,...,m) given by

z) :z—i—Zak,jzk; (zel),
the Hadamard product (or convolution) of fi(2), fa(2), ..., fm(z) is defined by
mwﬁﬂﬁ*ﬁ*m*hM@:z+§:(HfM%)

THEOREM 8. If fi(2) € S\"\>(n) for each (j = 1,2,...,m), then G (z) €
Sﬁ&‘;(n) with

T a-n)
n = =
L 14Xq (k—1))ym—1 uc !
T 2-n3) [ CAGE T I (1=my)
j= j=

Proof. We use the mathematical induction to get to the required result.
Firstly, we have to show that G2(2) € Sy\"(n) for fi(2) and fa(z) belonging
to Sy, "% (m) » Sx\, (m1) respectively. We can write

<1+A1<k—1>>m—1]

oo
Z (k—n;) [W T

(1-m;)

lak | < 1; (1 =12).
k=2

Applying the Schwarz inequality, we have the following inequality

(142 (k—1))m~1 (A (e—1))m 1
EZ L e L G i i o USSR B P
T=n1) (T—n2) kol 1%k21 = =

Then, we will determine the largest n* such that

(1+A1<k—1>>m*1}

w *
Z (k—n )[W Ik

lag| - lakz| < 1.

(1—n*)
k=2
That is
o0 oy [A+A (=11
(k=) | gzt ) Tk
[<Hﬁ%1” IO Janal <
k=2

m . m—1
i " n)[am;ﬁkwgwm Jre o) [ e o
k 1-m1) (1=n2) o121
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Therefore, we need to find the largest n* such that

m—1
(b [ G2 G=™ 17
| o ] Vl0akal - lakz| <

(142 (k—1))™ 1 (14X (k—1))™ 1
\/(k—”h) [W] 'k (’C_’VIZ) [W] Ty

<

(1—m) (1-n2)
for all £ > 2. Thus we can write

oy [+ (B—1))m 1
(k—n )[W] I <

(1—=n*) =
._1)ym—1 _1yym—1
B O 2 il A W i) o v L AL
= (1-n1) (1-n2) )
After some calculations, we get
0t <1 (k—1)(1—n1)(1—n2)

- —_1))ym—1 .
(k—=n1)(k=n2) [%] Pr—(1-m)(1-n2)

We note that the right hand side of the above inequality is an increasing
function for all £ > 2. This implies that

£ _ o (k=1)(1=n1)(1=72)

= min T

TS { (k=) (b—2) [ S LG Dy (1) (1-72) }
m o= dcp

@)@ [SE T - (1) (1)

Thus Ga(z) € Sy.'\(17). Therefore the theorem is true for m = 2. Now, we
suppose that Gy,—1(2) € Sy'y (o) and fim(2) € Sy (nm), where

m—1
1 (1-ny)
=
770 = m—1 m—1 °
N[ @A (R=1)ym =1L s
7-1;[1 (2=n;) [<1+A2<k—1>>m*1}r’“ jl;ll (=)

Replacing 1 by ng, and 1y by 1, in the inequality , we get

n* = (l—no)(lznm)
(2=70)(2=1m) [%} Fa—(1-n0)(1~1m)
IT (1=n;)
_ j=1
Tom 142 (k—1))m—1 m :
_H1(2*nj)[%}maﬂl(lfm)
Jj= j=

For the integer m the theorem ia also true. By the mathematical induction,
the proof of the theorem is complete. O
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5. INTEGRAL OPERATOR
In this section we consider integral transforms of functions in the class
m,r,s
S)\h)\Q (n)-
THEOREM 9. Let the function f(z) defined by be in the class S;Zg\;(n)
Then the integral transforms

1
(18) Gol(2) = ¢ /O w2 f(u)du; (e > 0)

. m,r,s
are in the class Sy "y (7), where

—1_ c(1—n)
(19) 7= 1 e -y
Proof. Let f(2) =z + > 30, arz®. Then we have

1 00
(20) Ge(z) = c/ w2 f(uz)du = z + Z (Wc_ﬁakzk.
0 k=2

Since f(z) € Sy\>(n), we have

00 (142q (k—1))m—1
k— — T
21 5 el [ty <
k=2

In view of Theorem [3| we shall find the largest ~ for which

O (k) [ G2 )™ 1
(22) Z( gl (X G=1) ] “lag| < 1.
k=2 (1_7)(0_”9_1)

Let us find the range of values of v for which

(142g (k—1))™ 1 (142q (k—1))™m—1
(k_'Y)[W}Fk < (k—n)[W]Fk

(-9 (55) - (=) ’

(k> 2).

After some calculations, we obtain from the above inequality that

_ e(k-1)(1-n)
QA Sl (e o sy e gy B

We note that the right hand side of the above inequality is an increasing
function for all £ > 2. This implies that

- mi _ c(k—1)(1—n)
Y= rknzlr; {1 (k—n)(c+k—D)—c(1—n) }
= 1— c(1-m)
@2=n)(ctD)—c(I-n)"
The proof is complete. U
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