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Abstract. If the functions f, g : I → R are differentiable on the interval I ⊆ R,
a ∈ I, then there exists a function c : I → I such that

[f (x)− f (a)] g(1) (c (x)) = [g (x)− g (a)] f (1) (c (x)) , for x ∈ I.

In this paper we study the differentiability of the function c, when
f (k) (a) g(1) (a) = f (1) (a) g(k) (a) , for all k ∈ {1, ..., n− 1}

and
f (n) (a) g(1) (a) 6= f (1) (a) g(n) (a) .
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1. INTRODUCTION

The mean value theorem is a cornerstone of the differential calculus.
Cauchy’s theorem is one of the generalizations of the mean value theorem.

The purpose of this note is to extend the results by D.I. Duca and O. Pop
[1] concerning the mean value theorem to Cauchy’s theorem. Also, the results
can be considered to extend the results by D.I. Duca and O. Pop from [2].

Cauchy’s theorem is usually presented in the following form:

Theorem 1. (A.L. Cauchy) Let I be an interval in R, and let a be a point of
I. If the functions f, g : I → R are differentiable on I, then for each x ∈ I\{a}
there exists a point cx, from the interval with extremities x and a, such that

[f (x)− f (a)] g(1) (cx) = [g (x)− g (a)] f (1) (cx) .
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If, in addition, g(1) (x) 6= 0, for all x ∈ intI, then g (x) 6= g (a) , for all
x ∈ I\{a}, and

(1) f (x)− f (a)
g (x)− g (a) = f (1) (cx)

g(1) (cx)
, for all x ∈ I\{a}.

If the function f (1)/g(1) is injective on I, then for each x ∈ I\{a} there
exists a unique point cx, from the interval with the extremities x and a, such
that (1) holds. In this case, we can define the function c : I\{a} → I\{a} by
(2) c (x) = cx, for all x ∈ I\{a}.
The function c has the property that

(3) f (x)− f (a)
g (x)− g (a) = f (1) (c (x))

g(1) (c (x))
, for all x ∈ I\{a}.

If the function f (1)/g(1) is not injective on I, then for some x ∈ I\{a} there
exist several points cx, from the interval with the extremities x and a, such
that (1) is true. If for each x ∈ I\{a} we choose one cx from the interval
with the extremities x and a which satisfies (1) , then we can also define the
function c : I\{a} → I\{a} by formula (2). This function c satisfies (3), too
(see [2]).

Consequently, the following statement is true.
Theorem 2. Let I be an interval in R, and let a be a point of I. If the

functions f, g : I → R are differentiable on I and g(1) (x) 6= 0, for all x ∈
I\{a}, then there exists a function c : I\{a} → I\{a} such that (3) is true.

Furthermore, if, in addition, f (1)/g(1) is injective, then the function c is
unique.

If x ∈ I\{a} tends to a, because |c (x)− a| ≤ |x− a| , we have
lim
x→a

c (x) = a.

Then the function c : I → I defined by

(4) c (x) =
{
c (x) , if x ∈ I\{a}
a, if x = a

is continuous at x = a.
The purpose of this paper is to establish under which circumstances the

function c is twice differentiable at the point x = a and to compute its deriva-
tives c(1) (a) and c(2) (a) . Do the derivatives c(1) (a) and c(2) (a) depend upon
the functions f and g? If there exist several functions c which satisfy (3) ,
do the derivatives of the function c at x = a depend upon the function c we
choose?

Since for x ∈ I\{a},
c (x)− c (a)

x− a
= c (x)− a

x− a
,
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if we denote by

θ (x) = c (x)− a
x− a

,

then
θ (x) ∈]0, 1[

and
c (x) = a+ (x− a) θ (x)

and hence

[f (x)− f (a)] g(1) (a+ (x− a) θ (x)) = [g (x)− g (a)] f (1) (a+ (x− a) θ (x)) .

Consequently, the following statement is true.

Theorem 3. Let I be an interval in R, and let a be a point of I. If the
functions f, g : I → R are differentiable on I, and g(1) (x) 6= 0, for all x ∈ intI,
then

g (x) 6= g (a) , for all x ∈ I\{a},
and there exists a function θ : I\{a} →]0, 1[ such that

f (x)− f (a)
g (x)− g (a) = f (1) (a+ (x− a) θ (x))

g(1) (a+ (x− a) θ (x))
, for all x ∈ I\{a}.

Furthermore, if, in addition, the function f (1)/g(1) is injective, then the
function θ is unique.

Obviously, the function c : I → I defined by (4) is differentiable at x = a if
and only if the function θ : I\{a} →]0, 1[ defined by

θ (x) = c (x)− c (a)
x− a

= c (x)− a
x− a

, for all x ∈ I\{a}

has limit at the point x = a. Moreover, if the function c is differentiable at
x = a, then

c(1) (a) = lim
x→a

θ (x) .

In [2], one proves the following theorem

Theorem 4. Let I be an interval in R, let a be a point of I and let f, g :
I → R be functions which satisfy the following conditions:

(a) the functions f and g are n ≥ 2 times differentiable on I,

(b) the functions f (n) and g(n) are continuous on I,

(c) f (1) (a) g(k) (a) = f (k) (a) g(1) (a) , for all k ∈ {1, ..., n− 1},
(d) f (1) (a) g(n) (a) 6= f (n) (a) g(1) (a) .
Then the following statements are true:
10 If θ : I\{a} →]0, 1[ is a function such that

[f (x)− f (a)] g(1) (a+ (x− a) θ (x)) = [g (x)− g (a)] f (1) (a+ (x− a) θ (x)) ,
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for all x ∈ I\{a}, then there exists the limit

lim
x→a

θ (x) =
{ 1

2 , if n = 2
1

n−1√n , if n ≥ 3.

20 If c : I\{a} → I is a function such that

[f (x)− f (a)] g(1) (c (x)) = [g (x)− g (a)] f (1) (c (x)) ,

for all x ∈ I\{a}, then the function c : I → I defined by (4) is differentiable
at x = a and

c(1) (a) =
{ 1

2 , if n = 2
1

n−1√n , if n ≥ 3.

Related to the higher order differentiability of the intermediate point func-
tion in Cauchy’s mean-value theorem one know the following result (see [3])

Theorem 5. Let I be an interval in R, let a be a point of I and let f, g :
I → R be functions which satisfy the following conditions:

(a) the functions f and g are 3 times differentiable on I,

(b) the functions f (3) and g(3) are continuous at x = a,

(c) g(1)(x) 6= 0, for all x ∈ int I,
(d) f (1)(a) g(2)(a) 6= f (2)(a) g(1)(a).
Then the following statements are true:
10 There exists a real number δ > 0 such that:
i) ]a− δ, a+ δ[⊆ I;
ii) f (1)(x)g(2)(x) 6= f (2)(x)g(1)(x), for all x ∈]a− δ, a+ δ[;
iii) the function f (1)/g(1) is injective on ]a− δ, a+ δ[.

20 There exists a unique function c :]a − δ, a + δ[\{a} →]a − δ, a + δ[\{a}
such that

(5) f(x)− f(a)
g(x)− g(a) = f (1)(c(x))

g(1)(c(x))
,

for all x ∈]a− δ, a+ δ[\{a}.
30 There exists a unique function θ :]a− δ, a+ δ[\{a} →]0, 1[ such that

(6) f(x)− f(a)
g(x)− g(a) = f (1)(a+ (x− a)θ(x))

g(1)(a+ (x− a)θ(x))
,

for all x ∈ I\{a}.
40 The function θ has limit at x = a and

lim
x→a

θ(x) = 1
2 .

50 The function θ :]a− δ, a+ δ[→]0, 1[ defined by
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θ (x) =
{
θ (x) , if x ∈]a− δ, a+ δ[\{a}
1/2, if x = a,

is differentiable at x = a and

θ
(1) (a) = f (1) (a) g(3) (a)− f (3) (a) g(1) (a)

24
[
f (1) (a) g(2) (a)− f (2) (a) g(1) (a)

] .
60 The function c :]a− δ, a+ δ[→]a− δ, a+ δ[ defined by

c (x) =
{
c (x) , if x ∈]a− δ, a+ δ[\{a}
a, if x = a,

is second order differentiable at the point x = a and

c(1) (a) = 1
2 , c(2) (a) = f (1) (a) g(3) (a)− f (3) (a) g(1) (a)

12
[
f (1) (a) g(2) (a)− f (2) (a) g(1) (a)

] .
There are no known result related to the higher order differentiability of the

intermediate-point function in Cauchy’s mean-value theorem if f (1)(a)g(2)(a)
= f (2)(a)g(1) (a)

In this paper, we establish under which circumstances the intermediate-
point function in Cauchy’s mean-value theorem is twice differentiable at the
point x = a and to compute its derivatives, c(1) (a) and c(2) (a), if

f (1)(a)g(k)(a) = f (k)(a)g(1) (a) , for all k ∈ {1, ..., n− 1}
and

f (1)(a)g(n)(a) 6= f (n(a)g(1) (a) .

2. MAIN RESULT

The following statement is true.

Theorem 6. Let I be an interval in R, let a be a point of I and let f, g :
I → R be functions which satisfy the following conditions:

(a) the functions f and g are n+ 1 ≥ 3 times differentiable on I,

(b) the functions f (n+1) and g(n+1) are continuous at x = a,

(c) f (1) (a) g(k) (a) = f (k) (a) g(1) (a) , for all k ∈ {1, ..., n− 1},
(d) f (1) (a) g(n) (a) 6= f (n) (a) g(1) (a) .
10 If θ : I\{a} →]0, 1[ is a function with property that

(7)
[f (x)− f (a)] g(1) (a+ (x− a) θ (x)) = [g (x)− g (a)] f (1) (a+ (x− a) θ (x)) ,

for all x ∈ I\{a}, then the function θ : I →]0, 1[ defined by

θ (x) =
{
θ (x) , if x ∈ I\{a}

1
n−1√n , if x = a,
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is differentiable at x = a and

θ
(1) (x) = 1

(n− 1) n−1√
n2D1,n

[
2− n−1

√
n

2 D2,n + n n−1
√
n− n− 1

(n+ 1) D1,n+1

]
,

where

Dk,j = f (k) (a) g(j) (a)− f (j) (a) g(k) (a) , for all k, j ∈ {1, ..., n+ 1}.

20 If c : I\{a} → I is a function with property that

[f (x)− f (a)] g(1) (c (x)) = [g (x)− g (a)] f (1) (c (x)) ,

for all x ∈ I\{a}, then the function c : I → I defined by

c (x) =
{
c (x) , if x ∈ I\{a}
a, if x = a,

is second order differentiable at x = a and

c(1) (a) = 1
n−1
√
n
,

c(2) (a) = 2
(n− 1) n−1√

n2D1,n

[
2− n−1

√
n

2 D2,n + n n−1
√
n− n− 1

(n+ 1) D1,n+1

]
.

Proof. By Taylor’s formula, for each x ∈ I\{a} there exist two real numbers
θ̂f,x, θ̂g,x ∈]0, 1[ such that

(8) f (x) =
n∑
i=0

f (i) (a)
i! (x− a)i + f (n+1) (Af (x))

(n+ 1)! (x− a)n+1 ,

and

(9) g (x) =
n∑
i=0

g(i) (a)
i! (x− a)i + g(n+1) (Ag (x))

(n+ 1)! (x− a)n+1 ,

where

Af (x) = a+ (x− a) θ̂f,x and Ag (x) = a+ (x− a) θ̂g,x.

On the other hand, by Taylor’s formula applied to the functions f (1) and
g(1), for each x ∈ I\{a} there exist two real numbers θ̃f,x, θ̃g,x ∈]0, 1[ such
that

f (1) (a+ (x− a) θ (x)) =(10)

=
n∑
k=1

f (k) (a)
(k − 1)! (x− a)k−1 θk−1 (x) + f (n+1) (Bf (x))

n! (x− a)n θn (x) ,
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and

g(1) (a+ (x− a) θ (x)) =(11)

=
n∑
k=1

g(k) (a)
(k − 1)! (x− a)k−1 θk−1 (x) + g(n+1) (Bg (x))

n! (x− a)n θn (x) ,

where

Bf (x) = a+ (x− a) θ̃f,x and Bg (x) = a+ (x− a) θ̃g,x.

Substituting (8)− (11) in (7) , we obtain that,

n−1∑
i=1

n∑
k=i+1

Di,k

[
θk−1(x)
i!(k−1)! −

θi−1(x)
k!(i−1)!

]
(x− a)k+i−1(12)

+
n∑
i=1

f (i)(a)g(n+1)(Bg(x))−f (n+1)(Bf (x))g(i)(a)
i!n! (x− a)n+i θn (x)

+
n∑
k=1

f (n+1)(Af (x))g(k)(a)−f (k)(a)g(n+1)(Ag(x))
(n+1)!(k−1)! (x− a)n+k θk−1 (x)

+ f (n+1)(Af (x))g(n+1)(Bg(x))−f (n+1)(Bf (x))g(n+1)(Ag(x))
n!(n+1)! (x− a)2n+1 θn (x)

= 0,

for all x ∈ I\{a}.
Since

f (1) (a)
g(1) (a)

= f (2) (a)
g(2) (a)

= · · · = f (n−1) (a)
g(n−1) (a)

and
f (1) (a)
g(1) (a)

6= f (n) (a)
g(n) (a)

.

we have
Dk,j = 0, for all k, j ∈ {1, ..., n− 1},

and
D1,n 6= 0.

Then (12) becomes

1
(n−1)!

n−1∑
k=1

Dk,n

(k−1)!

[
θn−1(x)

k − θk−1(x)
n

]
(x− a)k−1(13)

+ 1
n!

n∑
k=1

f (k)(a)g(n+1)(Bg(x))−f (n+1)(Bf (x))g(k)(a)
k! (x− a)k +
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+ 1
(n+1)!

n∑
k=1

f (n+1)(Af (x))g(k)(a)−f (k)(a)g(n+1)(Ag(x))
(k−1)! θk−1 (x) (x− a)k

+ f (n+1)(Af (x))g(n+1)(Bg(x))−f (n+1)(Bf (x))g(n+1)(Ag(x))
n!(n+1)! θn (x) (x− a)n+1

= 0,

for all x ∈ I\{a}.
Taking x→ a, we obtain

lim
x→a

[
θn−1 (x)

1 − 1
n

]
= 0,

hence

θ
n−1 (a) = lim

x→a
θn−1 (x) = 1

n
.

Consequently, the function θ is continuous at x = a.
From (13) , we deduce that

D1,n
[
θn−1 (x)− 1

n

]
+

+
n∑
k=2

Dk,n

(k−1)!

[
θn−1(x)

k − θk−1(x)
n

]
(x− a)k−1

+ θn(x)
n

n∑
k=1

f (k)(a)g(n+1)(Bg(x))−f (n+1)(Bf (x))g(k)(a)
k! (x− a)k

+ 1
n(n+1)

n∑
k=1

f (n+1)(Af (x))g(k)(a)−f (k)(a)g(n+1)(Ag(x))
(k−1)! (x− a)k θk−1 (x)

+ f (n+1)(Af (x))g(n+1)(Bg(x))−f (n+1)(Bf (x))g(n+1)(Ag(x))
(n+1)!n (x− a)n+1 θn (x) =

= 0,

for all x ∈ I\{a}.
Dividing by (x− a)D1,n we obtain

1
x− a

[
θn−1 (x)− 1

n

]
+ D2,n
D1,n

[
θn−1 (x)

2 − θ (x)
n

]
+(14)

+ f (1) (a) g(n+1) (Bg (x))− f (n+1) (Bf (x)) g(1) (a)
nD1,n

θn (x)

+ f (n+1) (Af (x)) g(1) (a)− f (1) (a) g(n+1) (Ag (x))
n (n+ 1)D1,n

+ o (x− a) = 0,

for all x ∈ I\{a}.
Evidently,
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1
x− a

[
θn−1 (x)− 1

n

]
= 1
x− a

[
θ (x)− 1

n−1
√
n

] n−2∑
k=0

θn−2−k (x)
( 1

n−1
√
n

)k
,

for all x ∈ I\{a}.
Since

lim
x→a

θ (x) = 1
n−1
√
n

= θ (a) ,

lim
x→a

Af (x) = lim
x→a

Ag (x) = lim
x→a

Bf (x) = lim
x→a

Bg (x) = a,

lim
x→a

[
f (1) (a) g(n+1) (Bg (x))− f (n+1) (Bf (x)) g(n) (a)

]
= D1,n+1,

lim
x→a

[
f (n+1) (Af (x)) g(1) (a)− f (1) (a) g(n) (Ag (x))

]
= −D1,n+1,

from (14) , we deduce that there exists the limit

lim
x→a

( 1
x− a

[
θ (x)− 1

n−1
√
n

])
= lim

x→a
θ (x)− θ (a)

x− a
= θ

′ (a) ,

and

(n−1) θn−2 (a) θ′ (a)+D2,n
D1,n

[
θ
n−1 (a)

2 − θ (a)
n

]
+D1,n+1

D1,n

[
θ
n (a)
n
− 1
n (n+ 1)

]
= 0.

Consequently,

θ
′ (a) = 1

(n− 1) n−1√
n2D1,n

[
2− n−1

√
n

2 D2,n + n. n−1√nn − n− 1
n (n+ 1) D1,n+1

]
.

20 The statement 20 follows from the statement 10. �

Remark 7. If g = 1I , then

θ
′ (a) = n n−1

√
n− n− 1

n (n2 − 1) n−1√
n2
f (n+1) (a)
f (n) (a)

,

and

c′′ (a) = 2 (n n−1
√
n− n− 1)

n (n2 − 1) n−1√
n2

f (n+1) (a)
f (n) (a)

.
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