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SECOND ORDER DIFFERENTIABILITY
OF THE INTERMEDIATE-POINT FUNCTION
IN CAUCHY’S MEAN-VALUE THEOREM
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Dedicated to prof. I. Pavaloiu on the occasion of his 75th anniversary

Abstract. If the functions f,g: I — R are differentiable on the interval I C R,
a € I, then there exists a function ¢ : I — I such that

[f (2) = f(@)] g (@) =g (=) — g(a)] f (E(x)), forz eI,
In this paper we study the differentiability of the function ¢, when
£ (a) g™ (a) = V) (a) g (a), forall k € {1,....,n — 1}

and

£ (@) g™ (a) # 1V (a) g™ (a).
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1. INTRODUCTION

The mean value theorem is a cornerstone of the differential calculus.
Cauchy’s theorem is one of the generalizations of the mean value theorem.
The purpose of this note is to extend the results by D.I. Duca and O. Pop
[1] concerning the mean value theorem to Cauchy’s theorem. Also, the results
can be considered to extend the results by D.I. Duca and O. Pop from [2].
Cauchy’s theorem is usually presented in the following form:

THEOREM 1. (A.L. Cauchy) Let I be an interval in R, and let a be a point of
I. If the functions f,g : I — R are differentiable on I, then for each x € I\{a}
there exists a point cg, from the interval with extremities x and a, such that

[f (@) = f (@)] 9" (cz) = [9 (2) — g (@)] fV (ca).
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2 Differentiability of the intermediate-point function 101

If, in addition, gV (z) # 0, for all z € intl, then g(x) # g(a), for all
x € I\{a}, and

z)— f(a M (¢
(1) /(@) f():f (xg for all x € I\{a}.

g(@)—g(a) gW(c)’

If the function f1)/g(M) is injective on I, then for each = € I\{a} there
exists a unique point ¢, from the interval with the extremities x and a, such
that (I]) holds. In this case, we can define the function ¢ : I\{a} — I\{a} by

(2) c(xz) =cy, forall zeI\{a}.
The function ¢ has the property that

(3) fle) = fla) D@ I\{a}.

g(@)=ga) gW(c(x))’

If the function f(V) /g™ is not injective on I, then for some = € I\{a} there
exist several points c;, from the interval with the extremities  and a, such
that () is true. If for each x € I\{a} we choose one ¢, from the interval
with the extremities  and a which satisfies (IJ), then we can also define the
function ¢ : I'\{a} — I\{a} by formula (2). This function ¢ satisfies (3]), too
(see [2]).

Consequently, the following statement is true.

THEOREM 2. Let I be an interval in R, and let a be a point of I. If the
functions f,g : I — R are differentiable on I and g™ (x) # 0, for all x €
I\{a}, then there ezists a function c: I\{a} — I\{a} such that (J) is true.

Furthermore, if, in addition, f(l)/g(l) is injective, then the function c is
unique.

If x € I\{a} tends to a, because |c(z) — a| < |z — a|, we have

lim ¢ (z) = a.
Then the function ¢ : I — I defined by
v [ e(x), ifxel\{a}
(4) c(x)_{a, ifr=a
is continuous at z = a.

The purpose of this paper is to establish under which circumstances the
function ¢ is twice differentiable at the point x = a and to compute its deriva-
tives ¢1) (@) and €2 (a) . Do the derivatives &Y (a) and ¢? (a) depend upon
the functions f and ¢? If there exist several functions ¢ which satisfy (3],
do the derivatives of the function ¢ at x = a depend upon the function ¢ we

choose?
Since for z € I'\{a},

¢(z)—c(a) _ c(x)—a

)

r—a r—a
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if we denote by

o) = S0
then
0 (x) €]0,1]
and
c(z)=a+ (z—a)b(z)
and hence

[f () = f (@] g™ (a+ (z = a) 6 () = [g(z) — g (@)] fV) (a+ (z — a) B (x)).
Consequently, the following statement is true.
THEOREM 3. Let I be an interval in R, and let a be a point of I. If the

functions f,q: I — R are differentiable on I, and g™V (x) # 0, for all x € intl,
then

g(x) # g(a), for all z € I\{a},

and there exists a function 0 : I\{a} —]0, 1[ such that
f@)—f(a) _ fY(at(z—a)f(2)
g(@)—ga) gV (a+(z—a)b(z))

Furthermore, if, in addition, the function f(l)/g(l) s injective, then the
function 0 is unique.

, for all x € I\{a}.

Obviously, the function ¢ : I — I defined by (@) is differentiable at = = a if
and only if the function 6 : I\{a} —]0,1[ defined by

o(z) = W =) _cl@=a o ye N\a)

r—a r—a

has limit at the point x = a. Moreover, if the function ¢ is differentiable at
T = a, then

eV (a) = lim 6 (2).

Tr—a

In [2], one proves the following theorem

THEOREM 4. Let I be an interval in R, let a be a point of I and let f, g :
I — R be functions which satisfy the following conditions:

(a) the functions f and g are n > 2 times differentiable on I,

(b) the functions f and g™ are continuous on I,

(©) £V (a)g® (a) = £ (a) gD (a) , for all ks € {1, ...n — 1},

(@) D (a) g™ (a) # f™) (a) g (a) .

Then the following statements are true:

19 If 6 : I\{a} —]0,1] is a function such that

[f (@) = f (@] g (a + (z = a) 8 () = [g (z) = g (@] fV (a + (x — a) 0 (),
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for all x € I\{a}, then there exists the limit
z, ifn=2
1 X
?%7 an Z 3.
20 If c: I\{a} — I is a function such that
[f (x) = f (@)] gV (¢ (2)) = [9(2) = g ()] V) (e (),
for all x € I\{a}, then the function ¢ : I — I defined by is differentiable

at x = a and

lim 0(0) =

1 .
(1) ) 3 ifn=2
¢ (a)_{nlln) ifn > 3.
Related to the higher order differentiability of the intermediate point func-
tion in Cauchy’s mean-value theorem one know the following result (see [3])

THEOREM 5. Let I be an interval in R, let a be a point of I and let f, g :
I — R be functions which satisfy the following conditions:
(a) the functions f and g are 3 times differentiable on I,
(b) the functions G and ¢® are continuous at x = a,
(¢) gW(x) #0, forall x € int T,
(@) fP(a) ¢P(a) # fP(a) M (a).
Then the following statements are true:
19 There exists a real number § > 0 such that:
i) Ja—9d,a+0[C I
i) fV(2)gP(x) £ fO(2)gW (), for all z €la— 6, a+ 4;
iii) the function f) /g is injective on Ja — 6,a + J].
20 There exists a unique function ¢ :la — d,a + 6[\{a} —]a — §,a + 5[\ {a}
such that

(5) o) —gla) ~ gD(e()’

for all x €]a — d,a + 6[\{a}.
30 There exists a unique function 6 :Ja — 6,a + 6[\{a} —]0, 1[ such that

(©) f(x) = fla) _ fO(a+ (z—a)f())
g(@) —gla)  gW(a+ (v —a)f(x))’

for all x € I\{a}.
49 The function 0 has limit at x = a and

lim 6(z) = 3.

T—a

50 The function 0 :Ja — 6, a + §[—]0, 1| defined by
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B(z) = 0(z), ifzx€la—75d,a+0\{a}
B 1/2,  ifx =a,

is differentiable at * = a and

F0 (@) g™ (@) ~ £ (a) g ()
24 [/ () 4@ (@) ~ /@ (a) g (a)]

6° The function € :]a — 6,a + d[—]a — &, a + &[ defined by
{c@» if & €la— 5,0+ 6[\{a)

a, ift =a,

6" (a) =

is second order differentiable at the point x = a and

o (a) = L (a) = fD (@) g% (a) = ¥ (a) g (a)

2 ~ 12[fW () 9@ (a) = [ (a) gV (a)]

There are no known result related to the higher order differentiability of the
intermediate-point function in Cauchy’s mean-value theorem if f(1)(a)g(® (a)
= /P (a)gV (a)

In this paper, we establish under which circumstances the intermediate-
point function in Cauchy’s mean-value theorem is twice differentiable at the
point z = a and to compute its derivatives, @) (a) and ¢ (a), if

FD(a)g® (a) = f®(a)gM (a), for all ke {1,....,n—1}

and

fM(@)g™ (a) # f™(@)g™ (a).
2. MAIN RESULT

The following statement is true.

THEOREM 6. Let I be an interval in R, let a be a point of I and let f, g
I — R be functions which satisfy the following conditions:

(a) the functions f and g are n + 1 > 3 times differentiable on I,

(b) the functzons f (n+1) and g("+1) are continuous at x = a,

(c) f () )(G)Zf()()g“(%forallke{l,-u, -1},

(d) fY (a) g™ (a) # f™ (a) gV (a) .

10 If€ I\{a} —]0,1[ is a function with property that
(7)

[f (@) — f(a)] g (a+ (x—a) 0 () = [g(z) — g (@)] fV (a + (x — a) 0 (x)),

for all x € I\{a}, then the function 6 : I —]0,1[ defined by

( ):{ 0(x), ifxel\{a}

0 (z 1 )
n71n7 fo:aa
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is differentiable at © = a and

—(1) 1 2— "/n n"vn—n-—1
0 (z) = Do, + D ,
S T e Tl B B CE S VR
where

Dyj = f"(a) g9 (a) = V) (a) g™ (a) , for all k,j € {1,....n +1}.
20 If c: I\{a} — I is a function with property that
[f () = f (@)] gV (¢ (2) = [g (x) — g ()] V) (e (),
for all x € I\{a}, then the function ¢: I — I defined by

c(m):{ c(x), ifxel\{a}

a, if x = a,

is second order differentiable at x = a and

1
D)=
@)=
_ 2 2— "Vn n"vn—n-—1
) = D
c (a + D1, .
(a) (n—1) "Vn2Dq, [ 2 2 (n+1) bt

Proof. By Taylor’s formula, for each z € I'\{a} there exist two real numbers
Hfm, Hgm €]0, 1] such that

FOr (A ()

_ < f ERPAY —a)"
and

=99 (a) gt (4 (2)) n
(9) 9(@—; i (x—a)‘Fw( —a)"*,

~

Af(ac):(14—(313—61)@5;D and Ay () =a+ (x —a)by,.

On the other hand, by Taylor’s formula applied to the functions f) and
g, for each z € I'\{a} there exist two real numbers efara ng €]0, 1] such
that

(10) fY(a+ (= a)0(2) =
) (g (n+D) (B, (2
:Z / ( ) (x_a)kflekfl (ﬂ?)—l— / (Bf( )) (x_a)nen (ﬂ?),

n!
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and
(1) gM(a+(z—a)b(x)) =
n_ o8 (g (nt1) (B (2
_ Z igk _(1))' (I’ - a)k—l Hk_l (.TU) + g T(L‘Bg( )) (.CL‘ - a)n L (iL‘),
k=1 ’ ’
where

Bt (z) =a+ (v —a) gf,x and By (z)=a+ (z —a)by,.

Substituting (§) — () in (), we obtain that,

n—1 n o )
(12) Z Z Dk [fllzki(f))v - Z;(ii(f))z} (¢ —a) !

i=1k=i+1
" 1) (@) gD (B, (2))— FOHD (B (2)) gD (a nti om
+Zf (a)g (g())i!n{ (Bf(x))g ()(as—a)+9 (z)
=1
"D (A4 (2))g®) (@)= £ B (a)g D (A (x n B
+ Z ( 7( ))g(n_ﬁlg](k_l)([ )g (Ag4(2)) (l’ _ a) +k Qk 1 (ZE)
k=1
n f(n+1)(Af(x))g(n+1)(Bg(s!)()njl(;ﬂ)(Bf(x))g(n+1)(Ag(x)) (m _ a)2"+1 gn (x)
p— (:)7
for all x € I'\{a}.
Since
fO@ P "V
gM (@) ¢P@ g V(a)
and
fY (a) y F™ (a)
gW(a) " g™ (a
we have
Dy ; =0, forall k,j € {1,...,n — 1},
and
Dl,n 7é 0.
Then (I2) becomes
n—1
Dy n n—1(, k=1(g o
(13) (nfll)! (=) {0 k( oo n( )} (z — )
k=1
"R () gD (B (2))— F(ntD) 2™ (a
I % [ (a)g (By( ))k!f (Bf(z))g™ (a) ( _a)k+

k=1
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f<n+1) As(z (k)a F® (a)gn D (A, (x -~
n+1 Z f( g ((k) o (a)g (Ag( ))9k l(l‘) (a:—a)k

f(n+1> Az (n+1) (B (z _f(n+1) Bs(x (1) (Ay(z n n
+ ( f( N g(n!)()nJrl)! ) DA g (1) (3 — 0

for all x € I'\{a}.
Taking x — a, we obtain

hence

Consequently, the function 6 is continuous at z = a.
From (I3]), we deduce that

Dy, [en—l (z) - 1] +

i Z (Dkn {9” kl _ 916*;(;5)} (z — a)kq

") (@)g ) (B ) (B (z)) o™ (a
Z )g (Bg(a ))k!f (By(2))g™( )(x_a)

k

k=1

n f<”+1> A (z ®) (@)= f*) (@) gD (A4 (x)) —
+0 Z g S P TIAD) (  g) gh1 (o)
Fr (A (z) (") (By ()~ "1 (By (2) ) g™ 1) (Ag (2)) n+1 gn

(st ; (n+1)In (21@)o ’ (z —a) o (z) =

=0,

for all x € I'\{a}.
Dividing by (z — a) D1, we obtain

19 [t @ -]+ 2 [9"1<x)—9(x)]+

T —a D1y 2 n
fV (a) g (B (x)) = f) (B (2)) gV (@) gn
nDl,n

FU (Af () g (a) = fO) (a) gD (4 (@)
n (n + 1) DLn

+

()

+

+o(x—a)=0,

for all z € I'\{a}.
Evidently,
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ﬁ [en—l (z) — H - i - {0 (z) — ”il/ﬁ] :Z;z o2k () ( "11/ﬁ>k
for all z € I'\{a}.
Since

lim 0(z) = —— —8

T—a n_\l/ﬁ - (a)’
lim Ay (2) = lim A, (2) = lim By (z) = lim B, (2) = a,

lim

lim [0 (a) g™ (B, (@) — £ (By (2)) g (@)] = Dynen,

lim [ £ (Af (@) g (@) = £V (a) ™) (4 ()]

—D1nq1,
from (I4]) , we deduce that there exists the limit

pl <xia[9(iﬂ)— . D:hm 0(@) —0(a) _

n—\l/ﬁ r—a T —a - 0 (a) 9
and
o o, Do [0 (@) 8(a)] Dinia [0 (a) 1
18" ()T (a)+ 220 o Ln - — 0.
(n=1) (a) (a)+D17n 2 n | Dy, n n(n+1)
Consequently,
— 1 2— "Vn n."vn*—n—1
0 (a) = Do + D .
= Ty Ve, [ 2 (n+1) 1’”“1
29 The statement 2° follows from the statement 19. O
REMARK 7. If g = 1, then

7 (a) = nyn—n—1 f0t)(g)
TR —1) Vel [ (a)

and

6l/ (a) _ 2(” n_\l/ﬁ_n_ 1) f(n+1) (a)
- n(n2—1) "Vn2 f™(a)
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