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Abstract. We present a local convergence analysis of Newton’s method for
approximating a zero of a mapping from a Lie group into its Lie algebra. Using
more precise estimates than before [55] [56] and under the same computational
cost, we obtain a larger convergence ball and more precise error bounds on
the distances involved. Some examples are presented to further validate the
theoretical results.
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1. INTRODUCTION

In this paper, we are concerned with the problem of approximating a zero
x* of C'-mapping F : G — @, where G is a Lie group and Q the Lie algebra
of G that is the tangent space T, G of G at e, equipped with the Lie bracket
L] QxQ— Q721 28, 29, 53]

The study of numerical algorithms on manifolds for solving eigenvalue or
optimization problems on Lie groups [I]-[12], [33]-[36], [54]-[57] is very im-
portant in Computational Mathematics. Newton-type methods are the most
popular iterative procedures used to solve equations, when these equations
contain differentiable operators. The study about convergence matter of New-
ton’s method is usually centered on two types: semilocal and local conver-
gence analysis. The semilocal convergence matter is, based on the information
around an initial point, to give criteria ensuring the convergence of Newton’s
method; while the local one is, based on the information around a solution, to
find estimates of the radii of convergence balls. There is a plethora of studies
on the weakness and/or extension of the hypothesis made on the underlying
operators; see for example (cf. [7, 11l 16] and references theiren). A local as
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well as a semilocal convergence of Newton-type methods has been given by
several authors under various conditions [2]-[58]. Recently in [I5], we pre-
sented a finer semilocal convergence analysis for Newton’s method than in
carlier studies [7, 32, 34, [36, 54, (5, [56).

Newton’s method with initial point zg € G was first introduced by Owren
and Welfert [43] in the form

(1.1) Tp41 = T - €XP (—de_nl F(zy,)) foreach n=0,1,....

Newton’s method is undoubtedly the most popular method for generating
a sequence {x,} approximating z* [7, [11], 15, [16], B2, B34, B36], [54]-[56]. In
the present paper we establish a finer local convergence analysis with the
advantages (A)):

(i) Larger convergence ball;
and
(ii) Tighter error bounds on the distances involved.

The necessary background on Lie groups can be found in [7, 11, 15] [16] and
the references therein. The paper is organized as follows. In Section 2] we
present the local convergence analysis of Newton’s method. Finally, numerical
examples are given in the concluding Section [3]

2. LOCAL CONVERGENCE ANALYSIS FOR NEWTON’S METHOD

We shall study the semilocal/local convergence of Newton’s method. In the
rest of the paper we assume (-, -) the inner product and || - || on Q. As in [56]
we define a distance on G for z,y € G as follows:

k
(2.1) m(z,y) = inf{ > |l zi || : there exist £ > 1 and 21, -+, 2, € Q
i=1

such that y = x - exp 21 ---exp zk}.

By convention inf () = +oo. It is easy to see that m(-,-) is a distance on G
and the topology induced is equivalent to the original one on G. Let w € G
and r > 0, we denote by

Uw,r)={y € G : m(w,y) <r}

the open ball centered at w and of radius 7. Moreover, we denote the closure
of U(w,r) by U(w,r). Let also L(Q) denotes the set of all linear operators on

Q.
We need the definition of Lipschitz continuity for a mapping.

DEFINITION 2.1. Let M : G — L(Q), z* € G and r > 0. We say that M
satisfies the L-Lipschitz condition on U(x*,r) if

(2.2) | M(z-exp u) — M(z) |[< L | u
holds for any v € Q and x € U(x*,r) such that | u || +m(z,z*) <71 .
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It follows from ({2.2]) that there exists L, such that
(2.3) | M(z - exp u) — M(2") [|< Ly (|| u || +m(z,2%))

holds for any u € @ and x € U(z*,r) such that || u || +m(z,z*) <.

We then say M satisfies the L,-center Lipschitz condition at * € G on
U(z*,r). Note that if M satisfies the L-Lipschitz condition on U (z*,r), then it
also satisfies the L,-center Lipschitz condition at z* € G on U(z*,r). Clearly,

(2.4) L. <L

holds in general and L/L, can be arbitrarily large [4]—[16].

Let us show that (2.2) indeed implies (2.3)). If (2.2) holds, then for z = z*
there exists K € (0, L] such that

| M(z*-exp u)—M(z*) |[< K ||u] forany u €@ suchthat [ ul<r.

There exist k£ > 1 and zg, 21, , 2 € @ such that z = x* - exp zp - - exp 2.
Let yo = 2%, y¥ix1 = y;i - exp u;, ¢ = 0,1,--- | k. Then, we have that x = ypy1.
We can write the identity

M(z - exp u) — M(z*) =

= (M(x - exp u) — M(x)) + (M(z) — M(z*))
= (M(z - exp u) = M(z)) + (M(yx - exp ug) — M(yx)) + (M (yx) — M(z))
= (M(x-exp u) — M(x)) + (M(yg - exp ux) — M(yx))

+(M (yg—1 - exp ug—1) — M(z*))
= (M(z - exp u) — M(2)) + (M (yx - exp ug) — M(yp)) +--- +
+(M(y1 - exp u1) = M(y1)) + (M(2* - exp ug) — M(z7)).
Using and the triangle inequality, we obtain in turn that
| M(z - exp u) — M(z") [|<
<|| M(z - exp u) = M(z) || + || M(yx - exp ug) — M(yx) || +---
+ [ M(yy - exp ur) = M(y1) || + [| M(z" - exp uo) — M (") |
SL(lwll + e 44 lTua ) + K [l uo |
=L([uwll + w4+ uo ) + (K= L) | uo |
SL(Fwll+ el +- 4l uo (D),
which implies .

We need a Banach type lemma on invertible mappings.

LEMMA 2.2. Suppose that de_*l exists and let 0 < r < L% Suppose

deil dF satisfies the L,-center Lipschitz condition at x* € G on U(x*,r);
for x € U(x*,r), there exist k > 1 and zp,21, - ,2k € Q, such that x =

k
¥ expzg---expzg and Y. || z; [|[< r. Then, linear mapping dF, ! exists and
i=0

& -1
(2.5) | dF,; Y dF,- || < (1 — L, 'Zo | zi | ) .
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Proof. Let yp, = x* - exp zg - exp 21 --- €xp 2x—1. Then, we deduce y; €

k=1
U(z*,r), since > || zi |[< r. Note that z = yj - exp 2. Using 1} for

1=0
M = dF ;! dF, we get in turn
(2.6)

k
I dF5! (dFy — dFye) |< Lo (|| 26 || +miye, 2¥)) < La 2 Iz ll< Lor < 1.
1=

It follows from ({2.6) and the Banach lemma on invertible operators [7], [32]
that dF, ! exists and (2.5)) holds. That completes the proof of Lemma O

Next, we study the convergence domain of Newton’s method around a zero
x* of mapping F. First from Lemma until Corollary we present the
local result for Newton’s method when G is an Abelian group. Then, the
corresponding local results follow when G is not necessarily an Abelian group.

LEMMA 2.3. Let G be an Abelian group and 0 < r < L% Let FF : G — Q

be a Ct-mapping. Let z* € G be a zero of mapping F. Suppose d/F;*1 exists

and let L, > 0; there exist j > 1 and 21, 22,--- ,z; € ) such that
J

(2.7) xo=a"-expzi---expz; for X | zl|<nr;
i=1

de_*l dF satisfies the Ly-center Lipschitz condition at z* on U(x*,r). Then,
linear mapping dFm_O1 exists and
J J
(22 Sl l) £ 0ai)
(2.8) I de_ol F(xo) ||I< =1 =1 .

J
2(1_L* S || 2 \)
=1

Proof. Using hypothesis de_*l dF satisfies the L,-center Lipschitz condition

at * on U(z*, L—), we have that
*

(2.9) I dF 5! (dFsexpu — dFo) < Lu (|| w || +m(,2*))

for all u € Q, © € U(a*,r) such that || u || +m(z,2*) < r. Let z = 21 +
29 + ---+ zj. Then, since G is an Abelian group, expz; - exp z2---expz; =
exp (#1 +22+---+2j) = exp z, s0, we can write £9 = *-exp z. It then follows
from Lemma that de_Ol exists and

; -1
J
(2.10) | dF- dFye) < (1 L 3 la ||> .
1=
We also have the following identity
(2.11)
F(zg) = F(a*-expz)— F(x*)

1 1
= / de*-exp (tz) zdt = / (dFa:*-eXp (tz) — de*) zdt + dFm* zZ.
0 0
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In view of (2.9) and (2.11)), we get that
(2.12)

1
[P o) | < [ dFR (@Faranpiny = dFe) | = ] de | 2 |
1
< [z iz s de gz
L 2 J
(% Shal+1) Sl

Moreover, by (2.10) and (2.12)), we obtain that

IN

J J
(m* Sz ) Sz
=1 =1 )

J
(s =)
i=1

That completes the proof of Lemma [2.3 ]

REMARK 2.4. The proof of Lemma [2.3|reduces to [56, Lemma 3.2] if L, = L.
Otherwise (i.e., if L, < L) it constitutes an improvement. We have also
included the proof although similar to the corresponding one in [56] because
it is not straightforward to see that L, can replace L in the derivation of the
crucial estimate . Note also that (2.9) can holds for some Ll € (0, L,].
If L} < L,, then according to the proof of Lemma L} can replace L, in

23).

Let us define parameter « for g = % by

V1+38—(1 .

| dF5! F(wo) ||I<I| dF5," dFps ||| dE" F(xo) ||<

1, if Ly=L.
Then, it is can easily be seen that
(2.14) a>1.
We have the local convergence result for Newton’s method.

THEOREM 2.5. Let G be an Abelian group. Let 0 < r < 77, where av in given
mn . Let F : G — Q be a Ct-mapping. Suppose there exists x* € G such
that F(z*) = 0, dF.' exists and dF,." dF satisfies the L-Lipschitz condition
on U(z*, 1_3L7"*r). Then, sequence {zn} (n > 0) generated by Newton’s method

starting at xo € U(x*,r) is well defined, remains in U(z*, 1735”) foralln >0
and converges to a zero y* of mapping F' such that

m(x*7 y*) < 1—312 T’

Proof. It follows from hypothesis o € U(z*,r) that there exist j > 1
and 21,29, ,2; € Q such that (2.7) holds. If dF.'dF is L-Lipschitz on
U(z™, 1_37]{*7,), then it is L,-center Lipschitz at z* on U(x*, %) Note also
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that ﬁ < % by the choice of a. It follows from Lemma that linear

. exists and

*

mapping dF,

T

j j
<2+L* >zl ) >zl
i=1 =1
- .
2 (1—L* >z )
=1

T=— L  and 7= &L

J 1—L,r -
1L 30 |l & ||
=1

We shall show mapping dF’ ;01 dF satisfies the L-Lipschitz condition on U(zq, 7).
Indeed, let z € U(xp,7) and z € @Q be such that || z | +m(zo,x) < 7. Then,
we get that

(2.15) n = dFy! Fwo) [|<

Set

| z || +m(x,2*) <|| z || +m(z, zo) + m(xo, 2*) < T+ 1r < 1_3L’"

«T°

Using Lemma [2.2] we have that

1'_ T-exXpz T >~ x_ x* :c_* T-exXpz T
| A" (dF dFy) || < || dFy} dFpe || || dF! (dF. dFy) |
Q11— 5[
J
1-Le 32 | 2 ||

i=1
Set
2.16 h=1L d m=—2L_<2y.
(2.16) noand 7= S 2

Then, by (2.15)), we obtain that

J J
(e Slal) Sl

(217) 71 < =1 - =1 < I_E*TTT =7

A EA

1=1
and
T 2+L,r)L 1

(2.18) R G <,

by the choice of r and «. By standard majorization techniques [7], {zx}
converges to some zero y* of mapping F' and m(zg,y*) < 71. Furthermore, we
obtain that

m(z*,y*) < m(a*,xo) +m(wo,y*) < v +TT < HT <

That completes the proof of Theorem [2.5 O

The proofs of remaining results in this Section are omitted, since they can
be obtained from the corresponding ones in [56].
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COROLLARY 2.6. Let G be an Abelian group. Let FF : G — @Q be a
Cl-mapping. Let * € G be a zero of mapping F. Suppose deil exists
and dF.} dF satisfies the L-Lipschitz condition on U(x*, L%) Let also g €
U(xz*, ). Then, sequence {x,} (n > 0) generated by Newton’s method start-
ing at xq is well defined, remains in U(z*, ;7) for all n > 0 and converges to

a zero y* of mapping F such that m(z*,y*) < L%
We denote in the following Corollary
B(0,r)={z€Q || z||<r}

COROLLARY 2.7. Let G be an Abelian group. Let FF : G — @ be a
Cl-mapping. Let 2* € G be a zero of mapping F. Suppose deil exists
and dF.} dF satisfies the L-Lipschitz condition on U(x*, L%) Let also xg €
U(z*, L%) Let o be the mazimal number such that U(e,o) C exp (B(0, L%))

Set r = min{ﬁ, &} and N(z*,r) = x*exp(B(0,7)). Then, sequence

{zn} (mn > 0) generated by Newton’s method starting at xo € N(z*,r) con-
verges to x*.

COROLLARY 2.8. Let G be an Abelian group. Let F' : G — Q be a
Cl'-mapping, where G is a compact connected Lie group equipped with a bi-
invariant Riemannian metric. Let x* € G be a zero of mapping F and 0 < r <
11 Suppose ng;l exists and dFIZ1 dF satisfies the L-Lipschitz condition on
U(zx*, 1735”). Let also g € U(x*,r). Then, sequence {x,} (n > 0) generated
by Newton’s method starting at xo, remains in U (z*, 1—3[7:*7“) for alln >0 and
converges to x*.

COROLLARY 2.9. Let G be an Abelian group. Let F' : G — Q be a
Cl-mapping, where G is a compact connected Lie group equipped with a bi-
tnvariant Riemannian metric. Let x* € G be a zero of mapping F. Suppose
alF:,;1 exists and ngE_*1 dF satisfies the L-Lipschitz condition on U (z*, L%)
Let also xg € U(x*, 7). Then, sequence {x,} (n > 0) generated by Newton’s

method starting at xo, remains in U(z*, £7) for all n > 0 and converges to

T*.

LEMMA 2.10. Let 0 < r < % Let F : G — Q be a C'-mapping. Let

x* € G be a zero of mapping F. Suppose de_*l exists; there exist j > 1
J

and 21,22, ,2j € Q such that xog = x* -expzy---expz; for Y || z ||< r
i=1

and chg;k1 dF satisfies the L-Lipschitz condition at x* on U(x*,r). Then, the
following assertions hold

(1)
| dFS (dFpexp > — dFar) < Ko | 2 |
for each z € Q with || z ||[< r and some K, € (0, L].
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(ii)
J
| dEH (F' (w0) — F'(a*)) < Lo 3 |l zi || for some Ly € (0, L.
i=1
iii) Linear mapping dF' exists and
o
J J
2 $a ) £ s
=1 i=1
= .
2(1—L* S = ||)
i=1

Proof. (i) This assertion follows from the hypothesis that dF,.' dF sat-
isfies the L-Lipschitz condition at z* on U(x*, 7).

| A5, Flao) |1< (

(ii) Let wg = a*, wijt1 = w; - exp zi41, ¢ = 1,2,---,j — 1. Then, we have
wj = wj_1 - expzj = xo. Using the L-Lipschitz condition, we get in
turn that

H de_*l (dej - de*) ”
SH ng;*1 (dejfl‘eXPZj - dejﬂ) H +ooet H ngg*l (dereszQ -
” dFm:l (dFCL"*'eXPZl - dFm*) H

SL(lzi | 4+ Tz )+ K [l 20 ]
=Lzl +-+lzl)+E—=L) [z l[< Lzl +--+1 =)

dFy,) || +

which shows (ii).
(iii) We have by (ii) that
I dFG! (dFsy — dFoe) IS Le ([l 25 |+ + 21 ) S Lr < 1.

Hence, ng;O1 exists and
j —1
(2.19) I ngol dFy« [|< (1 — Ly 21 | zi | ) .
We have that
1
de_*l (F('LUZ) — F(wi_l)) = de_*l / deifyexp (tz) Zi dt
0
1
= / de:l (dei—l'eXp (tz) — de*) zidt + z;.
0

Hence, we get that

I d}ﬂc_*1 (dFwy yexp(z) — AFuwy_y) ISL ||z | foreach k=1,2,---,4.
Therefore, we obtain that

HdF;;l (AF o, yexp (t2) — AP )|| <

< T IEH AF vy espten) — AP ) 14E Py expion) — AP )|

i1
< Lkzl 2k ll + L] 2]
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We have that F(zg) =

=1

J
(F(w;) — F(w;—1)). That is, we can get

| dFz! Fao) |
J
=2 ( / I dF (dFy, exp (i) = AFar) [ 23 || dt+ ] 2 | )

2.20 it (il
B2 et (LS el sl ) Dl des ] =)
i=1 \Jo k=1
I J J
<(§Shal+1) £ hal.
=1 =1
The result now follows from (2.19)), (2.20) and
J J
2 $u ) £l
=1 =1
: |
(10 £ 1= )
=1

The proof of Lemma [2.10] is complete. O

| dF5" F(wo) ||| dF5," dFp ||| dE F(xo) ||< (

Let us define parameter § by
5:{ R Y
L,=1L.

2.21
(2.21) 1, if

We have that
6> 1.

THEOREM 2.11. Let 0 < r < &, where § in given in . Let F :
G — Q be a C'-mapping. Suppose there exists x* € G such that F(z*) =0,
dF.' exists and dF,.' dF satisfies the L-Lipschitz condition on U(z*, R =
WT). Then, sequence {x,} (n > 0) generated by Newton’s method
starting at o € U(x*,r) is well defined, remains in U(z*, R) for all n > 0
and converges to a zero y* of mapping F such that m(z*,y*) < R.

Proof. The proof is similar to the proof of Theorem Note that 7 in the
proof of Theorem is replaced by

(2+L7r)r
1-L,7r

el

and 7 satisfies the new condition

J J
(m Sz H) e
=1 =1 )

J
) (w* S 1|2 | )
=1

The proof of Theorem [2.11]is complete. O

n <
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COROLLARY 2.12. Let F : G — Q be a C'-mapping. Let x* € G be a zero
of mapping F. Suppose dFQ;1 exists and deil dF satisfies the L-Lipschitz
condition on U(:U*,L%). Let also xo € U(z*, &). Then, the conclusions of

Corollary [2.6] hold.

COROLLARY 2.13. Let F : G — Q be a C'-mapping. Let z* € G be a zero
of mapping F. Suppose szil exists and de:l dF satisfies the L-Lipschitz

condition on U(z*, L%) Let also zg € U(z*, L%) Let o and N(z*,r) as in

Corollary . Set r = min {ro, r1, &}, where

ro:{ ~(Lu+3L)+/ (LA +AL(L=L) L 4L

2L(L—Ly) J
ol if L,=1L

and

—(3+0 Ly)++/(3+0 Ly)2+40 (L—Ly) .
r = \/Q(L—L*) it Le# L
3_’5%, lf L* — L

Then, sequence {z,,} (n > 0) generated by Newton’s method starting at xo €
N(x*,r) converges to x*.

COROLLARY 2.14. Let F : G — Q be a C'-mapping, where G is a com-
pact connected Lie group equipped with a bi-invariant Riemannian metric. Let
x* € G be a zero of mapping F and 0 < r < &. Suppose deil exists and
dFﬂ;1 dF satisfies the L-Lipschitz condition on U(x*, R), where R is defined in
Theorem[2.11]. Let also zp € U(x*,r). Then, sequence {zn} (n > 0) generated
by Newton’s method starting at xo, remains in U(x*, R) for all m > 0 and
converges to x*.

COROLLARY 2.15. Let ' : G — Q be a C'-mapping, where G is a com-
pact connected Lie group equipped with a bi-invariant Riemannian metric. Let
x* € G be a zero of mapping F. Suppose de_*l exists and de_*l dF satisfies
the L-Lipschitz condition on U(x*, L%) Let also x¢ € U(x*, &) Then, se-
quence {xn} (n > 0) generated by Newton’s method starting at xo, remains in
Ul(x*, &) for all n > 0 and converges to x*.

REMARK 2.16. (a) The local results reduce to the corresponding ones in
[56] if L = L,. Otherwise (i.e., if L, < L), they constitute an improvement
under the same computational cost with advantages as already stated in the
Introduction of this study. Note also that o > 1, > 1if Ly, < L and @ — o0,
0 — oo if L% — 00.

(b) The local results if G is an Abelian group are weaker and tighter than
the ones when G is not necessarily an Abelian group. We have for example
that 7 < 7, 0 < «, 1_3[* ~ < R and the upper bound on 7 is smaller if L, < L.

(c) It is obvious that finer results can be immediately obtained if similar
conditions as the semilocal case (see [15, Section 1, L, instead Lg]|) are used
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instead of Kantorovich condition for L, < L. However, we decided to leave
this part of analysis to the motivated reader. We refer the reader to [14] for
such results involving nonlinear equations in a Banach space setting. We also
refer the reader to [7), (111 [15] [16] for examples.

3. NUMERICAL EXAMPLES

In this Section we present two numerical examples in the more general
setting of a nonlinear equation on a Hilbert space where L, < L.

EXAMPLE 3.1. Let X =Y = R, 2* = 0. Define F' by F(z) = —dasinl +
dix + dy sin ed”, where di, da, d3 are given real numbers. We have that
F(x*) = 0. Moreover, if dj is sufficiently large and dy sufficiently small, L/L,
can be arbitrarily large.

EXAMPLE 3.2. Let X = )Y = R3, D = U(0,1) and 2* = (0,0,0). Define
function F on D for w = (z,y, z) by

(3.1) F(w) = (" — 1,5 y* +y, 2).
Then, the Fréchet derivative of F' is given by

e’ 0 0

Fwy=[(0 (e—1)y+1 0

0 0 1

Notice that we have F(z*) = 0, F/(z*) = F'(z*)"! = diag{1,1,1} and L, =
e—1<L=e.
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