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SOME PROPERTIES OF THE OPERATORS DEFINED BY LUPAS

AYSEGUL ERENCIN*, GULEN BASCANBAZ-TUNCA** and FATMA TASDELEN**

Abstract. In the present paper, we show that a subclass of the operators de-
fined by Lupag [12] preserve properties of the modulus of continuity function
and Lipschitz constant and the order of a Lipschitz continuous function. We
also concerned with the monotonicity of sequence of such operators for convex
functions.
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1. INTRODUCTION

By means of the identity

o0
k
e = > Gt al <1,
k=0
where (a)p =1, (a)y = a(a+1)---(a+k —1), k > 1, Lupas [12] proposed
the positive linear operators

o0
To(fix) = (1—a)™ Y Ugef () db, 2 >0
k=0
for the functions f : [0,00) — R and n € N. After that Agratini [3], by
choosing a = % , for the operators

o0
(1.1) Lo(fiz) =27 % Gaer (£)

k=0
obtained some estimates to the order of approximation on a finite interval
and proved a Voronovskaya type theorem. Furthermore, he again derived
the positive linear operators L, wvia a probabilistic approach and presented
the Kantorovich and Durrmeyer variants of these operators. In [5], a better
error estimation and statistical Korovkin type approximation properties of the
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operators L, were examined by Dirik. Jain and Pethe [9], as a generalization
of Szasz-Mirakjan operators, introduced the operators

oo
iy

_= — (v,—a)
Myo(fiz) = (L4na) ey (at+ i) " 25 f (5), «=0
v=0
where 20— =1, 2"~ = g(z40a)--- (z+(v—1)a), 0 < na < 1and n € N.
By setting ¢ = ¢, = i such that ¢ > § for certain constant § > 0, Abel and
Ivan [I] expressed these operators in the equivalent form
(o)
Sclfiz) = S PEL@F (%), 220
v=0
where PT[LCL(;L») — (ﬁ)mx ("C‘”J;”_l) (14 ¢)7Y, and studied their local approxi-
mation properties and also obtained a complete asymptotic expansion formula.
We remark that when ¢ = 1 the operators Sy, . reduce to the operators defined
by (L.1)). In [6], Erengin and Tagdelen introduced the following generalization
of the operators L,,
[o.¢]
Li(fiz) =27 Gor(E), x>0
k=0

where (ay,), (by) are increasing and unbounded sequences of positive numbers
such that

fr=1+0(;), lim g-=0
and investigated their weighted approximation properties. Later, Erencin and
Tagdelen [7] estimated the rate of convergence for the Kantorovich type version
of the operators L; by means of the modulus of continuity, elements of local
Lipschitz class and Peetre’s K-functional. Recently, A-statistical convergence
properties of the operators L, and their Kantorovich type modification were

studied by Tarabie in [14].
Note that from Lemma 1 in [3] we have

L,(1;z) =1,
L,(t;x) = x.

In this paper, for the operators L, defined by , we firstly show that
when f is a general function of modulus of continuity, then L, (f;x) := L, (f)
is also a function of modulus of continuity with the help of the same technique
of Li [I1]. Later, we also show that the operators L, preserve the Lipschitz
constant and the order of a Lipschitz continuous function. Furthermore, we
discuss the monotonicity of the operators L, for m under the convexity of
f- We note that in the literature there are a number of papers containing
preservation properties of positive linear operators. Some of them are [2], [4],
[8], [10] and [15].
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2. SOME PROPERTIES OF THE OPERATORS L,

In order to give some properties of the operators defined by let us
recall some definitions.

Let f be a real valued continuous function defined on [0, 00). Then f is said
to be Lipschitz continuous of order v (0 < v < 1) on [0,00), if there exists
M > 0 such that

[f(z) = f(y)l < M|z -y
for all z,y € [0,00). The set of Lipschitz continuous functions of order v with

Lipschitz constant M is denoted by Lipy, (7).
A real valued continuous function f is said to be convex on [0, 00), if

f(i aiti> < z”: a; f(t:)
i=1 i=1

for all ¢1,t9, - ,t, € [0,00) and for all non-negative numbers oy, g, -+ , oy
such that a1 + a9 + -+ a,, = 1.

Also, a continuous and non-negative function w defined on [0, 00) is called
the modulus of continuity function, if each of the following conditions is sat-
isfied:

a) w(u+v) <w(u) 4+ wv) for u,v € [0,00), i.e., w is subadditive,
b) w(u) > w(v) for u > v, i.e., w is non-decreasing,
¢) lim,_ g+ w(u) =w(0) =0

(see p. 106 in [13]).

THEOREM 1. If w is a modulus of continuity function, then Ly, (w) is also a
modulus of continuity function.

Proof. Let x,y € [0,00) and x < y. Then we have

) =2 e (5) =2y e (),
Since

k
(n(w +( -3 )y
=0
one may write

oo k
Lo(f5m) =273 > s (M) (na)i(nly — )i f (£).
k=0 =0

Changing the order of the above summations and then taking k — i = j, we
reach to

(2.1) fy_wz % na)i(n(y — z))r—if (£) =

1=0 k=
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=2 nyzz 211' ?;Jﬁ‘) (Z:j)'

1=0 57=0

On the other hand using the identity 2(¥—%) = >0 M, we get

27 5!
Lo(fi2) =27 % B8 f (1)

=0

(2.2) :2*%2"(1/*9:) (n_ﬂi)'if (4)

=2 nyzz 217,' gﬂjif) ( )

=0 j=0

Hence from and ( it follows that
(2.3)  La(fsy) - =27 "yZZ e [f(%) -/ (%)} :

=0 j=0

Thus by means of the equality @ ) and the subadditivity of w, we can write

L) — Lnfea) =27 30 Y G gl [y 500) g ()

1=0 5=0

oo

o
<e oS GE (L)
i=0

=0

=27y D Y el ()

i=0 §=0

=L,(1;2)2 "W—2) Z (n(g;j:!v))jw(%)
=0

o0
—9—n(y—x) Z (n(gjjﬂ!c))g w(L)
j=0
=Ly (w;y — ).
This shows the subadditivity of L,,(w). We also infer from that Ly, (w;y) >
Ly (w;z) for y > x which means that L,(w) is non-decreasing. Finally the
property L,(w;0) = w(0) = 0 is clear. Thus we may conclude that L, (w) is a
modulus of continuity function. O

Now we introduce the second result of this section with the following theo-
rem.

THEOREM 2. If f € Lipy,(7), then L,(f) € Lipy; (7).
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Proof. Suppose that = < y. By using the facts f € Lipy,(y) and L,,(1,z) =

1 from ({2.3]) we can write
Lali9) — Ln(fs)] € M2 Y~ 3 e G (1))

=0 j=0
— M9—ne (nfigz 9—n(y—x) Z ("(gj_jgf))ﬂ (%)7
=0 j=0
= MLy (1, )27 ") 3~ gl (4)
=0
= M2 =D 3 Rl (47,
=0

Now applying Hélder’s inequality one gets
La(fiy) = La( i) < M (270~ Z D )T = M (Ln(tsy — o))"

Since Ly (t;x) = x the above 1nequahty implies that
|Ln(f5y) = Lo(fi2)] < M(y — 2)7.
Similarly, it can be shown that when = > y our claim is valid. O

Now, we will study the monotonicity of the sequence of the operators
L, (f;x) defined by (1.1) when the function f is convex.

THEOREM 3. If f is a convex function defined on [0,00), then Ly (f;x) is
strictly monotonically decreasing, unless f is the linear function (in which case

Lo(f;2) = Lus1(fi) for all n).
Proof. We have
Ly(f;2) = Loy (fi2) =

_9—nz Z (;};le'k (%) _9—(n+l)z Z n;lk'a:)kf( )

k=0 k=0
S EOO R ]
k=0 k=0

Using the identity 2% = "%,
(2.4) Ln(fix) = Lpt1(f;

_ 27(n+1)m { (93173: Qkkl Z (( n;ﬁlkl kf n+1)} _
] k=0

one may write

(7
20
) =
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_ g-(w+1)a {2 R = HICOEDY “"Jklzf)’“f@il)}

1=0 k=l k=0
9] k
—renn {53 e () - “f<>] 2
k=0 Li=
Now we only need to show that for all £k =0,1,...
k
(2.5) F G5 < @ 2o (D ma@)iif (£)
1=0

which is a direct result of convexity. In fact, set

o= (Pt >0 and =1L

Therefore with the help of the identity ((n + 1)x)x = Zf:o (];) (nz)(z)k—i, it

is clear that
k

!
> = (DN > (Hna)(@)r-r =1.
=0

On the other hand, we have
k

k
Zo‘ltl :((n—i-ll)m)k Z (’f)(nﬂ?)z(w)k_z%
=0 1=0
k
|
= 2o T ()@ k-
=1
k—1
:m (kyl)(nx)lJrl(x)kflfl-
1=0

Since
(nx)i+1 =nzx(ne+1);, (n+Dzx)y=Mn+1z(n+ 1z + 1)k

and

T
L

(n+1Dx+ 1)k ("7 (n@ + 1)1(2) ki1

N
I
o

one may write

N

-1

k—1 Kk
ZOéltl (n+1)( n—i—l)a:—i-l)k 1 ( ! )(”$+1)l(ﬂf)k—l—1 = 1
!

Il
=)

which, making use of the convexity of f, gives the inequality (2.5)). Hence from
(2.4]) we arrive at the desired result. Clearly L, (f;x) = Lp4+1(f;x) occurs only
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if
k
k 1 k
f(m Z (z)(”x)l(ﬂf)kfzg) =f ()
=0
k
= 2 (D) (@) f (%)
=0
for all k = 0,1,... This implies that f is linear in [0, 00). Thus the proof is
completed. -
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