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COMMUTATIVITY AND SPECTRAL PROPERTIES OF GENUINE
BASKAKOV-DURRMEYER TYPE OPERATORS AND THEIR kTH
ORDER KANTOROVICH MODIFICATION*

MARGARETA HEILMANNT

Abstract. In this paper we present an overview of commutativity results and
different methods for the proofs for Baskakov-Durrmeyer type operators and as-
sociated differential operators. We discuss the spectral properties and generalize
all results to kth order Kantorovich modifications and corresponding Durrmeyer
type variants of Bleimann, Butzer and Hahn operators and Meyer-Koénig and
Zeller operators.
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1. INTRODUCTION AND DEFINITION OF THE OPERATORS

In 1957 Baskakov [5] introduced a general method to construct a class of
positive linear operators depending on a real parameter ¢ including the clas-
sical Bernstein, Szasz-Mirakjan and Baskakov operators as special cases. The
so-called Bernstein-Durrmeyer operators were introduced by Durrmeyer in
[17] and independently developed by Lupag [31]. Afterwards this construction
was carried over to many other classical operators; for instance see [32], 35]
for the Szész-Mirakjan and Baskakov operators, |20 22] in the general set-
ting for so-called Baskakov-Durrmeyer type operators, [33] [10, 11] for the
Jacobi weighted Bernstein-Durrmeyer operators, [14] [15] for the non-weighted
and Jacobi weighted multivariate Bernstein-Durrmeyer operators defined on
a simplex. These operators have a lot of nice properties; they commute, they
commute with certain differential operators, they are self-adjoint but they
only reproduce constants. Let us mention also [2, [24] for general Durrmeyer-
type modifications of Meyer-Konig and Zeller operators and [3] for Durrmeyer
variants of the Bleimann, Butzer and Hahn operators. The Durrmeyer modi-
fication of the Bleimann, Butzer and Hahn operators are closely connected to
the Bernstein-Durrmeyer operators and the Meyer-Konig and Zeller operators
to the Baskakov-Durrmeyer operators. Due to this relation we can carry over
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several results which will be discussed in a separate section at the end of this
paper.

The consideration of so-called genuine Baskakov-Durrmeyer type operators
leads to a class of operators reproducing linear functions and interpolating at
(finite) endpoints of the corresponding interval. These operators are related to
the Baskakov-Durrmeyer type operators in the same way as the Baskakov type
operators to their corresponding Kantorovich variants, i. e., D'oB,,0l; = Bg)
with the notation below.

In what follows for ¢ € R we use the notations

= Jfl . jil =
a®l = H(a +ecl), aL = H(a —c),jeN; a¥=a"0:=1
1=0 1=0

which can be considered as a generalization of rising and falling factorials.
Note that ¢~ = a“ and a®/ = a~%L. This notation enables us to state the
results for the different operators in a unified form.

In the following definitions of the operators we omit the parameter ¢ in the
notations in order to reduce the necessary sub- and superscripts.

Let ce Ry,ne R, n>cforc>0and —n/c € N for ¢ < 0. Furthermore let
j € No, € I, with I, = [0,00) for ¢ > 0 and I, = [0, —1/c] for ¢ < 0. Then
the basis functions are given by

n s
—axle ™ ,c=0,
J

Pn,jT) = =
]( ) nc,] )

!
i xj(l—i—cx)_(%"'j) ,c#0.

Note that py ;(z) =0 for j > —n/cif ¢ < 0 and

(1) p;’L,j(:’C) = n[anrc,jfl(x)_anrc,j(x)]

with the convention p,,;(z) =0, if [ < 0.

For ¢ < 0 we consider the space Li(I.) and denote by LY(I.) the set of all
functions f € Li(l.) with finite limits f(0) = lim, .o+ f(z) and f(—1/c) =
lim,_, /.- f(x) at the endpoints of the interval. For ¢ > 0, a > 0 we denote
by W, (I.) the space of all locally integrable functions on I., satisfying for
t > 0 the growth condition

()] < Me*t if ¢ =0 and |f(t)] < M(1+ct)e if ¢ >0

for some positive constant M. W2(I.) consists of all functions f € W,(I.)
with finite limit f(0) = lim,_,o+ f(z). Furthermore P; denotes the set of all
polynomials of degree at most .

Now we can define the genuine Baskakov-Durrmeyer type operators.
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DEFINITION 1. For ¢ <0, n € RY, —n/c €N, f € LY(1,.) define

(Buf)@) = fOpno(@)+f(~1)pu_2(x)

1

+(n+c) Z pn,j(w>/0 Dnraci1(t)ft)dt, x € [0, —ﬂ _
j=1

Forc>0,a>0,ne€R", n>a—c, f € W) define

(Bnf)(x) = f(0)pno(z)

0 +0) Y pus(@) [ prraes (DO, 7 € 0,00).
=1 0

Setting ¢ = —1 leads to the genuine Bernstein-Durrmeyer operators first
defined in [I2] and independently in [I8], ¢ = 0 to the Phillips operators [34],
¢ > 0 was investigated in [36].

Similar as in [27) 28], 6] we also consider the kth order Kantorovich modifi-
cation of the operators B,,, i.e.,

(2) B .= D¥ o B, o I, k € Ny,

where D* denotes the kth order ordinary differential operator and

v (g k-1
Lf =1 ifk=0, and (ka)(m):/g ((k:—t)l)'

For k = 0 we omit the superscript (k) as indicated by the definition above.
This general definition contains many known operators as special cases. For

F(t)dt, if k € N.

k = 1 we get the Baskakov-Durrmeyer type operators Br(Ll) (see [17] for ¢ = —1,
[32] for ¢ = 0 and [22], (1.3)] for ¢ > 0, named M,,. there) and for k¥ > 2 the

auxiliary operators B considered in [23, (3.5)] (named M,y ;—1 there).
For k € N, f € Li(I.) for ¢ < 0 and f € W,(I.) for ¢ > 0, we have the
explicit representation [23], (3.5)]
ck

(Bff)f)(x) = L_l an+ck,j($)/ Pr—c(k—2) j+k-1(8) f(t)dt,

C?
n i I

where the upper limit of the sum is —% — k in case ¢ < 0, as ppyck,j(z) =0
forj>-2—-Fk.

In this paper we summarize known results, give an overview of different
methods for the proofs and establish general results for the kth order Kan-
torovich modification concerning the commutativity properties and results for
the eigenfunctions of the operators and appropriate differential operators. The
proofs are mainly based on the fact that for a suitable function g, s € Ny, l € N

D¥ g — gy s>1
3 LDg = { P =
3) v Ii_sg—q-— , s<l,
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where

-1 (i+s=1)(0) .
ga@= Y LT Oucp

2!
t=max{0,l—s}

Furthermore we need that for each k € Ny
(4) pepP = BT(ALk)p e P
(see [27), 28, Theorem 1, Theorem 2]).

2. COMMUTATIVITY OF THE OPERATORS

First we summarize known results and give a survey over the different meth-
ods of proofs.

In 1981 Derriennic [I3, Théoreme III.3] proved that the eigenfunctions of
the Bernstein-Durrmeyer operators Br(Ll), i.e.,c=—1,k =1, are the Legendre
polynomials

Qo(z) = 1, Que) = EHED' (1 - )], 1 e N,

with corresponding eigenvalues

n!(n—1)!
N === B
7 0 ) lZTL,

and deduced the representation of the operators in terms of these eigenfunc-
tions, i. e.,

n—1
(BN = 3 As@ile) [ Qs § € 10,1
1=0 0

Ditzian and Ivanov [I6] remarked that from this result it follows immediately
that the operators commute:

min {m—1,n—1} 1
BYBIS = BOBI =Y i@ [ @70
1=0 0
So, the proof of the commutativity is quite elegant in case ¢ = —1. The general
case ¢ < 0, k = 1 can be proved in the same way by using the corresponding
eigenfunctions and eigenvalues given in Theorem [9}

For ¢ = 0 we have the eigenfunction ey = 1, for ¢ > 0 certain polynomial
eigenfunctions (see [25, Remark 2.2, Corollary 2.5]). So, the method for ¢ = —1
is not applicable to the non-compact interval [0, c0) in case ¢ > 0.

In [20, 21] the author proved the commutativity for ¢ > 0, k = 1, f €
L,[0,00), 1 < p < oo with a completely different method. Here we give an
outline of the main steps of the proof. Note that the proof is also valid for
feWy(l,).



170 Margareta Heilmann 5

e First the integral representations
(BB = [ )Gl )y,
(BYBONE) = [ 1) Cumale )y

for all z € [0, 00) were derived with the kernel functions

(o ole o) - _
3 c,j+1,,¢c,l+1
Gnm(z,y) = Z an+c,J )Pmtei(y) (]}Ll) ( e
§=01=0

n+m+c)C7]+l+1 ’

00 00 .
Gmn(z,y) = ZZ Prtei(y pm%’l(x)(J}Ll)(nWl—mf“
0=

n+m+c)5a]+l+1 :

e Next, the kernel functions were considered as functions of two complex
variables and it was shown that they are holomorphic in a certain
region.

e The equality of the kernel functions was proved in an open neighbor-
hood of (0,0) by considering the Taylor series at (0, 0).

e Finally, by using the identity theorem for analytic functions, the equal-
ity of the kernel functions was established for all x,y € [0, c0).

In 2005 Abel and Ivan [4] presented a nice alternative proof for the commu-
tat1v1ty in case ¢ = 0. They proved that for every f € W,(I.), n,m > « with
>

n+m

(5) BYBY f = Bl f
n+m
from which the commutativity follows as a corollary.
In 2011 Tachev and the author [29] proved an analogue for the case ¢ = 0,

k=0, 1i. e., for every f € WQ(I.), n,m > « with ;2 > «

(6) Banf B _nm_ f

n—+m

Now we generalize and @, respectively, to k > 2.

THEOREM 2. Letc =0,k >2, f € Wo(l.), « >0, n,m > a with ;77 > a.
Then

(7) BPMB® = BE), f

n—+m

Proof. Using the definition of By(Lk) and applying for g = B%)Ik_l f we
derive
BRBW® ¢ — pklpWp DB 7
DFIBMBM L — DEIBM g .
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As B,(})qk.,g € Pr_o by the last term on the right hand side vanishes.
Together with this leads to

W pW® = pk-1pW) 1 =%,

n+m ntm

0

From Theorem [2| together with and @ we now get the commutativity

of the operators Bgf) for each k € Ny in case ¢ = 0.

Now we consider ¢ # 0. Since identities as given in , @ and , respec-
tively, are not true for ¢ # 0, the method by Abel and Ivan is not applicable
in this case. For k = 0 we need the following result.

LEMMA 3. Forc <0 letn € RT, —n/c € N, f € LY(I.) such that D'f €
Li(I.). Fore>0,a >01letn € R",n>a—c, f e W) such that
D'f € W, (I.). Then

B.f = f(0)+ LB D' f.

Proof. We only prove the case ¢ < 0 as the case ¢ > 0 is completely analogue.
Using integration by parts and we have

—1/c —1/c
/0 s O (Bt = —(n+0) /0 Dos2ejo1(8) — Proc; (D1 (£)dt

(=) . g=-2-1,
0 0, i=0
0 , 1
Thus, again using , we derive
(8) (BYD'f)(x)
= n [f (‘%) Prte,—2-1(%) — f(o)pn+c,0($)}

n

1
c — /C
—n Y Pricj(@)(n+c) /0 1 (Pn+2c,j—1(t) = Prtac,j(t)) f(t)dt
=0

= n[7(=3) puse 2 1®) — FOprrcolo)]

—1/c

,%,1
Hte) 3 ahy(o) [ s 0

X
[ P n e = Ler) = Lp, (),

/xanrcvo(u)du = % [1 —(1+ cx)*%} = %(1 — pno(x)),
0
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we get by applying I; on both sides of
(LBID' f)(@) = f(=1)pa-2(@)— FO)(1 = pao(x))

_n_q
c

—1/c
+(n+c) > pn,j(w)/o Prt2c,j—1(t) f(t)dt
i=1
= —f(0) + (Bnf)(z).

THEOREM 4. With the same assumptions as in Lemma |3 we have
Proof. With Lemma |§| and the interpolation property of the genuine oper-
ators, 1. e., (Bnf)(0) = (Bmnf)(0) = £(0), we get
B.Bn.f = f(0)+LBYD',BYD!f
= f0)+LBYBYDf
= f0)+ LBOBOD!f
mBn f.

Sy

Next we consider the case k£ > 2.

THEOREM 5. Let k € N, k > 2. Forc < 0 let n € RY, —n/c € N,
feLi(l,). Forc>0,a>0letneR", n>a—c, f€Wy.). Then
BRI BE ¢ — BB ¢

n

Proof. With similar arguments as in the proof of Theorem [ we get

BPB®f = D" 'BVL DM'BUL . f
DM BYBW Iy f — D' BV gy s

n

Dk*lB 1)B£L1)Ik—1f

m

= BWRW

3. ADAPTED DIFFERENTIAL OPERATORS
(k)

The operators By’ are strongly connected to appropriate differential op-
erators. This was used for example for the construction of quasi-interpolants
(see, e.g., [9, 11, 30, [36]).

In the following we use the notation p(z) = /z(1 + cx).
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DEFINITION 6. For r € N we define
DQT,(k) - Dr_l+kg02rDT+1_k ’ k <r4 1’
N Dr_l'*'kgp%]k_r_l , k>r+1.
Formally we denote Do) = 4.

The following recursion formula for the differential operators was proved for
the special cases ¢ = —1, k = 1 also in the multivariate setting in [8, (4.4)],
for ¢ >0, k=1 in [7, Lemma 4], for c = —1, k£ = 0 in [30, Lemma 3] and for
¢>0, k=0 in [30, Lemma 2.3].

THEOREM 7. For r € Ng we have
Ber29 — Bar) [520) _ en(r 1 1)1d]
Proof. In view of the already known results we only have to consider k > 2.

We distinguish between the cases 2 < k<r+1and k > r + 2.
2<Ek<r+1:

ﬁZT,(k)ﬁZ,(k) _ Dr+k_1g02TDr_k+1Dkg021k_2
— DT+k71g02TDT+1Q02Ik,2.
By using Leibniz’ formula we derive

DT+1 S02 Ik72
r+1

- ¥ (") (Dlwz) (Dr+1fljk_2)

= @D s+ (r+ 1) (D?) (DI s) + or(r +1) (D" s)

= DR 4 (r 4 1) (D(p2> D27k 4 ep(r 4 1)DrHE,
Thus,
(9) D2 (k) H2:(k)

= Drtkolp2rt2prad=k g (g ) prkelg2 (D(p2> pr2—k
+er(r 4+ 1)Drh-lp?r prei=k,
Furthermore,
(10) 52r+2,(1f) _ Dr+k71D(p2r+2Dr+27k
_ Dr—i—k—l [(7" + 1)¢2T(D¢2)Dr+2_k + (PZT’+2D7"+3—/€] ]

The proposition now follows from @ and .
k > r+2: By using (3)) for | = s =k —r —1 with g = D"t'©?I;,_5 we derive
ﬁ?'f‘,(k) ﬁ?,(k) _ Dr+k_lQOQTIk,T,1Dk_r_1Dr+1SO2Ik,2
— DT+k*1902TDT+1SO2Ik_2‘
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Again by Leibniz’ formula we get
DT+1QDZI]€_2 —
= @D s+ (r+ 1) (D?) (DI s) + or(r + 1) (D" s)
= ¢*Dly_gr + (r+1) (D@Q) Ip—op+cr(r+1)I1—r_.
Thus,
(11) D2(k) p2.(k) —
Dr+k—1(p2r+2DIk727r +(r+ 1)Dr+k—1¢2r (D(pz) I o,
+CT‘(’I“ + 1)DT+k_1Q02TIk_T_1.

Furthermore
(12) DQT—I—Q,(k) _ DT+k_1D§02r+2Ik_r_2
— DT+I€*1 |:(T 4 1)@2T(D@2)Ik_r_2 4 902T+2le—r—2:| .
The proposition now follows from and . O

From Theorem [7] the following product formula can be easily established by
induction (see [8] (4.5)] for k = 1 also in the multivariate setting, [30, Lemma
4] for ¢ = —1, k = 0 and [36, Lemma 2.4] for ¢ € R, k = 0).

(13) Dr®) = H[ —j( + Veld]
7=0

D*®) o (D*® —2¢1d) 00 (D*) — (r — 1)reld).
For the special case ¢ = 0 this means

D2r(k) (52,(16))7" _

The commutativity of the differential operators now follows as a corollary.

COROLLARY 8. Letr,l € N, k€ Ng. Then
D2r.(k) 2L(k) _ p2ik) H2r.(k)

4. SPECTRAL PROPERTIES

Next we generalize results concerning the spectral properties of the opera-
tors Bﬁlk) and the differential operators. For Bq(zk) the special case k = 1,c = —1
was considered in [I3], Théoreme IIL.3], for ¢ = —1,k = 0 see [19, Theorem
4], for k = 1,¢ =1 |24}, Corollary 2.5] and for £ = 0, ¢ # 0 [36, Lemma 1.16].
References concerning the differential operators are |8, Theorem 4], [9, (2.1),
(2.2)] for ¢ = —1, k =1 (also in the Jacobi weighted multivariate setting) and
[36, Lemmas 2.2, 2.3, 2.4].
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THEOREM 9. For c# 0,1 € Ny andn > c¢(l+k —1) in case ¢ > 0 it holds

BW g1 = Mikgis and D ® g =~ kg,

where

g00(x) =1, gro(x) =z, gx(z) = DFAEDR2EED 1y 4ok — 1) >0

and

— —1)!
oI Cr(l—l—k—i—r 1)! Uik 1>1
Anlk =~ bk = (l+k—r—-1)

n 0 , l+k—1<r

)

Proof. First we consider B,(Lk .
k=1, =0 we have
goa =1 and B{Ygo1 = g1
as T(Ll) preserves constants.
Now let k € N, I € Ny with { + k£ > 2. Then, again using and ,
Br(Lk)gl e = DanIkDH*Q(kfl)(pZ(H*kfl)
_ DanDl+k_2902(l+k_l)

k
= D"Bygi+ko
oIk

mgl,k-
Next we treat the differential operators. With
Yeik = Yrirko and gip = D¥griro
we derive
Veikdie = DFYiikogitko
= DFD*™ g0
Dk+r—1@2rDr+1gl+k,0
{ Dk-&-r—l(pQrDr-i-l—ka:gl_’_k,O’ E<r+1
N Detr=tp2rp DGk, k>7+1

~ork
= D"%gp.

We use the known results for £ = 0. For

0

5. COMMUTATIVITY OF THE OPERATORS AND APPROPRIATE DIFFERENTIAL

OPERATORS

In [23, Lemma 3.1] the author proved that the operators BS) and the dif-
ferential operators D?"(!) commute for sufficiently smooth functions. The
corresponding result for ¢ = 0, k = 0 was proved in [29, Theorem 3.2, Remark

3.1] and was generalized for ¢ € R, k = 0 in [30, Satz 2.8].
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THEOREM 10. For k > 2 we have
[)27’,(76)37(119) — Bgv)f)%(k)_

Proof. With regard to the above mentioned known results we only have to
treat the case k > 2 and prove our proposition by induction.

r = 1: Using withl=k—2and g = BﬁLl)Ik,lf if k > 3 we get
p2WB® ¢ — pElpL2pBWI,
DF'BUDGDI, o f
D*1BO DRI, o f
= D" 'BWIL_1DFQ L o f
— BPHA),

The conclusion 7 = r + 1 follows easily from . O

6. RELATED DURRMEYER TYPE OPERATORS

In this section we consider ¢ # 0. Let

xT
o:l.— I, U(x)zl—i—cx

T
T;Z):Ic—>lfc ¢($):1_Cx

The consideration of
(BY 1) () = (BP f(o(1))) ()

leads to kth order Kantorovich modifications of Durrmeyer type variants of
Bleimann, Butzer and Hahn operators (BBH-D operators) for ¢ < 0 and
Meyer-Konig and Zeller operators (MKZ-D operators) for ¢ > 0.

With the notation

nc7]

Pnj(@) = pnj (¥(2)) = 7 2’ (1 — cx)
they are explicitly given by the following formulas.
For ¢ < 0,n € RT, —n/c € N, (1 —¢)72f(-) € L1][0,00) with finite limits
£(0) = limg g+ f(2) and foo = limyoo f(2)

(Bnf)(x) = f(0)Ppo(®) + focPp,—n(x)

n
c

n

1
Hte) Y Bugla) [ Buvaesa(OS0O1 = ct) 2t

j=1
x € [0,00), we have a genuine variant of BBH-D operators.
For ¢ > 0, a >0, n € R, n > a —¢, f locally integrable on [0, 1)
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satisfying [f(t)] < M(1 —ct)"%, t € [0,1), and possessing a finite limit
f(0) = Timg_o+ f()
(Buf)(@) = f(0)Pno

+0 03 pu(o)

z € [0,1), defines a genuine variant of MKZ-D operators.
For the kth order Kantorovich modification we derive for f as above without
the conditions for the limits with ¢ # 0, k € N:

pn—i—Qc,j—l(t)f(t)(l - Ct)_tha

nc,k

ot S Pnieki(@) [ Puetnygen (DS = ct) 2
=P .

BY @) =

n

where the upper limit of the sum is —% — & for ¢ < 0.

(k)

From the results in Section |2| we deduce that the operators Fnk are com-
mutative. For the special case k = 1,¢ = —1 see [3, Theorem 2.1] and for
k=1,¢c =1 [26, Theorem 1]. Furthermore they commute with the differential
operators
EQTv(k) _ @T—l+k¢2T§T+l—k L k<r+1,

Dr71+k¢2rlk_’r_1 ’ k>r+ 1’

where, with §(z) =

and

From Section [4 we get the eigenfunctions

T ?l’k(ﬂj) — ﬁl+2(k‘—1)¢2(l+k—l), l+ 2(k' o 1) Z 0

qa. = 1 a =
90,0(33) ) 91,0(33) 1 — ez’

for the operators Eq(lk) and the differential operators D",
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