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Abstract. We study analytically and empirically the rate of convergence of two
k-step fixed point iterative methods in the family of methods

(1) Tnt1 = T(Tigtn—k+1, Tiybn—k+1s- - Tij_y+n—k+1), N >k —1,

where T: X* — X is a mapping satisfying some Presi¢ type contraction condi-
tions and (i, 41,...,%k—1) is a permutation of (0,1,...,k —1).

We also consider the Picard iteration associated to the fixed point problem
z=T(x,...,z) and compare analytically and empirically the rate and speed of
convergence of three iterative methods. Our approach opens a new perspective
on the study of the rate of convergence / speed of convergence of fixed point
iterative methods and also illustrates the essential difference between them by
means of some concrete numerical experiments.
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1. INTRODUCTION

In the book [23] (see also [28]), I. Pavaloiu studied some multistep iterative
methods for solving the scalar equation

(2) z = ()
where ¢: I — I is a function and I C R is an interval. In order to solve , he

considers a function g: I®* — I, where s > 1 is an integer, and the restriction
of g to the diagonal of I® coincides with ¢, that is,

(3) g(z,x,...,z) = p(x), Vo e 1.

!Department of Mathematics and Computer Science North University of Baia Mare Vic-
toriel 76, 430072 Baia Mare, Romania, e-mail: vberinde@ubm.ro.

2Department of Mathematics and Statistics King Fahd University of Petroleum and Min-
erals Dhahran, Saudi Arabia, e-mail: arahim@kfupm.edu.sa.

3Department of Statistics, Analysis, Forecast and Mathematics Faculty of Economics
and Bussiness Administration Babeg-Bolyai University of Cluj-Napoca 56-60 T. Mihali St.,
400591 Cluj-Napoca, Romania, e-mail: madalina.pacurar@econ.ubbcluj.ro.


www.ictp.acad.ro/jnaat

26 V. Berinde, A. R. Khan and M. Pacurar 2

Then, by choosing zg,x1,...,2s—1 € I, one constructs the s-point iterative
sequence {z,} defined by

(4) x8+p:g($p7$p+17"'>$p+sfl)a p:O717

The convergence of the iterative method is established in Theorem 4.2.1
n [23] (Theorem 5.3.1 in [28]), which essentially states that, if ¢ and g are

defined as above and there exist constants a; € (0,1), i = 1,2,. .., s satisfying
(5) ar+ag+tas <1

such that

(6)  |g(ug,...,us—1) — gur,...,us)| < arlug —ur| + -+ + aslus—1 — ugl,

for all ug, u1,...,urq €I, then the sequence {x, } given by converges to T €
I, the unique solution of equation , for any initial values xg, x1,...,xs1 € I.
Subsequently, by considering the family of s! iterative methods

(7) LTn+1 = g($i0+n—s+1, Tij+n—s+1;- - - ’xis_l-l—n—s—i-l)u n Z s — 17

where (ig,41,...,9s—1) is a permutation of (0,1,...,s— 1), the authors in [23]
and 28] search for a certain iterative method in that family for which the best
error estimate is obtained (by means of Theorem 4.2.1 [23]).

The conclusion (see Theorem 5.3.3 in [28]) is that the optimal method in
this respect corresponds to the particular method obtained from in case of
the permutation (ig,1,...,i5—1) of (0,1,...,s— 1) for which one has

(071 2 [e75 2 e 2 (07

Starting from the fact that, in [23] and [28], no direct proof is given of the fact
that the methods in are also convergent, our aim in this paper is quadruple:

e First, to give a different proof of Theorem 4.2.1 in [23] (Theorem 5.3.1
in [28]) in the more general case of mappings defined on a complete
metric space X;

e Second, to consider the one-point iterative method

(8) Ynt1 = 9(Yn> Yns - - -1 Yn)s n >0,

and prove that it converges to T, for any initial value yjq;

e Third, to show analytically that all the three iterative methods men-
tioned above have linear rate of convergence;

e Fourth, to define a suitable concept of speed of convergence and to
show empirically that the rate of convergence and the speed of conver-
gence are distinct concepts and, additionally, to present some examples
that show that two methods having the same rate of convergence may
exhibit a different speed of convergence.
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2. PRELIMINARIES

We first note that Theorem 4.2.1 in [23] (Theorem 5.3.1 in [2§]) is a partic-
ular case of Presi¢ fixed point theorem, established in the general setting of a
metric space [29].

Indeed, let (X, d) be a metric space and T: X — X a self mapping. Denote
by Fiz (T) :={x € X : Tx = x} the set of fixed points of T'.

If (X,d) is complete and T is a contraction, i.e., there exists a constant
a € [0,1) such that

9) d(Tz,Ty) < ad(z,y), for all x,y € X,

then, by the well known Banach contraction mapping principle (see [4], for
example), we know that Fiz (T') = {p} and that, for any z¢ € X, the Picard
iteration, that is, the sequence defined by z,+1 = Tz,, n =0,1,..., converges
to p, as n — 0.

The Banach contraction mapping principle has been extended by Presi¢ [29]
(see also [42]), to mappings f: X* — X satisfying a contractive condition that
includes @ in the particular case k = 1.

THEOREM 2.1 (S. Presi¢ [29], 1965). Let (X, d) be a complete metric space,

k

k a positive integer, oy, ag,...,ap €E Ry, Sy =a <1 and f: XF - X a
i=1

mapping satisfying

(10) d(f(zo,- .- xK—1), f(@1,. .. 28)) < ard(mo, 21) + -+ - + agd(Tp—1, Tk,

forall xg,...,x € X.
Then:

1) f has a unique fized point T, that is, there exists a unique z* € X such
that f(z*,..., %) = x*;
2) the sequence {xy}n>0 defined by

(11) Tnt1 = [Ty ooy Tp_ks1)s n=k—1kk+1,...
converges to T, for any xo,...,r5_1 € X.

It is easy to see that, subject to a change of notation, Theorem 4.2.1 in [23]
is obtained from Theorem for X = I C R and that, in the particular case
k =1, from Theorem we get exactly the well-known Banach contraction
mapping principle. In this case, the k-point iterative method reduces to
Picard iterations:

(12) Tny1 = f(zn), n=20,1,2,3,...,

Apart from applications in numerical analysis, PreSi¢ fixed point theorem
has other important applications in the study of global asymptotic stability of
the equilibrium for nonlinear difference equations; see the paper [I1] and the
monograph [I8].
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On the other hand, some other Presi¢ type fixed point theorems have been
obtained in [12], [I8], [19], [17], [21], [30], and for more general contractive
type conditions in [§], [9] and [11], with some applications to nonlinear cyclic
systems of equations and difference equations.

Theorem and other similar results, like the ones in [12], [19], [17], [30],
have important applications in the iterative solution of nonlinear equations;
see [23] and [28], [9], [10], as well as [31]-]41].

Another important generalization of Theorem was obtained by I.A. Rus
[30], for operators T fulfilling the more general condition

(13) d(T(xo,...,x5-1), T(x1,...,21)) < @(d(xo,21),...,d(TK—1,Tk)),

for any xg,...,zr € X, where ¢ : Rﬁ — R, satisfies certain appropriate
conditions.

Another important generalization of Presi¢’s result was recently obtained
by L. Ciri¢ and S. Presi¢ in [12], where, instead of and its generalization
, the following contraction condition is considered:

(14) d(T(xo,...,xp—1), T(x1,..., 7)) < Amax{d(xg,x1),...,d(TK-1,7K)},

for any g, ...,z € X, where X € (0,1).

Other general Presi¢ type fixed point results have been very recently ob-
tained by the third author in [I8]-[2I] based on alternative contractive con-
ditions which are more general than , and . For other related
results, we refer to [31]-[41].

The following lemmas will be useful in proving our main results in this
paper.

LEMMA 1. ([29]) Let k € Nk # 0 and aq,09,...,ar € Ry such that

k

Yai=a <l If{A,}n>1 s a sequence of positive numbers satisfying
i=1

(15) An+k < oA, + a2An+1 +...+ Olk:Anqu:flv n=>1,
then there exist L > 0 and 6 € (0,1) such that
(16) A, <L-0", for allm > 1.

The next Lemma is due to Ostrowski ([16]) and can also be found in an
extended form in [4].

LEMMA 2. Let {an}n>0, {bn}n>0 be two sequences of positive real numbers
and q € (0,1) such that:
i) any1 < qap+by,n>0;
i) b, — 0 as n — oo.
Then:

lim a, = 0.
n—o0

A more general form of the previous lemma has been obtained in [2].
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LEMMA 3. Let {an}n>0 be a sequence of positive real numbers and let
{bn}n>0 be a sequence of mon-negative real numbers for which there exist
q € (0,1) and an integer k > 0 such that:

Z) any1 < QA +bn, n>k;
1) Yoo by < F00.
Then:
(o]
Z an, < +00.
n=1

Note that for k = 0, by Lemma |3 we actually get the conclusion of Lemma

2 i.e.,

lim a, = 0.
n—oo

3. MAIN RESULTS

Our first main result is an improved version of Presi¢ fixed point theorem
n [29] (Theorem [2.1)); see also [1§].

THEOREM 3.1. Let (X,d) be a complete metric space, k a positive integer

k
and f: X¥ — X a mapping for which there exist o, g, ..., 0 € Ry, Yy =

=1
a < 1 such that

k
(17) d(f (o, wp—1), [, ap) <D aid(wi1, 33),
i=1

forall xg,...,x € X.
Then:

1) f has a unique fized point T, i.e., f(Z,...,T) =T;
2) the sequence {yn}n>0, defined by
(18) Yn+1 = f(ynaynu"'vyn)7 n Z 07

converges to T, for any yo € X ;
3) the sequence {xy}n>0 defined by xo,...,xx—1 € X and

(19) xn—i—l :f(xn7k+l7xnfk‘7"'7xn)7 nZ k_la
also converges to T, for all xq,...,zp_1 € X.
4) the sequence {zp}n>0 defined by zo,...,2z,—1 € X and
(20) Znt1 = f(Zny Zn—1,y - s Tp—gr1), n>k—1,
converges to T, for all zg, ..., 21 € X.
5) The following estimates hold:
(21) d(yTLvT) < %d(ylayo)a n = 1’27a

(22) d(2,,7) < LL5, n=1,2,..;
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where L > 0 and 6 € (0,1) are some constants.
(23) d(zn,®) < Ly 12, n=1.2,...;
where Ly > 0 and 01 € (0,1) are some constants.
Proof. 1),2) By considering the associate operator F' : X — X, F(z) =
f(x,... ,x), for any x € X we have:
d(F(z),F(y)) =d(f(z,x,...,x), f(y,y,...,y)) <
S d(f(:E?"'7$)7f(x7""x7y)) +d(f($7"-7$7y)7f('1:7"'7'1:)y7y)) +
+... 4+
+d(f($7$’y7"'?y)7f(a’:7y7"'7y)) +d(f($7y7"'7y)7f(y7'"’y))'

By we obtain:
d(F(z),F(y)) < [oad(x,z)+ aed(z,z) + ...+ ap1d(z, v) + ard(z,y)] +
+ [aqd(z,x) + od(z,2) + ... + ag_1d(z, y) + ard(y, y)] +
+ ...+
+  [ard(z,y) + a2d(y,y) + ... + ar_1d(y,y) + ard(y, y)],

S0
k
d(F(z), F(y)) < ) _aid(z,y) = ad(z,y),
i=1
for any x,y € X, which shows that F' is a Banach contraction with constant
ae|0,1).

Consequently, by Banach contraction mapping principle, F' has a unique
fixed point T € X that can be obtained by means of the Picard iterations
corresponding to F starting from any xo € X, which thus proves 1) and 2).

3) We prove now that the k-step iteration method {z, }n>0, defined by
converges to the unique fixed point T of f. For n > k we have:

A(Tpn, Tnt1) = A(f (Tn—ty Tnkt1s s Trn—1)s f(Tn—kt1s Tn_kt2, -+, Tn)) <
(24) < a1d(Tp—p, Tp—pt1) + 02d(Tp—pg1, Tnpy2) + ... + arpd(Tp_1, ).
If
Ay, =d(xp—1,24), n>1,
then, by , we obtain that the sequence {A,},>1 satisfies:
Apt1 S a1y g1+ a2l o+ .o+ agAy, n>1,

k
where a1,a0,...,ar >0and > a; = a < 1.
i=1
By Lemma (1}, there exist L > 0 and 6 € (0, 1) such that A, < L§", n > 1,
that is,

(25) d(xp—1,zn) < LO", n>1.
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Forn>1and p>1, by we obtain:

d(xny xn—&—p) < d(.’L‘n, xn—&—l) + d(xn-‘rla xn+2) +...+ d(xn—l—p—ly xn—l—p) <
< LoV 4 LT 4 LoV =
= Lo"t! (1+0+92+...+9p‘1>,
SO
n+1 107
(26) d(zn, Tntp) < LO T4 >1,p>1.

Since 0 € (0,1), it follows that {zy}n,>0 is a Cauchy sequence, which in the
complete metric space (X, d) is convergent.

We prove that {z,}n>0 in fact converges to Z, the unique fixed point of f.
Indeed, for n > 0 we have:

d(Xp41,T) < d(f(Tp—kt1, Tn_kt2,---,Tn), [(T,T,...,T))
< d(f(Tn—kt1s Tnokt2s -+ Tn)s f(Tn—k+2, Tnkt3, - Tny T))+
+ d(f(:cn kb2 Tr—k43s -y Ty L)y [ (Trn—ka3, Tn—ktds -« Tny T, L))+
(27) 4 d(f(zn, T, ..., T), f(Z,T,...,T)),

so by (10 m we obtain:
d(xpt1,T) < [1d(Tp—kt1, Tn—ki2) + -« + ag_1d(Tp_1, Tn) + agd(x,, T)] +
+ard(xpn—gr2, Tn—k+3) + ... + ap_1d(zp, T) + ard(ZT,T)] +
+...+
+a1d(xn, T) + 2d(Z,T) + . . . + ad(T, T)).
Now using it follows that:
d(2pi1,T) < [0 LOV 2 4 L0344+ a1 LO" + ad(z,, T)] +
Har LOV RS o L0 4 o L™ + oy d(20, T) + oy, - 0] +
+ ...
+ond(zp, ™) + 0] =
=@ L0V M2 4 (o + ) LTRSS 44 a4 ) LO™ +
+(a1+as+ ...+ ag)d(z,,T).
Finally we obtain that:
d(zny1,T) < ad(zn, T) + LO" (0162 7F + (a1 + )03 F + ...+
+(a1+as+...+ap2)0+ (a1 +as+...+ar-1)], n>1,
where 6 € (0,1). This inequality shall lead to estimate
(28) d(xp+1,T) < ad(zp,T) + M -0",n >0,
where

M =L 0> *+(a1+a)0> F+. . +(a1+ao+. . +ap_s)0+(a1+ao+. . 4ap_1)]
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is a fixed positive number (since k is fixed). Considering
an = d(zy,T),
g=ac|0,1)
b, =MO", n>1,
the conditions of Lemma [2] are fulfilled, so by its conclusion
d(x,,T) =0, n— oo.

Consequently, the sequence {x,,},>0 converges to Z, the unique fixed point

of f.

4) First, we observe that for
Ay = d(Zn,Zn_l), n=>1,

proceeding as in the previous case, we obtain by Lemma (I} that there exist
L; >0 and 6; € (0,1) such that A,, < L1067, n > 1, that is,

(29) d(zn—1,2n) < L1607, n>1.

Next, in a similar way to the case of {zy, }n>0 but by following slightly different
computations, we find that

d(2n+1,f) < Oéd(Zn_k_i_l,f) + Ml ?7

for a certain constant M7 > 0.

Now, simply use Lemma [3| to get the conclusion that the sequence {zy, }rn>0
converges to T, too.

5) The error estimate follows by the Banach contraction mapping prin-
ciple in the form given in [4], while the estimates and are obtained
by and its version for {z,}n>0, respectively, by letting p — oc. O

4. RATE OF CONVERGENCE VERSUS SPEED OF CONVERGENCE

As before, let {x,}n>0 be a convergent sequence with limit Z. If, for some
r, we have

1 d(i’ﬂ 77*) —
A, e p = A < oo

then r is called the rate of convergence of {xy}n>0, while A is termed as its
asymptotic error; see [15] for more details.

If r = 1, we say that the convergence of {x,}n>0 is linear, if r = 2, we
say that the convergence is quadratic, while, for 1 < r < 2, we say that the
convergence is superlinear.

Now, let {zy}n>0 and {yn }n>0 be two convergent sequences with the same
limit z. If

lim UEn2")

n—oo A(yn,T*)
exists and = 0, then we say that {z,},>0 converges faster than {y,}n>0 to
Z, and if 8 # 0, we say that {z,}n,>0 and {yn}n>0 have the same speed of
convergence.

= < +o0,
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Clearly, if 8 = oo, then {y,}n>0 converges faster than {z,},>0 to T (for
more details see [1], [3], [4]).

This concept of convergence can be defined in a more general context, when
{zn}n>0 and {yn }n>0 are convergent sequences with different limits,  and 7,
respectively; see [I] and [4].

EXAMPLE 4.1. If we consider the sequences {ay, }n>0, {bn }n>0, {¢n}n>0 given
by

1 _ 1 _ o—2"
n+1° bn_ﬁa Cn_2 )

then, obviously, a,, — 0, b, — 0 and ¢, — 0, as n — oo, and since

Ay =

: Ant1 _ : bny1 1 : bn
o gt =h b M SE =y o lm =0

it follows that {ay }n>0 and {by, }»>0 have the same rate of convergence (linear).
However, {by, },>0 converges faster than {a,},>0 to 0.
Moreover, since

lim &l =
n-soo (cn)? ’

it follows that the sequence {cy, }n>0 has quadratic rate of convergence and, as
an immediate consequence, converges faster than both {ay}n>0 and {b,}n>o0.

If we now use the proof of Theorem [3.I]and the complete form of the Banach
contraction principle — see for example [4] — then we obtain for the sequences
{Zn}n>0 and {yn }n>0 the following error estimates:

(30) d(ynJrlyf) < O‘d(ynvf)a n > Oa

(31) d(xp41,T) < ad(xp, )+ M -0", n>0,
where M > 0 and 6 € (0, 1) are constant, and also
(32) d(zn+41,T) < ad(zy,T) + M1 - 07, n>0.

Thus, the estimates — show that the sequences {xy, }n>0, {yn}n>0 and
{zn}n>0 have all linear rate of convergence, while the estimates — offer
information on the speed of convergence of these sequences.

In the proof of Lemma|l|in [29], we note that 6 in is the unique positive
root of the polynomial equation

tkfozltk_l — o —ap1t—ap =0,
while 6 in is the unique positive root of the polynomial equation
tk—aktk_l—---—agt—al =0.

Therefore, in view of the estimates (22))-(23]), to compare the iterative meth-
ods {zn }n>0, {Un}n>0 and {z,}n>0, it suffices to establish the order relation
between the constants

«,0,0, € (0, 1).
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5. EXAMPLES AND CONCLUDING REMARKS
The following example illustrates Theorem

EXAMPLE 5.1. Let X = R with the usual metric and f: X? — X be defined
by

fla,y) =22, Y(z,y) € X7,
It is easy to check that f satisfies condition (with aq = %, Qg = %),
condition (with (t1,t2) = %tl + %tg), as well as condition (with
A= 3).
Consider the sequence {x,}

2Ly, —
oy = DL >

corresponding to the identity permutation (0,1). Then we have

Ty =1 (I_T@)n + cz(%)n, n =1,

where ¢; and cg are some constants. Consider now the sequence {z,}

2 _
AR "

Y

corresponding to the permutation (1,0) of (0,1). Similarly, we obtain
n n
Zn = a1 (1*47\/5> +a2(#) ., n>1,

where a; and ag are some constants. Now, considering the sequence {y, } given
by yo € X and

Yn+1 = %yn > 0,

we get
3 n
Yn = (1) Yo, n Z O
Since
1-v5 1-v33| 3 _ 1+V6 _ 1433
18] < || < § < 18 < 1S,
we have
n n
lim 2 =¢; - lim (%@) + ¢y - lim (H%/@) = +00;
n—oo Yn n— 00 n—o0
n n
lim 22 =qq - lim (1_3\/5) +as - lim <1+3\/5) = +o0;
n—oo Yn n—oo n—o0
and
e C

lim Zz = lim

8
z - n n
n—oo #n n—o0 al(l \/5) +a2(1+4\/5)

a2 n—oo

as ci, cg,ar,az # 0.
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These calculations prove that the sequence {y,} converges faster than {z,}
to 0, {z,} converges faster than {z,}, and {y,} converges faster than {z,},
although all the three sequences have the same (linear) rate of convergence.

We thus can conclude that the above numerical tests confirm the theoretical
results obtained in Pavaloiu [23]. Indeed, amongst the k! iterative methods of
the form

(33) Ln+1 = f(xio—‘rn—k—‘rlv Liy+n—k+1y- - - 7xik,1+n—k+1)7 n Z k— 17
where (49,41, ...,ik_1) is a permutation of (0,1, ...,k—1), the optimal method
is {2, }, which corresponds to the permutation (ig, 1, ...,41) of (0,1,..., k1)

for which one has
Qg 2> Qi 2> 00 2 Oy

This also shows that, especially in the case of fixed point iteration proce-
dures, which have generally linear rate a convergence, in order to decide about
the fastest iterative method, we have to take into consideration the speed of
convergence, usually deduced from the error estimates of the form —.

An interesting conclusion that follows from the above example, is that, in
this particular case, the one-point algorithm {y,} converges faster than the
two two-step algorithms {x, } and {z,}.

The problem is to study if this claim is valid in general. In view of -,
it would be sufficiently to show that

0<a<b <6<,

which is a result similar to that given by Theorem 5.3.2 in [28].
We invite the reader to carry out all the calculations for the function f in
the next example.

EXAMPLE 5.2. Let X = R with the usual metric and f: X — X be defined
by
f(xayaz):Lng?)zv v(xayvz) €X37

which obviously satisfies condition with o = %, ay = % and ag = %
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