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Appendices

A Mathematica code used for Remark 2.10
A.1 Degree 4 polynomial

xi = Solve[(z - E~(I (Pi/4 - Pi/70))) (z - E~(-I (Pi/4 - Pi/70)))
(z + E~(I (Pi/4 - Pi/70))) (z + E~(-I ( Pi/4 - Pi/70))) == w,
z] /. w —> 0.992

xil = Part([xi, 1, 1, 2]
xi2 = Part([xi, 2, 1, 2]
xi3 = Part[xi, 3, 1, 2]
xi4 = Part([xi, 4, 1, 2]

(x» solutions of p_epsilon x*)
1 = NSolve[(z - E~(I (Pi/4 - Pi/70))) (z - E~(-I (Pi/4 - Pi/70)))
(z + E~(I (Pi/4 - Pi/70))) (z + E~(-I ( Pi/4 - Pi/70)))== 0,

z]
11 = N[Part[l, 1, 1, 21]
12 = N[Part[l, 2, 1, 21]
13 = N[Part[l, 3, 1, 21]
14 = N[Part[l, 4, 1, 21]

4 4

(# derivative of p_epsilon x)
pedlz_] :=
D[(z — E~(I (Pi/4 - Pi/70))) (z - E~(
(z + E~(I (Pi/4 - Pi/70))) (z + E"(

(Pi/4 - P1/70)))

-1
-I ( Pi/4 - Pi/70))), z1;



(» computations of delta_j(lambda_k,w) *)

dlll = 0.992/((ped[x] /. x —> xil) (xil - 11))

d211 = 0.992/ ((ped[x] /. x —> xi2) (xi2 - 11))

d311 = 0.992/ ((ped(x] /. x —> xi3) (xi3 - 11))

d41ll = 0.992/ ((ped[x] /. x —> xid) (xid4 - 11))

dll2 = 0.992/ ((ped[x] /. x —> xil) (xil - 12))

d212 = 0.992/ ((ped[x] /. x —> xi2) (xi2 - 12))

d312 = 0.992/ ((ped([x] /. x —> xi3) (xi3 - 12))

d412 = 0.992/ ((ped[x] /. x —> xid) (xid4 - 12))

dll3 = 0.992/ ((ped[x] /. x —> xil) (xil - 13))

d213 = 0.992/ ((ped[x] /. x —> xi2) (xi2 - 13))

d313 = 0.992/ ((ped[x] /. x —> xi3) (xi3 - 13))

d413 = 0.992/ ((ped(x] /. x —> xid) (xid - 13))

dll4 = 0.992/ ((ped[x] /. x —> xil) (xil - 14))

d214 = 0.992/ ((ped[x] /. x —> xi2) (xi2 - 14))

d314 = 0.992/ ((ped[x] /. x —> xi3) (xi3 - 14))

d414 = 0.992/ ((ped[x] /. x —> xid) (xid - 14))

Abs[dl11] + Abs[d211] + Abs[d311] + Abs[d411] + Abs[dl12]
Abs[d212] + Abs[d312] + Abs[d412] + Abs[dl113] + Abs[d213]
Abs[d313] + Abs[d413] + Abs[dl1l4] + Abs[d214] + Abs[d314]
Abs [d414]

2293.81

A.2 Degree 6 polynomial

(» solutions of p_epsilon=w x)

xXi = Solve[(z + 1) (z - 1) (z — E~(I (P1/3 - Pi/70)))
(z + E~(-1I P1/3 - Pi/70))) (z + E~(I (Pi/3 - Pi/70)))
(z — E~(-I (P1/3 - Pi/70))) == w, z] /. w —> 0.9922
xil = N[Part([xi, 1, 1, 2]]
xi2 = N[Part[xi, 2, 1, 2]1]
xi3 = N[Part([xi, 3, 1, 2]1]
xi4 = N[Part[xi, 4, 1, 21]
x1i5 = N[Part[xi, 5, 1, 2]]
xi6 = N[Part[xi, 6, 1, 2]]
(# Solutions of p_epsilon *)
1 = NSolve[(z + 1) (z - 1) (z - E~(I (Pi/3 - Pi/70)))
(z + E~(-I (Pi/3 - Pi/70))) (z + E~(I (Pi/3 - Pi/70)))
(z — E~(-I (Pi/3 - Pi/70))) == 0, z] ;
11 = N[Part[l, 1, 1, 2]]
12 = N[Part[l, 2, 1, 2]]
13 = N[Part[l, 3, 1, 2]]



14 = N[Part[l, 4, 1, 2]]
15 = N[Part[l, 5, 1, 2]]
16 = N[Part[l, 6, 1, 21]

(# Derivative of p_epsilon =

)
pedlz_] := DI[(z + 1) (z - 1) (z - E~(I (Pi/3 - Pi/70)))
(z + E*(-I (P1/3 — Pi/70))) (z + E~(I (Pi/3 — Pi/70)))
(z — E~(-I (Pi/3 - Pi/70))), z1;

(# computations for delta_j(lambda_k,w)) x)
dlll = 0.9922/ ((ped[x] /. x —> xil) (xil - 11))
d211 = 0.9922/ ((ped[x] /. x —> xi2) (xi2 - 11))
d311 = 0.9922/ ((ped[x] /. x —> xi3) (xi3 - 11))
d411 = 0.9922/ ((ped[x] /. x —> xid) (xid4 - 11))
d511 = 0.9922/ ((ped[x] /. x —> xi5) (xi5 - 11))
d61ll = 0.9922/ ((ped[x] /. x -> xi6) (xi6 - 11))
dll2 = 0.9922/ ((ped[x] /. x —> xil) (xil - 12))
d212 = 0.9922/ ((ped[x] /. x —> xi2) (xi2 - 12))
d312 = 0.9922/ ((ped[x] /. x —> xi3) (x1i3 - 12))
d412 = 0.9922/ ((ped[x] /. x —> xi4) (xi4 - 12))
d512 = 0.9922/ ((ped[x] /. x —> xi5) (x15 - 12))
d6l2 = 0.9922/ ((ped[x] /. x —> xi6) (xi6 - 12))
dl13 = 0.9922/ ((ped[x] /. x —> xil) (xil - 13))
d213 = 0.9922/ ((ped[x] /. x -> xi2) (xi2 - 13))
d313 = 0.9922/ ((ped[x] /. x —> xi3) (x1i3 - 13))
d413 = 0.9922/ ((ped[x] /. x —> xid) (xid4 - 13))
d513 = 0.9922/ ((ped[x] /. x —> xi5) (xi5 - 13))
d6l13 = 0.9922/ ((ped[x] /. x —> xi6) (xi6 — 13))
dll4 = 0.9922/ ((ped[x] /. x —> xil) (xil - 14))
d214 = 0.9922/ ((ped[x] /. x —> xi2) (xi2 - 14))
d314 = 0.9922/ ((ped[x] /. x —> xi3) (xi3 - 14))
d4l4 = 0.9922/ ((ped[x] /. x —> xid) (xi4 - 14))
d514 = 0.9922/ ((ped[x] /. x —> x1i5) (xi5 - 14))
d614 = 0.9922/ ((ped[x] /. x -> xi6) (xi6 - 14))
dll5 = 0.9922/ ((ped[x] /. x —> xil) (xil - 15))
d215 = 0.9922/ ((ped[x] /. x —> xi2) (x1i2 - 15))
d315 = 0.9922/ ((ped[x] /. x -> xi3) (xi3 - 15))
d415 = 0.9922/ ((ped[x] /. x -> xi4d) (xi4 - 15))
d515 = 0.9922/ ((ped[x] /. x —> xi5) (xi5 - 15))
d6l5 = 0.9922/ ((ped[x] /. x —> xi6) (xi6 — 15))
dll6 = 0.9922/((ped[x] /. x —> xil) (xil - 16))
d216 = 0.9922/ ((ped[x] /. x -> xi2) (xi2 - 16))
d316 = 0.9922/ ((ped[x] /. x —> xi3) (x1i3 - 16))
d416 = 0.9922/ ((ped[x] /. x —> xid) (xid4 - 16))
d516 = 0.9922/ ((ped[x] /. x —> xi5) (xi5 - 16))



+ 4+ o+ o+ + o+

d6l6e = 0.9922/ ((ped[x] /. x —> xi6) (xi6 - 16))

Abs[dl111] + Abs[dl12] + Abs[dl13] + Abs[dl114] + Abs[dl1l5]
Abs[dl16] + Abs[d211] + Abs[d212] + Abs[d213] + Abs[d214]
Abs [d215] + Abs[d216] + Abs[d311] + Abs[d312] + Abs[d313]
Abs[d314] + Abs[d315] + Abs[d316] + Abs[d411l] + Abs[d412]
Abs[d413] + Abs[d414] + Abs[d415] + Abs[d416] + Abs[d511]
Abs[d512] + Abs[d513] + Abs[d514] + Abs[d515] + Abs[d516]
Abs[d611l] + Abs[d612] + Abs[d613] + Abs[d614] + Abs[d6l5]
Abs [d616]

6.51228

A.3 Degree 8 polynomial

xi = Solve[(z — E~(I Pi/8)) (z — E~(I (3 Pi/8 - Pi/70)))

(z — E~(I (5 Pi/8 — Pi/70))) (z - E~(I 7 Pi/8))
(z — E~(I 9 Pi/8)) (z — E~(I (11 Pi/8 - Pi/70)))
(z -— E~(I (13 Pi/8 — Pi/70))) (z — E~(I 15 Pi/8))
== 0.9962, z]

xil = N[Part[xi, 1, 1, 2]]

xi2 = N[Part[xi, 2, 1, 2]]

xi3 = N[Part[xi, 3, 1, 2]]

xi4 = N[Part[xi, 4, 1, 2]]

xi5 = N[Part[xi, 5, 1, 21]

xi6 = N[Part[xi, 6, 1, 21]

xi7 = N[Part[xi, 7, 1, 2]]

xi8 = N[Part[xi, 8, 1, 21]

= NSolve[(z - E~(I Pi/8)) (z - E~(I (3 Pi/8 - Pi/70)))

1
(z — E~(I (5 Pi/8 = Pi/70))) (z - E~(I 7 Pi/8))
(z E~(I 9 Pi/8)) (z - E~(I (11 Pi/8 — Pi/70)))
(z — E~(I (13 Pi/8 - Pi/70))) (z - E~(I 15 Pi/8)) == 0, z]
11 = N[Part[l, 1, 1, 2]]
12 = N[Part[l, 2, 1, 21]
13 N[Part[l, 3, 1, 2]]
14 = N[Part[l, 4, 1, 211
15 = N[Part[l, 5, 1, 211
16 = N[Part[l, 6, 1, 2]]
17 = N[Part[l, 7, 1, 21]
18 N[Part[l, 8, 1, 2]]
pedlz_] :=
D[(z — E~(I Pi/8)) (z - E~(I (3 Pi/8 - Pi/70)))
(z — E~(I (5 Pi/8 - Pi/70))) (z - E~(I 7 Pi/8))
(z — E~(I 9 P1/8)) (z — E~(I (11 Pi/8 - Pi/70)))
(z — E~(I (13 Pi/8 - Pi/70))) (z - E~(I 15 Pi/8)), z]



dlll =

dz211
d311
d4ll

d511 =
dell =

d711

dgll =

dllz =
d212 =

d312

d4lz =

d512

del2 =
d712 =
dglz =

dll3 =
d213 =
d313 =

d413

ds13 =
del3 =

d713

d8l3 =

dll4 =
dz214 =

d314

d4l4 =

d514

del4d =
d714 =
dgl4 =

dlls =
d215 =
d31l5 =

d4l5
d515
delb

d715 =
dg8ls =

dlle =

d216

d31l6 =
d4le =
dble =

O O O O O o o o O O O O o o oo O O O O O o o o O O O O O o o o

O O O O O o o o

O O O O O

.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
. 9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
. 9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
. 9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ( (ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
. 9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
. 9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]
.9962/ ((ped[x]

SN N S N N N S NN SN N N N N . N N N N SN N N N N N S

N N N NS

N N NN

XX X X X X X X XX X X X X X X XX X X X X X X XX X X X X X X

XX X X X X X X

XX X X X



d6l6 = 0.9962/ ((ped[x] /. x —> xi6) (xi6 - 16))
d716 = 0.9962/ ((ped[x] /. x —> xi7) (xi7 - 16))
dg8le = 0.9962/ ((ped[x] X —> x1i8) (x1i8 - 16))
d117 = 0.9962/ ((ped[x] /. x —> xil) (xil - 17))
d217 = 0.9962/ ((ped[x] /. x —> xi2) (x1i2 - 17))
d317 = 0.9962/ ((ped[x] /. x —> xi3) (xi3 - 17))
d417 = 0.9962/ ((ped[x] /. x —> xid) (xid4 - 17))
d517 = 0.9962/ ((ped[x] /. x => xi5) (xi5 - 17))
d61l7 = 0.9962/ ((ped[x] /. x -> xi6) (xi6 - 17))
d717 = 0.9962/ ((ped[x] /. x —> xi7) (x1i7 = 17))
dg8l7 = 0.9962/ ((ped[x] /. x —> xi8) (xi8 - 17))
dl18 = 0.9962/ ((ped[x] /. x —> xil) (xil - 18))
d218 = 0.9962/ ((ped[x] /. x -> xi2) (xi2 - 18))
d318 = 0.9962/ ((ped[x] /. x —> xi3) (x1i3 - 18))
d418 = 0.9962/ ((ped[x] /. x —> xid) (xid4 - 18))
d518 = 0.9962/ ((ped[x] /. x —> xi5) (xi5 - 18))
d618 = 0.9962/ ((ped[x] /. x —> xi6) (xi6 — 18))
d718 = 0.9962/ ((ped[x] /. x —> xi7) (x1i7 - 18))
d818 = 0.9962/ ((ped[x] /. x —> xi8) (x18 - 18))

Abs[dl1l1l] + Abs[dl1l2] + Abs[dl13] + Abs[dl1l4] + Abs[dll5] +

Abs[dll6] + Abs[dl1l7] + Abs[d1l1l8] + Abs[d211] + Abs[d212] +
Abs[d213] + Abs[d214] + Abs[d215] + Abs[d216] + Abs[d217] +
Abs[d218] + Abs[d311] + Abs[d312] + Abs[d313] + Abs[d314] +
Abs[d315] + Abs[d316] + Abs[d317] + Abs[d318] + Abs[d41l1l] +
Abs([d412] + Abs[d413] + Abs[d414] + Abs[d415] + Abs[d4le] +
Abs[d417] + Abs[d418] + Abs[d511] + Abs[d512] + Abs[d513] +
Abs[d514] + Abs[d515] + Abs[d516] + Abs[d517] + Abs[d518] +
Abs[d61ll] + Abs[d612] + Abs[d613] + Abs[d614] + Abs[d615] +
Abs[d616] + Abs[d617] + Abs[d61l8] + Abs[d711] + Abs[d712] +
Abs[d713] + Abs[d714] + Abs[d715] + Abs[d716] + Abs[d717] +
Abs[d718] + Abs[d811] + Abs[d812] + Abs[d813] + Abs[d814] +
Abs[d815] + Abs[d816] + Abs[d817] + Abs[d818]

46.6599

A4 Degree 10 polynomial

x1i = Solve[(z — 1) (z - E~(I Pi/5)) (z - E~(I (2 Pi/5 - Pi/70)))

(z + 1)(z — E~(I 4 Pi/5)) (z — E~(I (3 Pi/5 — Pi/70)))
(z — E~(I 6 Pi/5)) (z — E~(I 9 Pi/8)) (z — E~(I (7 Pi/5 - Pi/70)))
(z — E~(I (8 Pi/5 - P1/70))) == w, z] /. w —=> 0.9979

xil = N[Part([xi, 1, 1, 2]]

xi2 = N[Part([xi, 2, 1, 2]]

xi3 = N[Part[xi, 3, 1, 21]

xi4 = N[Part[xi, 4, 1, 2]1]

xi5 = N[Part([xi, 5, 1, 21]



xi6 = N[Part[xi, 6, 1, 2]]
xi7 = N[Part[xi, 7, 1, 2]]
xi8 = N[Part[xi, 8, 1, 2]1]
x19 = N[Part[xi, 9, 1, 2]]
xi10 = N[Part[xi, 10, 1, 2]]

= NSolve[(z - 1) (z — E~(I Pi/5)) (z - E~(I (2 Pi/5 - Pi/70)))

z + 1) (z — E~(I 4 Pi/5)) (z — E~(I (3 Pi/5 - Pi/70)))

z — E*(I 6 Pi/5))(z - E~(I 9 Pi/8)) (z - E~(I (7 Pi/5 = Pi/70)))
z

- E~(I (8 Pi/5 - Pi/70))) == 0, z];
11 = N[Part[l, 1, 1, 21]
12 = N[Part[l, 2, 1, 2]]
13 = N[Part([l, 3, 1, 21]
14 = N[Part([l, 4, 1, 2]]
15 = N[Part([l, 5, 1, 21]
16 = N[Part[l, 6, 1, 2]]
17 = N[Part[l, 7, 1, 21]
18 = N[Part([l, 8, 1, 21]
19 = N[Part[l, 9, 1, 21]
110 = N[Part[l, 10, 1, 211
ped[z_] :=
D[{(z — 1) (z — E~(I Pi/5)) (z — E~(I (2 Pi/5 - P1i/70))) (z + 1)
(z — E~(I 4 P1i/5)) (z — E~(I (3 Pi/5 - Pi/70)))
(z — E*(I 6 Pi/5)) (z — E~(I 9 Pi/8)) (z -E~(I (7 Pi/5 — Pi/70)))
(z — E~(I (8 Pi/5 - Pi/70))), z]
dlll = 0.9979/ ((ped[x] /. x —> xil) (xil - 11))
d211 = 0.9979/ ((ped[x] /. x —> xi2) (xi2 - 11))
d311 = 0.9979/ ((ped[x] /. x -> xi3) (xi3 - 11))
d411 = 0.9979/ ((ped[x] /. x —> xi4) (xi4 - 11))
d511 = 0.9979/ ((ped[x] /. x —> xi5) (xi5 - 11))
d6ll = 0.9979/ ((ped[x] /. x —> xi6) (xi6 - 11))
d711 = 0.9979/ ((ped[x] /. x —-> xi7) (xi7 - 11))
d81l1 = 0.9979/ ((ped[x] /. x —> xi8) (x18 - 11))
d911 = 0.9979/ ((ped[x] /. x —> xi9) (xi9 - 11))
d1011 = 0.9979/ ((ped[x] /. x —-> x110) (xil0 - 11))
d112 = 0.9979/ ((ped[x] /. x —-> xil) (xil - 12))
d212 = 0.9979/ ((ped[x] /. x => xi2) (xi2 - 12))
d312 = 0.9979/ ((ped[x] /. x -> xi3) (xi3 - 12))
d412 = 0.9979/ ((ped[x] /. x —> xi4) (x1i4 - 12))
d512 = 0.9979/ ((ped[x] /. x —> xi5) (xi5 - 12))
d612 = 0.9979/ ((ped[x] /. x —> xi6) (xi6 - 12))
d712 = 0.9979/ ((ped[x] /. x —> xi7) (xi7 - 12))
d812 = 0.9979/ ((ped[x] /. x -> xi8) (xi8 - 12))
d912 = 0.9979/ ((ped[x] /. x —> x19) (x19 - 12))
dl012 = 0.9979/ ((ped[x] /. x —> xil0) (x1i10 - 12))



dll3 =
d213 =
d31l3 =
d413 =
d513 =
del3 =
d713 =
dgl3 =
dol3 =
d1013

dll4 =
dz14 =
d3l4 =
d4l4 =
ds514 =
deld =
d714 =
dgl4 =
dol4 =
d1014

dlls =
d215 =
d315 =
d4ls =
d515 =
dels =
d715 =
dgls =
dols =
d1015

dlle =
dz2le =
d31l6 =
d4le =
dsle =
dele =
d716 =
d8le =
dole =
dlole

dll7 =
dz17 =
d31l7 =
d4l7 =
ds517 =
del7 =

O O O O O oo oo O O O O O oo oo O O O O O o o oo

O O O O O o o oo

O O O O o o

.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
0.9979/ ((ped[
.9979/ ((ped[x]
.9979/ ((ped[x]
9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
0.9979/ ((ped|
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
0.9979/ ((ped|
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
0.9979/ ((pedl
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]
.9979/ ((ped[x]

[x]

[x]

[x]

[x]

N N NN NN SN N N N N N N N N
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XX X X X X

x —> x110)

x —> x1i10)

x —> x1i10)

(xil 13))
(x12 13))
(x13 13))
(x14 13))
(x15 13))
(xi6 13))
(x17 13))
(x18 13))
(x19 13))
(x110 - 13))
(xil 14))
(x12 14))
(x13 14))
(x14 14))
(x15 14))
(xi6 14))
(x17 14))
(x18 14))
(x19 14))
(x110 - 14))
(xil 15))
(x12 15))
(x13 15))
(x14 15))
(x15 15))
(xi6 15))
(x17 15))
(x18 15))
(x19 15))
(x110 - 15))
(xil 16))
(x12 16))
(x13 16))
(x14 16))
(x15 16))
(xi6 16))
(x17 16))
(x18 16))
(x19 16))
(x110 - 106))
(xil 17))
(x12 17))
(x13 17))
(x14 17))
(x15 17))
(x1i6 17))



d717 = 0.9979/ ((ped[x] /. x —> xi7) (xi7 - 17))

dg8l7 = 0.9979/ ((ped[x] /. x —> xi8) (xi8 - 17))

do9l17 = 0.9979/ ((ped[x] /. x —> x19) (xi9 - 17))

dl1017 = 0.9979/ ((ped[x] /. x —> xil0) (x110 - 17))

dl18 = 0.9979/ ((ped[x] /. x —> xil) (xil - 18))

d218 = 0.9979/ ((ped[x] /. x —> xi2) (xi2 - 18))

d318 = 0.9979/ ((ped[x] /. x —> xi3) (xi3 - 18))

d418 = 0.9979/ ((ped[x] /. x -> xi4d) (xid4 - 18))

d518 = 0.9979/ ((ped[x] /. x -> xib) (xi5 - 18))

d6l8 = 0.9979/ ((ped[x] /. x —> xi6) (x1i6 - 18))

d718 = 0.9979/ ((ped[x] /. x —> xi7) (xi7 - 18))

dg8l8 = 0.9979/ ((ped[x] /. x —> xi8) (xi8 - 18))

do918 = 0.9979/ ((ped[x] /. x —> x19) (xi9 - 18))

d1018 = 0.9979/ ((ped[x] /. x —> xi110) (xil0 - 18))

dl1l9 = 0.9979/ ((ped[x] /. x —> xil) (xil - 19))

d219 = 0.9979/ ((ped[x] /. x —> xi2) (xi2 - 19))

d319 = 0.9979/ ((ped[x] /. x —> xi3) (xi3 - 19))

d419 = 0.9979/ ((ped[x] /. x —-> xid) (xid4 - 19))

d519 = 0.9979/ ((ped[x] /. x —> xi5) (xi5 - 19))

d6l9 = 0.9979/ ((ped[x] /. x —> xi6) (x1i6 — 19))

d719 = 0.9979/ ((ped[x] /. x —> xi7) (xi7 - 19))

dg8l9 = 0.9979/ ((ped[x] /. x —> xi8) (xi8 - 19))

d919 = 0.9979/ ((ped[x] /. x —> xi9) (xi9 - 19))

d1019 = 0.9979/ ((ped[x] /. x —> x110) (xil0 - 19))

dl1110 = 0.9979/ ((ped[x] /. x —> xil) (xil - 110))

d2110 = 0.9979/ ((ped[x] /. x —> xi2) (xi2 - 110))

d3110 = 0.9979/ ((ped[x] /. x —> xi3) (xi3 - 110))

d4110 = 0.9979/ ((ped[x] /. x —-> xi4) (xi4 - 110))

d5110 = 0.9979/ ((ped[x] /. x —-> x15) (xi5 - 110))

d6110 = 0.9979/ ((ped[x] /. x —> xi6) (xi6 - 110))

d7110 = 0.9979/ ((ped[x] /. x —> xi7) (xi7 - 110))

dg8110 = 0.9979/ ((ped[x] /. x —> xi8) (xi8 - 110))

d9110 = 0.9979/ ((ped(x] /. x —> xi9) (xi9 - 110))

d10110 = 0.9979/ ((ped[x] /. x -> x110) (xil0 - 110))
Abs[dl11l] + Abs[dl1l2] + Abs[dl13] + Abs[dl14] + Abs[dl1l5]
Abs[dl1l6] + Abs[dl1l7] + Abs[d1l18] + Abs[dl19] + Abs[dl110]
Abs[d211] + Abs[d212] + Abs[d213] + Abs[d214] + Abs[d215]
Abs[d216] + Abs[d217] + Abs[d218] + Abs[d219] + Abs[d2110]
Abs[d311] + Abs[d312] + Abs[d313] + Abs[d314] + Abs[d315]
Abs[d316] + Abs[d317] + Abs[d318] + Abs[d319] + Abs[d3110]
Abs[d411] + Abs[d412] + Abs[d413] + Abs[d414] + Abs[d415]
Abs[d416] + Abs[d417] + Abs[d418] + Abs[d419] + Abs[d4110]
Abs[d511] + Abs[d512] + Abs[d513] + Abs[d514] + Abs[d515]
Abs [d516] + Abs[d517] + Abs[d518] + Abs[d519] + Abs[d5110]
Abs[d611l] + Abs[d612] + Abs[d613] + Abs[d614] + Abs[d615]
Abs[d616] + Abs[d617] + Abs[d618] + Abs[d619] + Abs[d6110]

+

+

+

+

+

+

+

+

+

+

+

+



Abs[d711] + Abs[d712] + Abs[d713] + Abs[d714] + Abs[d715] +
Abs[d716] + Abs[d717] + Abs[d718] + Abs[d719] + Abs[d7110] +
Abs[d811] + Abs[d812] + Abs[d813] + Abs[d814] + Abs[d815] +
Abs[d816] + Abs[d817] + Abs[d818] + Abs[d819] + Abs[d8110] +
Abs[d911] + Abs[d912] + Abs[d913] + Abs[d914] + Abs[d915] +
Abs[d916] + Abs[d917] + Abs[d918] + Abs[d919] + Abs[d9110] +
Abs([d1011] + Abs[d1012] + Abs[dl1013] + Abs[dl1014] +
Abs[d1015] + Abs[dl016] + Abs[d1017] + Abs[d1l018] +
Abs[d1019] + Abs[d10110]

16.3586

A.5 Degree 12 polynomial

x1 = Solve[(z - E~(I Pi/12)) (z - E~(I Pi/4))
(z — E~(I (5 Pi/12 - Pi/70))) (z — E~(I (7 Pi/12 - Pi/70)))
(z — E~(I (3 Pi/4)))(z — E~(I 11 Pi/12))(z — E~(I 13 Pi/12))
(z — E~(I 5 Pi/4)) (z — E~(I (17 Pi/12 - Pi/70)))
(z = E~(I (19 Pi/12 - Pi/70))) (z - E~(I 7 Pi/4))
(z — E~(I 23 Pi/12)) == w, z] /. w —> 0.9978
xil = N[Part[xi, 1, 1, 2]1]
xi2 = N[Part[xi, 2, 1, 2]]
xi3 = N[Part[xi, 3, 1, 2]]
xi4 = N[Part[xi, 4, 1, 2]]
xi5 = N[Part[xi, 5, 1, 21]
xi6 = N[Part[xi, 6, 1, 2]]
xi7 = N[Part([xi, 7, 1, 21]
xi8 = N[Part[xi, 8, 1, 21]
x1i9 = N[Part[xi, 9, 1, 2]]
xi1l0 = N[Part[xi, 10, 1, 211
xil1ll = N[Part[xi, 11, 1, 2]]
xi12 = N[Part[xi, 12, 1, 2]]
1l = NSolve][
(z — E~(I Pi/12))(z — E~(I Pi/4)) (z — E~(I (5 Pi/12 - Pi/70)))
(z — E~(I (7 Pi/12 - Pi/70))) (z — E~(I (3 Pi/4)))
(z — E~(I 11 Pi/12))(z — E~(I 13 Pi/12))(z — E~(I 5 Pi/4))
(z — E~(I (17 Pi/12 - Pi/70))) (z — E~(I (19 Pi/12 - Pi/70)))
(z — E~(I 7 Pi/4)) (z — E~(I 23 Pi/12)) == 0, z]
11 = N[Part[l, 1, 1, 2]1]
12 = N[Part[l, 2, 1, 2]]
13 = N[Part[l, 3, 1, 2]]
14 = N[Part[l, 4, 1, 2]1]
15 = N[Part[l, 5, 1, 21]
16 = N[Part[l, 6, 1, 21]
17 = N[Part[l, 7, 1, 2]1]
18 = N[Part[l, 8, 1, 2]]
19 = N[Part[l, 9, 1, 2]]
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110 = N[Part[l, 10, 1, 21]
111 = N[Part[l, 11, 1, 21]
112 = N[Part[l, 12, 1, 211

A

z E~(I Pi/12)) (z — E~(I Pi/4)) (z — E~(I (5 Pi/12 - Pi/70)))
z E~(I (7 P1/12 - Pi/70))) (z — E~(I (3 Pi/4)))

z — E~(I 11 Pi/12) (z — E~(I 13 Pi/12)) (z - E~(I 5 Pi/4))
Z EN(I

Z EN(

~ (17 91/12 - Pi/70))) (z — E~(I (19 Pi/12 - Pi/70)))
I 7 Pi/4) (z — E~(I 23 Pi/12)), z];

A

dlll = 0.9978/ ((ped[x] /. x —> xil) (xil - 11))
d211 = 0.9978/ ((pedix] /. x -> xi2) (xi2 - 11))
d311 = 0.9978/ ((ped[x] /. x —> xi3) (xi3 - 11))
d411 = 0.9978/ ((ped[x] /. x —> xi4) (xi4 - 11))
d511 = 0.9978/ ((ped[x] /. x —> xi5) (xi5 - 11))
de6ll = 0.9978/ ((ped[x] /. x —> xi6) (xi6 - 11))
d711 = 0.9978/ ((ped[x] /. x —> xi7) (xi7 - 11))
dg8ll = 0.9978/ ((ped[x] /. x —> xi8) (xi8 - 11))
d911 = 0.9978/ ((ped[x] /. x -> xi9) (xi9 - 11))
d1011 = 0.9978/ ((ped[x] /. x —-> x110) (xil0 - 11))
dl111l = 0.9978/ ((ped[x] /. x —> xil1l) (xill - 11))
dl211 = 0.9978/ ((ped[x] /. x —> xil2) (xi1l2 - 11))
dll2 = 0.9978/ ((ped[x] /. x -> xil) (xil - 12))
d212 = 0.9978/ ((ped[x] /. x —> xi2) (x12 - 12))
d312 = 0.9978/ ((ped[x] /. x —> xi3) (x13 - 12))
d412 = 0.9978/ ((ped[x] /. x —> xid) (xid4 - 12))
d512 = 0.9978/ ((ped[x] /. x —> xi5) (xi5 - 12))
d6l2 = 0.9978/ ((ped[x] /. x —> xi6) (xi6 — 12))
d712 = 0.9978/ ((ped(x] /. x -> xi7) (xi7 - 12))
d812 = 0.9978/ ((ped[x] /. x —-> xi8) (xi8 - 12))
do912 = 0.9978/ ((ped[x] /. x —> x19) (xi9 - 12))
dl012 = 0.9978/ ((ped[x] /. x —> xil0) (x110 - 12))
dl112 = 0.9978/ ((ped[x] /. x —> xill) (xil1ll - 12))
d1l212 = 0.9978/ ((ped[x] /. x —-> xi12) (xil2 - 12))
dl13 = 0.9978/ ((ped[x] /. x —> xil) (xil - 13))
d213 = 0.9978/ ((ped[x] /. x —> xi2) (xi2 - 13))
d313 = 0.9978/ ((ped[x] /. x —> xi3) (xi3 - 13))
d413 = 0.9978/ ((ped[x] /. x -> xi4d) (xid4 - 13))
d513 = 0.9978/ ((ped[x] /. x -> xib) (xi5 - 13))
d6l3 = 0.9978/ ((ped[x] /. x —> xi6) (xi6 - 13))
d713 = 0.9978/ ((ped[x] /. x —> xi7) (xi7 - 13))
dg8l3 = 0.9978/ ((ped[x] /. x —> xi8) (xi8 - 13))
d913 = 0.9978/ ((ped[x] /. x —> x19) (xi9 - 13))
d1013 = 0.9978/ ((ped[x] /. x —> x110) (xil0 - 13))
dl113 = 0.9978/ ((ped[x] /. x —> xil1ll) (xill - 13))
dl213 = 0.9978/ ((ped[x] /. x —> xil2) (xil1l2 - 13))
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dll4 = 0.9978/ ((ped[x] /. x —> xil) (xil - 14))
d214 = 0.9978/ ((ped[x] /. x —> xi2) (xi2 - 14))
d314 = 0.9978/ ((ped[x] /. x —> xi3) (xi3 - 14))
d414 = 0.9978/ ((ped[x] /. x —> xi4) (xi4 - 14))
d514 = 0.9978/ ((ped[x] /. x —> x1i5) (x1i5 - 14))
deld = 0.9978/ ((ped[x] /. x —> xi6) (x1i6 — 14))
d714 = 0.9978/ ((ped[x] /. x —> xi7) (xi7 - 14))
dg8ld = 0.9978/ ((ped[x] /. x —> xi8) (xi8 - 14))
d914 = 0.9978/ ((ped[x] /. x -> xi9) (xi9 - 14))
d1014 = 0.9978/ ((ped[x] /. x —> x110) (xil0 - 14))
dl114 = 0.9978/ ((ped[x] /. x -> xil1l) (xill - 14))
dl214 = 0.9978/ ((ped[x] /. x —> xil2) (xi1l2 - 14))
dll5 = 0.9978/ ((ped[x] /. x —> xil) (xil - 15))
d215 = 0.9978/ ((ped[x] /. x -> xi2) (xi2 - 15))
d315 = 0.9978/ ((ped[x] /. x —> xi3) (x1i3 - 15))
d415 = 0.9978/ ((ped[x] /. x —> xid) (xid4 - 15))
d515 = 0.9978/ ((ped[x] /. x —> xi5) (xi5 - 15))
d6l5 = 0.9978/ ((ped[x] /. x —> xi6) (xi6 — 15))
d715 = 0.9978/ ((ped[x] /. x -> xi7) (xi7 - 15))
d815 = 0.9978/ ((ped[x] /. x —> xi8) (x18 - 15))
d915 = 0.9978/ ((ped[x] /. x —> x19) (x19 - 15))
dl1015 = 0.9978/ ((ped[x] /. x —> xil0) (x110 - 15))
dl115 = 0.9978/ ((ped[x] /. x —> xill) (xil1ll - 15))
dl215 = 0.9978/ ((ped[x] /. x —> xil2) (xil2 - 15))
dlle = 0.9978/ ((ped[x] /. x —> xil) (xil - 16))
d216 = 0.9978/ ((ped[x] /. x —> xi2) (xi2 - 16))
d316 = 0.9978/ ((ped[x] /. x —> xi3) (xi3 - 16))
d416 = 0.9978/ ((ped[x] /. x —> xi4d) (xid4d - 16))
d516 = 0.9978/ ((ped[x] /. x —> xi5) (xi5 - 16))
dele = 0.9978/ ((ped[x] /. x —> xi16) (x1i6 — 16))
d716 = 0.9978/ ((ped[x] /. x —> xi7) (xi7 - 16))
dgle = 0.9978/ ((ped[x] /. x —> xi8) (xi8 - 16))
do9l6 = 0.9978/ ((ped[x] /. x —> x19) (xi9 - 16))
dl101l6 = 0.9978/ ((ped[x] /. x —> xil0) (x110 - 16))
dlll6 = 0.9978/ ((pedlx] /. x —> xill) (xill - 16))
dl216 = 0.9978/ ((ped[x] /. x —-> x112) (xil2 - 16))
dll7 = 0.9978/ ((ped[x] /. x —> xil) (xil - 17))
d217 = 0.9978/ ((ped[x] /. x => xi2) (xi2 - 17))
d317 = 0.9978/ ((ped[x] /. x -> xi3) (xi3 - 17))
d417 = 0.9978/ ((ped[x] /. x —> xi4) (x1i4 - 17))
d517 = 0.9978/ ((ped[x] /. x —> xi5) (xi5 - 17))
d6l7 = 0.9978/ ((ped[x] /. x —> xi6) (xi6 - 17))
d717 = 0.9978/ ((ped[x] /. x —> xi7) (xi7 - 17))
d817 = 0.9978/ ((ped[x] /. x —-> xi8) (xi8 - 17))
d917 = 0.9978/ ((ped[x] /. x -> xi9) (xi9 - 17))
dl017 = 0.9978/ ((ped[x] /. x —> xil0) (x1i10 - 17))
dl117 = 0.9978/ ((ped[x] /. x —> xill) (xi1ll - 17))
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dl217 = 0.9978/ ((ped[x] /. x —> xil2) (xil2 - 17))

dl18 = 0.9978/ ((ped[x] /. x -> xil) (xil - 18))
d218 = 0.9978/ ((ped[x] /. x -> xi2) (xi2 - 18))
d318 = 0.9978/ ((ped[x] /. x —> xi3) (x1i3 - 18))
d418 = 0.9978/ ((ped[x] /. x —> xi4) (xi4 - 18))
d518 = 0.9978/ ((ped[x] /. x —> xi5) (xi5 - 18))
d618 = 0.9978/ ((ped[x] /. x —> xi6) (xi6 — 18))
d718 = 0.9978/ ((ped[x] /. x -> xi7) (xi7 - 18))
d818 = 0.9978/ ((ped[x] /. x —> xi8) (x18 - 18))
d918 = 0.9978/ ((ped[x] /. x —> x19) (x19 - 18))
dl1018 = 0.9978/ ((ped[x] /. x —> xil0) (x110 - 18))
dl1118 = 0.9978/ ((ped[x] /. x —> xill) (xil1ll - 18))
dl1218 = 0.9978/ ((ped[x] /. x —> xil2) (x11l2 - 18))
dl19 = 0.9978/ ((ped[x] /. x —-> xil) (xil - 19))
d219 = 0.9978/ ((ped[x] /. x —> xi2) (xi2 - 19))
d319 = 0.9978/ ((ped[x] /. x —> xi3) (xi3 - 19))
d419 = 0.9978/ ((ped[x] /. x —> xi4d) (xid4 - 19))
d519 = 0.9978/ ((ped[x] /. x —> x1i5) (xi5 - 19))
d6l9 = 0.9978/ ((ped[x] /. x —> xi6) (xi6 - 19))
d719 = 0.9978/ ((ped[x] /. x —> xi7) (x17 - 19))
dg8l9 = 0.9978/ ((ped[x] /. x —> xi8) (xi8 - 19))
do919 = 0.9978/ ((ped[x] /. x —> x19) (xi9 - 19))
dl1019 = 0.9978/ ((ped[x] /. x —> xil0) (x110 - 19))
dl119 = 0.9978/ ((ped[x] /. x —> xill) (xill - 19))
d1219 = 0.9978/ ((ped[x] /. x -> xi112) (xil2 - 19))
dl1110 = 0.9978/ ((ped[x] /. x —> xil) (xil - 110))
d2110 = 0.9978/ ((ped[x] /. x —> xi2) (xi2 - 110))
d3110 = 0.9978/ ((ped[x] /. x —-> x13) (xi3 - 110))
d4110 = 0.9978/ ((ped[x] /. x —> xid) (xi4 - 110))
d5110 = 0.9978/ ((ped[x] /. x —> xi5) (xi5 - 110))
d6110 = 0.9978/ ((ped[x] /. x —> xi6) (xi6 — 110))
d7110 = 0.9978/ ((ped[x] /. x —> xi7) (xi7 - 110))
dg8110 = 0.9978/ ((ped[x] /. x —-> xi8) (xi8 - 110))
d9110 = 0.9978/ ((ped[x] /. x -> x19) (x1i9 - 110))
d10110 = 0.9978/ ((ped[x] /. x -> x110) (xil0 - 110))
dl11110 = 0.9978/ ((ped[x] /. x —> xill) (xill - 110))
d12110 = 0.9978/ ((ped[x] /. x —> xil2) (xi1l2 - 110))
dl1111 = 0.9978/ ((ped[x] /. x —> xil) (xil - 111))
d2111 = 0.9978/ ((ped[x] /. x -> x12) (xi2 - 111))
d3111 = 0.9978/ ((ped[x] /. x —> xi3) (xi3 - 111))
d4111 = 0.9978/ ((ped[x] /. x —> xid) (xid4 - 111))
d5111 = 0.9978/ ((ped[x] /. x —> x15) (xi5 - 111))
d6lll = 0.9978/ ((ped[x] /. x —> x16) (xi6 - 111))
d7111 = 0.9978/ ((ped[x] /. x -> xi7) (xi7 - 111))
dg8lll = 0.9978/ ((ped[x] /. x —> xi8) (xi8 - 111))
dol11l = 0.9978/ ((ped[x] /. x —> x19) (x1i9 - 111))



d10111 = 0.9978/ ( (ped[x]
d11111 = 0.9978/ ( (ped[x]
d12111 = 0.9978/ ( (ped[x]

dlliz =
d2112 =
d3llz =
d4l12 =
ds5112 =
dell2 =
d7112 =
dgllz =
dollz =

dl0112 = 0.9978

dl1112 =

dl2112 = 0.9978

Abs[dl111]
Abs[d116]
Abs[d1111]
Abs[d214]
Abs[d219]
Abs[d312]
Abs[d317]
Abs[d3112]
Abs[d415]
Abs[d4110]
Abs [d513]
Abs[d518]
Abs[d611]
Abs[d616]
Abs[d6111]
Abs[d714]
Abs[d719]
Abs[d812]
[d817]
[d8112]
Abs[d915]
Abs[d9110]
Abs[d1012]
[d1016]
[d10110]
Abs[d1112]
Abs[d1116]
Abs[d11110]
[d1212]
[d1216]
[d12110]

Abs
Abs

Abs
Abs

Abs
Abs
Abs

83.4547

O O O O O o o o o
Nej
Nej
~J
o0}
~

|
o
Nel
Ne]
~
@

+ Abs[dll2]
+ Abs[d117]
+ Abs[dl1l12]
+ Abs[d215]
+ Abs[d2110]
+ Abs[d313]
+ Abs[d318]
+ Abs[d41l1l]
+ Abs[d416]
+ Abs[d411l1
+ Abs[d514]
+ Abs[d519]
+ Abs[d6l2]
+ Abs[d6l7]
+ Abs([d6l1l2
+ Abs[d715]
+ Abs[d7110]
+ Abs[d813]
+ Abs[d818]
+ Abs[d911]
+ Abs[d916]
+ Abs[d9111]
+ Abs[d1013]
+ Abs[d1017]
+ Abs[d10111]
+ Abs[dl113]
+ Abs[dl117]
+ Abs[dl1l1l11]
+ Abs[d1213]
+ Abs[d1l217]
+ Abs[dl2111]

N N N

/.
/.
/.

/.
/.
/.

XX X X X X X X X

X —> xil10)
x —=> xill)
x —> x112)

x19)

x —> x110)
X —> xill)
X —> xil2)

+ Abs[dl1l3] +
+ Abs[dl118] +
]

+ Abs[d211

+ Abs[d216] +
+ Abs[d2111]
+ Abs[d314] +
+ Abs[d319] +
+ Abs[d412]
Abs[d417] +
+ Abs[d4112]
Abs[d515] +
Abs[d5110]
Abs[d613] +
Abs[d618] +

+ Abs[d711]

+
+
+

+
+

+
+

Abs[d716] +
+ Abs[d7111]
+ Abs[d814] +
+ Abs[d819] +

+ Abs[d912]
+ Abs[d917] +
Abs[d9112]
Abs[d1014]
Abs[d1018]
+ Abs[d10112]
Abs[dl1114]
Abs[d1118]
+ Abs[d11112]
Abs[d1214]
Abs[d1218]

+ Abs[d413]

+ Abs[d5111]

+ Abs[d913]

(xil10 - 111))
(xi11 - 111))
(xil2 - 111))

(x110 - 112))
(xi11l - 112))
(xi12 - 112))
Abs[d1l14] + Abs[d115] +
Abs[d119] + Abs[d1110]+
+ Abs[d212] + Abs[d213]+
Abs[d217] + Abs[d218] +
+ Abs[d2112] +Abs[d311]1+
Abs[d315] + Abs[d316] +
Abs[d3110] + Abs[d31111+
+ Abs[d414] +
Abs[d418] + Abs[d419] +
+ Abs[d511] +Abs[d512]1+
Abs[d516] + Abs[d517] +
+Abs [d5112]+
Abs[d614] + Abs[d615] +
Abs[d619] + Abs[d6110] +
+ Abs[d712] + Abs[d7131+
Abs[d717] + Abs[d718] +
+ Abs[d7112] +Abs[d811]1+
Abs[d815] + Abs[d816] +
Abs[d8110] + Abs[d8111]1+
+ Abs[d914] +
Abs[d918] + Abs[d919] +
+ Abs[d1011] +
+ Abs[d1015] +
+ Abs[d1019] +
+ Abs[d1111] +
+ Abs[d1115] +
+ Abs[d1119] +
+ Abs[d1211] +
+ Abs[d1215] +
+ Abs[d1219] +

+ Abs[d1l2112]
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A.6 Degree 14 polynomial

xi = Solvel[(z - 1) (z + 1) (z - E~(I Pi/7)) (z — E~(2 I Pi/7))
(z — E~(I (3 Pi/7 — Pi/70))) (z — E~(I (4 Pi/7 - Pi/70)))
(z — E~(I (5 Pi/7))) (z — E~(I 6 Pi/7)) (z — E~(I 8 Pi/7))
(z = E~(I 9 Pi/7)) (z - E~(I (10 Pi/7 - Pi/70)))
(z — E~(I (11 P1/7 - P1/70)) (z — E~(I 12 Pi/7))
(z — E~(I 13 Pi/7)) == w, z] /. w —> 0.9955
xil = N[Part[xi, 1, 1, 2]]
xi2 = N[Part[xi, 2, 1, 2]]
xi3 = N[Part[xi, 3, 1, 2]]
xi4 = N[Part([xi, 4, 1, 2]]
x15 = N[Part[xi, 5, 1, 2]]
xi6 = N[Part[xi, 6, 1, 2]1]
xi7 = N[Part[xi, 7, 1, 2]]
xi8 = N[Part[xi, 8, 1, 2]]
x1i9 = N[Part[xi, 9, 1, 2]]
xi1l0 = N[Part[xi, 10, 1, 21]
xill = N[Part[xi, 11, 1, 21]
xil2 = N[Part[xi, 12, 1, 21]
xi13 = N[Part[xi, 13, 1, 2]]
xi1l4 = N[Part([xi, 14, 1, 2]]
1l = NSolve[(z — 1) (z + 1) (z — E~(I Pi/7)) (z — E~(2 I Pi/7))
(z — E~(I (3 Pi/7 - Pi/70))) (z — E~(I (4 Pi/7 - Pi/70)))
(z — E~(I (5 Pi/7))) (z — E~(I 6 Pi/7)) (z — E~(I 8 Pi/7))
(z — E~(I 9 Pi/7)) (z — E~(I (10 Pi/7 - Pi/70)))
(z — E~(I (11 Pi/7 - Pi/70))) (z - E~(I 12 Pi/7))
(z — E~(I 13 Pi/7)) == 0, z]
11 = N[Part[l, 1, 1, 211; 12 = N[Part[l, 2, 1, 211;
13 = N[Part[l, 3, 1, 211; 14 = N[Part[l, 4, 1, 211;
15 = N[Part[l, 5, 1, 2]11; 16 = N[Part[l, 6, 1, 211;
17 = N[Part([l, 7, 1, 2]1]1; 18 = N[Part[l, 8, 1, 211;
19 = N[Part([l, 9, 1, 2]]1; 110 = N[Part([l, 10, 1, 21]1;
111 = N[Part[l, 11, 1, 2]11; 112 = N[Part[l, 12, 1, 2]1];
113 = N[Part[l, 13, 1, 211; 114 = N[Part[l, 14, 1, 21]1;
pedlz_] :=
D[(z — 1) (z + 1) (z — E~(I Pi/7)) (z — E~(2 I Pi/7))
(z — E~(I (3 Pi/7 - Pi/70))) (z - E~(I (4 Pi/7 - Pi/70)))
(z — E~(I (5 Pi/7))) (z — E~(I 6 Pi/7)) (z — E~(I 8 Pi/7))
(z — E~(I 9 Pi/7)) (z — E~(I (10 Pi/7 - Pi/70)))
(z = E~(I (11 Pi/7 = Pi/70))) (z — E~(I 12 Pi/7))
(z — E~(I 13 Pi/7)), z];
dlll = 0.9955/ ((ped[x] .ox —> xil) (xil1l - 11))

/
d211 = 0.9955/ ((ped[x] /. x -> xi2) (xi2 - 11))
d311 = 0.9955/ ((ped[x] /. x -> xi3) (xi3 - 11))
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d9114 = 0.9955/ ((ped[x] /. x —> x19) (x19 - 114))

d10114 = 0.9955/ ((ped[x] /. x —> xil0) (xi10 - 114))

dl1114 = 0.9955/ ((ped[x] /. x -> xill) (xill - 114))

d12114 = 0.9955/ ((ped[x] /. x -> xi12) (xil2 - 114))

d13114 = 0.9955/ ((ped[x] /. x —> xil3) (x1i13 - 114))

dl4114 = 0.9955/ ((ped[x] /. x —> xil4d) (xil4 - 114))
Abs[dl1l1l] + Abs[dl1l2] + Abs[d1l1l3] + Abs[dll4] + Abs[dl1l5]
Abs[dl16] + Abs[dl1l7] + Abs[dl1l8] + Abs[dl19] + Abs[dl1110]
Abs([d1l111] + Abs[d1112] + Abs[dl1l13] + Abs[dl1l14] +
Abs[d211] + Abs[d212] + Abs[d213] + Abs[d214] + Abs[d215]
Abs[d216] + Abs[d217] + Abs[d218] + Abs[d219] + Abs[d2110]
Abs[d2111] + Abs[d2112] + Abs[d2113] + Abs[d2114] +
Abs[d311] + Abs[d312] + Abs[d313] + Abs[d314] + Abs[d315]
Abs[d316] + Abs[d317] + Abs[d318] + Abs[d319] + Abs[d3110]
Abs[d3111] + Abs[d3112] + Abs[d3113] + Abs[d3114] +
Abs[d411] + Abs[d412] + Abs[d413] + Abs[d414] + Abs[d41l5]
Abs[d416] + Abs[d417] + Abs[d418] + Abs[d419] + Abs[d4110]
Abs[d4111] + Abs[d4112] + Abs[d4113] + Abs[d4114] +
Abs[d511] + Abs[d512] + Abs[d513] + Abs[d514] + Abs[d515]
Abs[d516] + Abs[d517] + Abs[d518] + Abs[d519] + Abs[d5110]
Abs[d5111] + Abs[d5112] + Abs[d5113] + Abs[d5114] +
Abs[d61ll] + Abs[d6l2] + Abs[d613] + Abs[d6l4] + Abs[d61l5]
Abs[d616] + Abs[d6l7] + Abs[d618] + Abs[d619] + Abs[d6110]
Abs[d6111] + Abs[d6112] + Abs[d6113] + Abs[d6114] +
Abs[d711] + Abs[d712] + Abs[d713] + Abs[d714] + Abs[d715]
Abs[d716] + Abs[d717] + Abs[d718] + Abs[d719] + Abs[d7110]
Abs([d7111] + Abs[d7112] + Abs[d7113] + Abs[d7114] +
Abs[d811] + Abs[d812] + Abs[d813] + Abs[d814] + Abs[d815]
Abs[d816] + Abs[d817] + Abs[d818] + Abs[d819] + Abs[d8110]
Abs[d8111] + Abs[d8112] + Abs[d8113] + Abs[d8114] +
Abs[d911] + Abs[d912] + Abs[d913] + Abs[d914] + Abs[d915]
Abs[d916] + Abs[d917] + Abs[d918] + Abs[d919] + Abs[d9110]
Abs[d9111] + Abs[d9112] + Abs[d9113] + Abs[d9114] +
Abs[d1011] + Abs[dl012] + Abs[d1013] + Abs[d1l014] +
Abs[d1015] + Abs[d1016] + Abs[d1l017] + Abs[d1018] +
Abs[d1019] + Abs[d10110] + Abs[d1l0111l] + Abs[d1l011l2] +
Abs[d10113] + Abs[d1l0114] + Abs[dl111l] + Abs[dl1l12] +
Abs[d1113] + Abs[d1114] + Abs[dl115] + Abs[dllle] +
Abs[d1117] + Abs[dl118] + Abs[d1l119] + Abs[dl11110] +
Abs[d11111] + Abs[dl1112] + Abs[dl11113] + Abs[dl1114] +
Abs[d1211] + Abs[d1212] + Abs[d1l213] + Abs[dl214] +
Abs[d1215] + Abs[dl216] + Abs[d1l217] + Abs[dl218] +
Abs[d1219] + Abs[d12110] + Abs[dl2111] + Abs[dl2112] +
Abs[d12113] + Abs[dl2114] + Abs[d1311] + Abs[d1l312] +
Abs[d1313] + Abs[dl314] + Abs[d1315] + Abs[dl31l6] +
Abs[d1317] + Abs[d1318] + Abs[d1319] + Abs[d13110] +
Abs[d13111] + Abs[d13112] + Abs[d1l3113] + Abs[d13114] +
Abs([dl411] + Abs[d1412] + Abs[dl1413] + Abs([dl414] +
Abs[d1415] + Abs[dl416] + Abs[dl1417] + Abs[dl1418] +

+
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Abs[d1419] + Abs[d14110] + Abs[dl4111] + Abs[d1l4112] +
Abs[d14113] + Abs[dl4114]

16.7046

B Matlab program - computes s from Remark 2.10

function pituus = minlength (piste,polyn, rho, loota)

$SUNTITLED piste=[x;y] (column vector) is the critical point
and polyn=[a_n, .. , a_l,a_0] (row vector) for the REAL
polynomial anxz”™n + ... + al*z+a0O, rho is the level
(p(z)=rho gives the lemniscate)

loota=the size of the drawing area. MAKE BIG ENOUGH FOR THE
LEMNISCATE TO FIT IN, oterwise the Matlab’s contour command
returns only partof the lemniscate drawn and you get wrong
(and strange) answers

o° o0 o o o o o o

o\

get the level curve data
C = kontour (polyn, [rho], [-1loota,-loota, loota, lootal);
[~,m]=size (C);
% (copypaste from lemnlength:)
katkot=[];
for 1ii=2:m
if (C(2,11)>10)
katkot=[katkot, 1ii];
end
end
% build M matrix that contains the start and end points
% for the pieces of the lemniscate in the data
valienlkm=length (katkot) +1;
M=zeros (2,valienlkm); M(1l,1)=2; M(2,valienlkm)=m;
for ii=1:(valienlkm-1)
M(2,1ii)=katkot (ii)-1; M(1l,ii+1)=katkot (ii)+1;
end
% go through M and calculate all the angles
pituudet=sqrt (2) xlootaxones (1l,m);
for ii=l:valienlkm
for jj=M(1,1ii): (M(2,1i1i))
pituudet (jj)=norm([C(1, jj)-piste(l,1),C(2,7])-piste(2,1)1]1);
end
end
pituus=min (pituudet) ;
end

The programme above uses the following programme:

function C = kontour (p,tasot, ruutu)
UNTITLED Draws the lemniscates of the polynomial p.
The picture coordinates are in ruutu vector.

o° o o

ruutu=[xmin, ymin, xmax, ymax ]

21



%

asot=[11,12,..,1n] (the levels to be drawn)

t
p=[an,...,al,a0] (the polynomial an*z®n + ... + alxz+a0)

o\

Jjuuret=roots (p) ;

xx=linspace (ruutu(l), ruutu(3),501);

yy=linspace (ruutu(2), ruutu(4),501);

[X,Y]=meshgrid (xx,VvYy);

Z=abs (polyval (p, X+1ixY));

if length(tasot)==1
[C,~]=contour (X,Y,Z, [tasot (1),tasot(1l)]);

else
[C,~]=contour (X,Y,Z,tasot);
end
hold on, plot(real (juuret), imag(juuret),’.k’)
end

C Expansions for the Riesz projection

C.1 Degree 2

Let p(z) = 22 — 1 with solutions A\; = 1, and A\ = —1. Denoting §; (z) = (1 + 2)/2
and 02(z) = (1 — z)/2 we obtain

1 f(z) = f(=2)

hE=1) = SPE+ I+ = (C.1)
P2 -1) = L)+ f(-a) - LI )

Consider the Riesz projection which is obtained by assuming ¢ to be identically 1 near
1 and —1 near —1. We have, for |w| < 1, where w = 22 — 1

1 1 1
(w+1)1/2:1+§w—7w2+—w3+~--

8 16
and 1 5 5
N-vzoq_2 O 9 9 3
(w+1) 2w+8w 16w +

Let us compute the two-centric representation first around the point 1. There with z =
(w4 1)1/2

1 1
5 - 1 S T2 3
1(2) T TRt
1 1 1
6a(2) = —wH —w?— w4,

From (C.1) and (C.2) we obtain

3
fl(w) = 1_§w+§w —T6w3+ s
_ 1 3 5 5 4
fo(w) = 1—|—2w g +16w +e
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This gives

1 3
51(Z)f1(w) = 1—1w+176w2—372w3+ >
1 3 5
02(2)fa(w) = Jw—gew’+ swt e
so their sum is identically 1. Near —1 we have
1 1 1
5 = _= S —wd .
1 1 1
) — 14+ w— —w?+ —wd4...
2(2) W ettt
which gives
1 3
Mfw) = —qu et - Lt
1 3 5
6o(2) fa(w) = —14 —w— —w?+ ——w +---

So, near —1 their sum is identically —1.

C.2 Degree 4

Let p(z) = z* + 1 with roots

M=049)/V2 A= (=140)/V2 Ag=(=1—19)/V2, Ay = (1 —14)/V2.

Denoting

(1= —iV22 4+ (1= i)+ V2
51(2’) = 4\6

= (5 - D+ + VI +i)

(=) +i2 - (L +i)+ V2
52(2) = 4\/§

= (D) VI i)

(142 —iv222 - (1—i)z+ V2
(53(2) = 4\/§

= (g = D) = VI +i)

(14 )B+iV2+ (1402 + V2
64(2’) = 4\6

= G+ D+ VI i)
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we obtain

G +1) = ﬁ[(_gu t g e TG
11— 1—-14 4 )
+ 7 —iz+ \/§Z + 2%) f(iz)
1—4 1+ .
+ (\/§ iz \/izerzS)f(fz)
1+i . 1-i, .
+ (\/§ —z,.z— 7 22 4+ 23) f(—i2)] (C.3)
Rl +1) = gl —ir = 4 )
+ (7i/;ri+iz+1\/gizz+zg)f(iz)
-1—-7 1—14
+ ( \/5 —1z+ \/§ Z2+23)f(_z)
1—i . 1+i, .
+ (\/§ +iz — 7 22 4 23) f(—i2)] (C4
B +1) = gl +ir— =+ ()
1474 1—1 .
+ ( \/§ (22 \/é 22+23)f(22)
-1+ 1+ 4
T (g it 5 +2°)f(=2)
—1—-3 1—1 .
+ 7 —iz+ 7 22+ 2% f(—i2)] (C.5)
faz+1) = é[(_gl—iz“\/_;z%z?’)f(z)
1—i . 1+4i, .
+ (\/§ +iz — \/§Z + 23 f(iz)
1+7 1—1 .
+ (\/§ .fzzf ﬁzerzd)f(z)
+ (_}/—21—24—1'2—1—1\;;22—1—23)]”(—2'2)] (C.6)

Consider the Riesz spectral projection which is obtained by assuming ¢ to be identi-
cally 1 near \; and A4, and —1 near Ay and \3. We have, for |w| < 1, where w = 2441

1/4_1+i_11+iw_31+iw2_Ll+iw3+
V2 42 32 /2 128 /2 ’

Let us compute the four-centric representation first around A;. There with z = (w —
1)'/* we have

(w—1)

35 5
5 = 1—Sw— w2 —ud3+...
! s T s T
1 1 N
) _ - a2 - v 3
2 (=gt + (gt +
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03 = éw+6i4w2+%w3+-u
0y = (%-ﬁ-é)w—i—%wg—i—(ﬁ—lﬁl—%)w?’_;_...
From (C.3), (C.4), (C.5) and (C.6) we obtain
filw) = 14 (G- Dt (o = Dt (o — st
PREEHESRCE N
fa(w) = —1+(—%+£)w+(—£+£)w2+(—2—i+%§)w3+m
fa(w) = 1+(%+£)w+(£+i)w2+(§+%)w3+--~
This gives
61(2) fr(w) = 1+(é—%)w-ﬁ-(%—%)wg—i—(%—%)w?’-k
Safalw) = (5~ D (5~ P — (oo~ e
33(2) f3(w) = —éw—(%—%)wQ—(%_%)w3+...7
BV falw) = (54 D0t (s oy (o T

so their sum is identically 1. Near A\, we have
(51 = (54(2), 52 = (51(2) (53 = (52(2’) (54 = 63(2)

which gives

01(2)fr(w) = (é + é)w + (% + ;—2)w2 + (% + éS)uﬁ N

B Rw) = 1= (5w (et - (o B
Sfsw) = (5 — Dw (s o~ (o — T

04(2) fa(w) = éw + (634 + ;é)wQ + (% + %)wi‘ 4o

So, near \g their sum is —1. Near A3 we have
51 = (53(2’), (52 = (54(2’) (53 = 51(2) 54 = 52(2’)

which gives

01(2) fr(w) = %w+(%—é)w2+(%_%)w3+...7

02(2) fa(w) = —(%+é)w—(%6+%)w2_(%+%é)w3+m
BEsw) = 1= (5w (e - (3
SR = (- Do Dt (et
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so their sum is identically —1 Near A4 we have
51 = (52(2), (52 = (53(2’) (53 = 54(2) 54 = 51(2)

which gives

BEAW) = (- Dt (e — o+ (g — T
B()hw) = —tw— (2t Dyt (o P

03(2) fs(w) = —(%—Fé)w—(%+;—.2)w2—(%+%)w3+...’
04(2) fa(w) = 1+(é+%)w+(%+%)w2+(%+%)w3+--~

So, near \4 their sum is 1.

C.3 Degree 4 with perturbed roots
Now let’s perturb the roots of p(z) = 2*+1 with ¢. Therefore, our polynomial becomes
pe(2) = 2% — 22%sin(2e) + 1
with roots
A = el(m/4=e) N\, = —emim/d=e) N\, = _¢i(n/d=e) N, = —iln/4e)

and derivative p.(2) = 423 — 4z sin(2e).

Denoting
Si(z) = (é - %)((1 i) + V2 2) (€2 — i22) seo(2e)
6a(z) = Z_;;f(\/?e“—(1+¢)z)(1+z’e2i€zz)sec(2s)
5a(z) = (é 4 é)((—1 )+ VB 2) (i€ 4 22) seo(2e)
5u(z) = 64;5 (V26 + (1 +1)2)(1 + ie** 2?) sec(2e)
we get
filpe(2) = \/gzge*“(we%i) (o)
F2(p=(2)) = ézge“(e%—f) (C.8)
Jolpe()) = e (14 R (C9)
fap=(2)) = \/;;e“(e”tz%- (C.10)

Considering the Riesz projection which is obtained by assuming ¢ to be identically 1
near the roots on the right hand side of the imaginary axis and —1 near the others, we
have, for |w| < 1, where w = p.(2),
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1 .
z = (=14 <l—i5—252+é53+...>

1 3, 11
—~(=D¥4 (1 B4
4( ) < +zs+25 tge Tt |w

1 1 156 .
—(-1)¥* (1 - S+ w4
+32( ) ( + 3ie 25 +e w® +

Let us compute the four-centric representation first around \;. There with w = 2% —

222 sin(2¢) + 1

8 31
= 1—-= 2 — 24— ) —4—4
61(2) 8(3+ ic + 8% + — 3¢ 4. )w+32 (( + 2) ( i)e
40 64¢
+(8+2z’)s2—<3—3Z>s3+...)w2+...
do(2) = é(lz — 26+ (4 — 2i) €2 23053+...)w
1 16 162
— ([ (1— 1—1 et - — - = |+ ... 24
~33 <( i)—(1—d)e+ (5b—"Tie <3 3 >€ + )w +
1 81 1 1
= —(1+42c+ -+ Ju—=((1+5)-(2-2i
d3(2) 3 + 2ie + 3¢ + )w 3 <( +2) ( i)e
o;
—|—(4—2z)52—<§—332> 3 >w2+
1
dy(2) = 8((1—1)+25+(4+2z)52+ 3+ )w
1 16 16i\ )
3 <2z (1 —id)e—(1—119) <3 3) >w +

From (C.7), (C.8), (C.9) and (C.10) we obtain

Atw) = 1+((§;‘)+(;+i)s+...>w
() (2 (D))o

+

fo(w) = (14 (2—4i)e+ (10+8i)e* —...)

() (D ()2

- (( + ) (g—?fg>g—(11+91?g>52+...)w2+...
o = () () )

B BTN (T3 (3T o 2,
16 32 8 1 1778 A A
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Ju

fa(w) = (1—(2—4i)e— (10+8i)e* +...)
+ <(;+i)—(2—7;>a—<12+22”>52+...
+ <<i+§’;>—(Z—‘ﬁf)s—(11+9136i)52+...>w2+...
This gives
§1(2) fr(w) = 1+%((1—2i)+(4+6i)5—8€2+...)
+ ;‘:22((2—5;)+(16+12z’)s—(24—34¢)a2+...)+...
52(2) falw) = %(—(1—i)—6i£+(10+8i)€2+...)
- gj—;(2—(1—15i)8—(45-1—112')82—!-...)-|-...
53(2) fs(w) = %(—1—2¢a+...)
- g((1—3;)+(6+6z’)a—(12—12i)52+...>+...
04(2) falw) = (1+1)— (4—2i)e — (24 8i)e” +...)

g ool g
[ V]

+ o= (L414) — (11— 9i)e — (33 + 39i)e® + .

w
[\

so their sum is identically 1. Near A5 we have

)+

40i 4
)

Si(z) = (—(1—2')6—(;1—?)5%...)
+Z((1+i)+25+(4+8z’)52+§E3+...>
—g(2—(4—2')6—(4—&)52—(6;+2i>e3+...)+...

5alz) = (1—3@'5—352—&-...)—1—2}(—3+4i5—852+is
-1—1;22((2—1—3;)—(1—2')5—1—(11—&-82')52—(?—?)53—%

63(z) = ((1+i)s+(§+‘§)a3+...>
+Z((1i)2€+(48i)52§53...)
—g((1—i)+(2+i)s+(8—4i)62+<332+4§i>

28
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3
w? i 16 16
——=((1+= 1—1 WP+ ———= )+ ) +...
32<(+2)+( i)e + (7 + 4i)e +(3 3>a+ )+

8% 401
da(z) = (i€+3€2—253+...> —|—1§<1—4i5—3253+...>

which gives

Si(2)filw) =

(G-$)e-)

(1 414) + 6ic — (8 —4i)e* +...)

N
|
—~
—
|
~
N2
™
|

_|_
g oo g

_|_
&l
[\S)

—
~—~

[

3—d)+ (T+16i)c — (28 — 16i)e> +...) + ...
2—i)e+ (1+2i)e* +...)
2i) — (8 — 8i)e — (18 + 14i)e® +...)

(=%}
()
—
N
—
"
—
S
=
Il
—
|
—
+
=~

g oo g
+

—~
—~

4+3;>—(12—26i)5—(69+38¢)52+...>+...

Tid) ey
st 3

_g((1—2’)-1—(4—1—22’)5—1—42'52—1—...)

+%(2i—(13+2z')e+(8—28¢)52+...)+,,,
0a(2) fa(w) = (i€—(1+2i)s2+ (2— ij) s3+...)

8

+%2 ((1+;> —(6—12i)5—(49—26i)52+...>—|—...

|
Bl5
+

[« %)
w
=
N
S—
pros
—
S
=
I
/N
N
—

.
~
™
|

g

+— (1 —(4—4i)e — (10 + 14i)e® + ... )

So, near \s their sum is —1. Near A3 we have

w , 8t 5 w? { .
5(z) = 8(1+215+35 +...>+32(<1+2>+(22z)5

y
—(4—2i)52+(2—332)53+...>+...

2
5a(2) = Z((l—z’)+25+(4+2i)52+3053+...>
2 1 16i
—;”2<2i—(1—z’)e—(1—11z‘)52—<36—?>a3+...>+...
w & w? 3
= 1-—— 2i Ay T —((2+5 ) —(4—4i
d5(z) 3 <3+ ie + 8~ + g+ >+32 (( + 2) ( i)e
4 4i
+(8—|—2i)52—(30—632>53+...>+...
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5u(z) = ZOL@—%+M—M¥—?§+W>
—;”—2 ((1—@')—(1—1’)54—(5—72’)52— (136—13&)53+...>+...

which gives

51(2) fi(w) = Z(l—l—%e—i—iie?’—i—...)

+1§)—22 ((1—3;)+(6+6i)5—(12—12i)52+...) +...
52(2) fo(w) = -%m+w—u—mk—@+wg+“)

—1;)—22((1+i)—(11—9i)€—(33+39i)52+...)+...
%@ﬁ@):-J—%M—M+M+M&%§+“)

—1;—22 ((2—522)+(16+12i)5—(24—341')524-...)—I—...
Sa(2)fa(w) = 2 ((1—1d)+6ic — (10 +8i)e> +...)

8
+%(2_(1_15i)8—(45+11i)62+...)—|—,,_

so their sum is 1. Near \4 we have

4 4
51(z) = 01mk+<+z)§+“>
373
+w((1—1’)—254—(4—8@')52—853...)
8 3
w? : ) Lo (32 400\ 4
3 <(12)+(2+Z)6+(84Z)5 +<3+3>€ +...)+...
. 100
da(2) = (ia+352—8;63+...>+1§<1—4z'5—gzeg—i—...)

w? i 16 167
- 1+ = 1—1 47)&> e
32<<+2>+( i)e+ (7T+4i)e +(3 3>€+ >+

5y() = (—u—ng—(§—§)51+”>

8
+% ((1+i)+25+(4+8i)52+353+...>

2 4 .
—% (2—(4—i)5—(4—8i)52— <63+i’)s3+...)+...

40¢
S4(2) = (1—32’5—352—}—...)—:(3—4is+852—;53+...>

w? 3 , o (16 160\ 4
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This gives

, 4 4i
0(z)filw) = ((1+2)6+(3+3)53+...>
+%((1—i)+(4+2i)5+4i52+...)
—3—22(2i—(13+2i)5+(8—28i)52+...)+...
52(2) fo(w) = —<i5—(1+2i)s2+(2—?)53—5—...)
—%(1—(4—4i)5—(10+14i)52+...)

—3—22 <<1+;> —(6—12i)s—(49—26i)52+...>+...
65(2) f3(w) = ((1i)5+ (;“éf) e3+...>

~E () 4 B — (8- 4)7 4.
*1;*22((3*i)+(7+162‘)5—(28—16i)52+,.,)Jr_“

Su(2) fa(w) = (1—(2—i)5—(1+2i)52— (;ﬂ;) e3+...>

+% ((1+2i) — (8 — 8i)e — (18 + 14i)e® +...)

S0, near \4 their sum is 1.

C.4 Degree 2 to power n

As a final step we will compute the expansions for the Riesz projection for the polyno-
mial p" = (22 — 1)". As before we let w = 2% — 1 so for |w| < 1 we have

1 1 1
_ DY2 =1 4 “w — w2 4+ —wd -
z=(w+1) +2w g —|—16w+
At the begining of this section we have computed the expansion for p = 2% — 1,
when taking ¢ = 1 near \; = 1 and ¢ = —1 near Ay = —1, (\;, j = 1, 2, being the
roots of p). Thus we have, §1(2) = (1 + 2)/2, d2(2) = (1 — 2)/2 and

filw) = 1f§w+§w T +...,
fo(w) = —1+7w—§w2—|—£w3+
AT 2 8 T

from which we note that f(w) = — f1(w).
From section 2 we know that for « = 27 /n and a given function g(w)

1 —iko 7Y —i(n— a i(n—1)a
whgr(w") = —{g(w) + e g(e"w) 4 - 4 TV (1)
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and from Theorem 2.1 we have

d

0(2) = Y 5;(2)f0(p()") + -+ p()" " fin1 (p(2)")] (C.12)

j=1
where d is the degree of p. Denoting

Fi(w) = fio(w")+- 4+ w" " fra_i(w"),
Fy(w) = faolw™)+ - 4+ w" " fan_1(w"),

since p(z) = w, we have ¢(z) = 61(2) F1(w) + d2(2) Fo(w).
Since f2(w) = — f1(w) we note that also F»(w) = —F;(w). Thus it is enough to
compute F (w). We start by replacing g(w) from (C.11) with f;(w) and we get
fro@") = i) + (e w) + () +
+f (e Vw)}
fun(w") = %{h(w) +eT " fu(ew) + e fi (e w) +
e )
fra(w") = z{fl( +eT 2 fi(e"w) + e fi (e w) +
L i)

Froa(@") = (i) + eI () 4 e O f (20w
te~ i(n— 1)2af ( i(n— 1)aw)}.

Then
Fi(w) = fio(w")+wfi(w n)+w2f12( n)+"'+wn71f1n 1(w™)
_ i(nfl( )+f1 6 w Ze—zka+f 2za Ze—2kla
k=0

n—1 n—1
+f1(63iaw) Z o~ Bkic 4ot fl (ei(nfl)ozw) Z 6ik(n1)a>

k=0 k=0
= l "il f1(eij0‘w) ’il g ke (C.13)
s k=0 ‘

Now we must check that near A\q, the quantity p(z) = 61(2)F1(w) + d2(2) Fa(w) is
identically 1 and near the other root is —1. Since fi(w) = 2z~ = ((w + 1)*/2)~1it
follows that f;(e¥®w) = (e*w + 1)~/ which has the expansion

fl(ez_yaw) =1— 5eljaw 4 éeQanQ 16 31_7(x 3 4.

Replacing this in (C.13) we get

32



1 n—1 3 . 5 B n—1 B
F(w) = - <<1 - ge”aw + §e2”0‘w2 - 1—663”&11)3 +.. ) Z e”ko‘>
=0 k=0
1 n—1n—1 n—1 n—1
= = —ijka __ ijo —ijka
S W z( 3]
=0 k=0
3 2 2ijo —ijka 31]& —ijka
E TR CDWEEIEFTD S E o
1 3
= 1-= w? — —wd ...
PR T
since
n—1ln—1 n—1 n—1 n—1 n—1
Z Z e—z_]k:a = n, Z (ez]a e—z]ka) = n, Z (6213& Z Uk:oc) n,
7=0 k=0 =0 k=0 7=0 k=0

n—1

j
—1
Z <e3”“ Z e‘ijka> = n and so on. Similarly we get F(w) = fo(w). Hence,
k=

=0

near \; we have

1 3 5
61<Z)F1('LU> = 1_*w+ﬁw2—§w3+...,
1 3 5
S(2)Fa(w) = -w— —w?+ —wd+...

1 3
01 (2)Fi(w) = —Zw—kEwQ—@w?’—&— ,
1 .
9o (2)Fo(w) = 71+1w713—6w2+%w3+....

So, their sum is —1.

D Separating polynomials

Below, one can see how monic polynomials of degrees 6, 8, 10, 12 and 14 get separated
and how they look like when appling the perturbations.

For p(z) = 2% — 1 we perturb only the four complex roots and we leave unchanged
the other two real roots,

p(z) = S -1= (z 2 1)(,24 + 22+ 1)
(2> —1)(z — )( ) (z+e")(z + €*)
= (-1 - ) (2" - ') (D.1)

where § = 7/3. Let 0. = 0 — e, then [ : |p.(2)| = 1 — . Letting € = 7/70, we have
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Figure 1: Separation of degree 6 polynomial

For p(z) = 2% — 1 we first need to apply a rotation with 7 /8 so that no root lays
on the imaginary axis. Thus our polynomial becomes p(z) = 2% + 1 with roots ¢'™/8,
eB3iT/8 BIT/8 (Tim/8 0im/8 o1lin/8 o13im/8 and ¢15i7/8 We perturbed only the four
roots closest to the imaginary axis with ¢.

Therefore the perturbed polynomial is

pe(z2) = (2— ei”/s)(z _ ei(?nr/S—e))(Z _ ei(5ﬂ/8+6))<z _ enﬂ/g)

(Z _ eQiﬂ/S)(Z _ ei(llﬂ'/8—€))(2 _ ei(137r/8+s))(z _ el5i7r/8)

and for this one we compute the lemniscate and we plot it.

34



T T T T
| SRR b et 8 S T o Wk S T LR et ey O B e e ik 0 etk i o)
O&F - ................................................
> 1}

SOFFreee ..............................................
ariginal noot
perturbad root

sl T R b ikl PR SRR ¢ gritical point
1 i 1 T T
= -0.5 a 0.5 1

0.5

.|:|5 = e Y e L e R e SR L x|
: original root
parturbed root
-1 : critical point
1 L | 1 |
-1 -0.5 o 0.5 1
¥

Figure 2: Separation of degree 8 polynomial

FOI'p(Z) = 210 _ 1 with roots 1, —1, ei'fr/S’ 621'71'/5, 63'L'7'r/57 641'71'/5’ 667:77/5, €7i7r/5’
e/ and e%7/5 we perturb the four roots that are closest to R and we get

pg(Z) — (22 _ 1)(22 _ ev’,‘n-/S)(z _ ei(27r/5—5))(z _ ei(Sﬂ-/5+s)>(Z _ 641171-/5)
(Z _ 661'71'/5)(2 _ 61’(771'/5—6))(2 _ ei(87r/5+a))(z _ 691’77/5).

For p.(z) we compute the lemniscate and we plot it.
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Figure 3: Separation of degree 10 polynomial
For p(z) = z'2—1 we first apply a rotation with /12 and we get a new polynomial
pply g poly

p(2) = 2'2 + 1 to which we apply the perturbation with . In this case the picture will
look like this:
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And the last case that we discuss here is p(z) = z'* — 1. The roots of this polyno-
mial don’t need any rotation, so we just change the 4 roots that are closest to :R with €

critical point

Figure 4: Separation of degree 12 polynomial

and then we compute and plot the lemniscate:
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Figure 5: Separation of degree 14 polynomial

E Pictures with lowest level of the lemniscate that holds
the separation
These pictures are what we have riched when perturbing the roots with ¢ = 7/70 and

decreasing the level to its lowest value that ensures the separation into two parts, each
on one side of the imaginary axis :
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Degree 4
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Degres 12
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