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FURTHER RESULTS ON L!-CONVERGENCE
OF SOME MODIFIED COMPLEX TRIGONOMETRIC SUMS

XHEVAT Z. KRASNIQI*

Abstract. In this paper we have defined a new class of numerical sequences,
which tend to zero, briefly denoted by K?. Moreover, employing such class of
numerical sequences we have studied L!-convergence of some modified complex
trigonometric sums introduced previously by others.
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1. INTRODUCTION

Let (ex), k € {0,£1,£2,...}, be a sequence of complex numbers and let

(1) io: Ckeikm

k=—o00

be a formal complex trigonometric series with its partial sums

(2) Sp(x) = 2": e nef0,1,2,...}.

k=—n

Let |
17l = 5= [ 1#(@)lda

be the L'-norm of a function f € L.

The following interesting statement is a well-known one: If a trigonometric
series converges in L'-norm to a function f € L', then it is the Fourier series of
the function f. Riesz (see [5], Vol. II, Chap. VIII, § 22) gave a counter example
showing that in the metric L' we can not expect the converse of above mention
statement to be true. This fact motivated the various authors to study the L'-
convergence of trigonometric series, introducing the so-called modified cosine
and sine sums, since these modified sums approximate their limits better than
the classical trigonometric series in the sense that they converge in L'-norm to
the sum of the trigonometric series whereas the classical series itself may not.
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C. S. Rees and C. V. Stanojevic [3] for the first time introduced the following
type of modified cosine sums

fo(x) =4 Z Aay, + Z Z Aaj cos kx,
k=0

k=1j=k

and obtained a necessary and sufficient condition for the integrability of the
limit of these sums, where Aa; = a; — aj41.

Then several interesting properties (their integrability [2] or L!-convergence
[15]) of these sums were investigated imposing several conditions on the co-
efficients ay, in ”old papers” [1], [2], [6] or in some "new papers” [4], [9], [13],
141, [16].

After introducing the sums f,(z), B. Ram and S. Kumari [8] seems to be
motivated to introduce the set of the sums

hn(z) = %—FZZA (?) k cos kx

k=1 j=k

gn(x) = zn: anA (U;J) ksin kx

k=1 j=k

and studied their L'-convergence under condition that the coefficients a, be-
long to the class R.

DEFINITION 1 ([12]). If ax — 0 as k — oo and
i k2 | A2 (ak)‘ < 00
k=1 k

then it is said that (ax,) belongs to the class R, where AN%aj = a;—2aj41+ajia.

The above definition were introduced by T. Kano who verified a result which
we will formulate it as follows.

THEOREM 2 ([12]). If (ax) € R then the series (1]) and (2)) are Fourier series
or equivalently they represent integrable functions.

Among others, using this result B. Ram and S. Kumari proved the following
result.

THEOREM 3 ([8]). Let (a;) € R. Then for x € (0,7]

(3) Jim tn(z) =1t(z), te€ L(0,n],
and
(4) ltn, — t||z1 — 0, asn — oo,

where t,(x) represents either hy(x) or gn(x).
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The authors of [9] have introduced the following modified complex trigono-
metric sums
i

gﬁb(gj) = Sn(.’IJ) + M[Cnei(n+l)z - C_ne—i(n-l—l)x + cn_Heinx - C_(n+1)e—inac
+ (en — cnt2) En(z) + (C—(n+2) — c—p)E_n(2)],
where E,(z) = >7_, e”.

Note that the above sums are indeed the complex form of the modified sine
and cosine sums introduced in [I0] and [I1] respectively.
Also they have introduced the following definition.

DEFINITION 4. A sequence (c) of complex numbers belongs to class J* if
limg_,o0 ¢, = 0, and there exists a sequence (Ay) such that

(5) AL 10, as k— oo,
(6) Z ]{IAk < 00,
k=1
and
Cp — C_L Ak
Al ——) < — .
" A 5

Throughout this paper we will denote by S,,(x) the partial sums of the series
and lim, o Sp(z) = f(z).

THEOREM 5 ([8]). Let (c) belongs to the class J* then

(®) T g6 () = (@), exists for |o] € (0,7,
(9) feL0,n] and ||g¢— fllz2 — 0, asn — oo,
and

(10) |Sn. — fllzr — 0, asn — oco.

Here and in sequel we will use the notation A2b, = Aby — Abyi1,k €
{1,2,...}. Now we are going to introduce the following class of sequences of
complex numbers.

DEFINITION 6. A sequence (ci) of complex numbers belongs to class K? if
limy_,00 ¢ = 0, and there exists a sequence (Ay) such that

(11) A 10, as k— oo,

(12) > kAR < oo,
k=1
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and

(13) max{‘AZ (C]j’) ,'N <C;’“>’}g‘;‘“ ke{l,2,...}.

Next example shows that the there exist sequences that belong or not belong
to the class K2.

Let (c) be a sequence defined by its general term ¢y := % ,nef{l,2,...}.
Then, |A? (%) < & = %, Ay = 2 10, and 332, k?A4), = +oo, which
means that (c) ¢ K2.

On the other hand, let (¢;) be a sequence defined by its general term ¢ = n%
,n€{l,2,...}. Then, |A? (Z2)| < & =2 Ay =24 10, and 152, k24, <
+00, which means that (¢;) € K2.

The aim of this paper is to study L!-convergence of sums g¢(x) under
condition that the coefficients c;, belong to the class K2.

Closing this section, we recall the well-known equality named as Abel’s
transformation: Let n be a positive integer, and a1, aq,...,a, and by, ba, ..., b,
be two sequences. If S, = a; +ag + -+ + an, then

n n—1
> arbr =Y Sk(br — beg1) + Snbn.
k=1 k=1

2. HELPFUL LEMMAS
Let
sin (n + %) T
: X
2 sin 5

Dy (z) = cos(jz) =
j=1

and
o 1
cos 5 — oS (n+2)x

in T
251112

n
D, (z) = Zsin(jm) =
j=1
be the Dirichlet’s and conjugate Dirichlet’s kernels respectively.

The following statements are needed for the proof of the main result.

LEMMA 7 ([7]). Let r be a non-negative integer and 0 < ¢ < w. Then there
exists Mye > 0 such that for all e < |x| < 7w and alln > 1,

(i) 1B (z)] < My,
(if) |BY) ()] < Mt
(iii) [DF ()] < 2Mzer”,
(iv) [DY) ()| < Mg,

LEMMA 8 ([9]). Forn > 1, we have
(i) ‘ En(2)

T =o(n) as n — oo,

Lt
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s E_n
(ii) H QSin(f:) o o(n) as n — oo,
(iii) |55 L= o(logn) as n — oo.

LEMMA 9. Let r be a non-negative integer and 0 < € < w. Then there exists
M,c > 0 such that for alle < |z| < m and all n > 1,

(i) [En ()] < M=,

Sl

(i) [B, ()] < Meen®

H

where Ep(x) =30 | En(2).

n

Proof. (i) Under conditions of this Lemma and Lemma 7| we have
n
B @) < > 1B Z
m=1 =
M,. _ n(n + 1) < an2
] 2 7 q

)

for 0 <e < |z <.
(ii) Similarly we have obtained

n M n M 2
D) < 3 B (@) € T Y m < =
m=1 ’x‘ m=1 ‘33|
for 0 <e < |z| <. O
3. MAIN RESULTS
The following theorem presents the main result.
THEOREM 10. Let (ci) belongs to the class K2. Then
(14) Tim o) = f(2),  eaists for |a] € (0,7,
(15) feL*0,x] and |gS— fllzr — 0, asn — oo,
and
(16) 1Sn(f) = fllzr — 0, as n — .

Proof. Firstly, we will show that f(z) exists on (0,7]. Indeed, it is clear
that we can write

- Z et = ¢ + Z( ket 4 C;kk:e_ikx)

k=—n
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Applying twice the Abel’s transformation we obtain

Sn(w) = co—i [nzz A2 (if) By(@) + A ( 1 )E/n(x)] ~i% B ()

n—1

i ZN (Ckk)E ()+A(n(i_11)>E/_n(x) FiISEE(2).

Based on Lemmas [7] and [9] we clearly have

|Sn ()

n

<o o (3) o (52 )]
(EENLIRNCE

ol gy 4 1o
<o s L (3]l ()
\ Gt o () et 1
(e Sl @)l ()

2M,. —
| E{5Zk2Ak+2M} < 400,
X

k=1

LA

el )

" QM}

since (c;) € K2, where M is a positive constant.
Subsequently, lim, ;o Sp(x) = lim, o0 g5 () = f(z) exists, because of the

boundedness of the functions &, £nl8)  E-n(@) (0, 7], and thus holds

sinz’ sinz ' sinzx
true.

Now we are going to prove (L15)). Indeed, for = # 0 we have

__C _ — cj ikx C—J —ikx
f(z) —go(x) = Z (kke + ’ ke )
k=n+1

i i(n+1)x

[cne ( —i(n+1)x

+ g1 eine

: — c_pe
2sinx

C—(n+1)€_mw + (cn — eng2) En(2) + (- (ny2) — c—n) E—n(2)].
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Again, applying twice the Abel’s transformation to the above equality we

obtain
f(@) = gp(z) =
onl £ P ()2
+8 (755) Brato) - 5 (523 o) + 25560
SR (o) - ( ) W@+ 8 (S @) - 2B )
+c7_1(71+11) ' )} _ 2Siinx[cnei(n+l)x —e_petin T L gina
€ 4 (en — s2) Bal®) + (¢ ur2) — €-n) Bon(0)]
_ _i{ ki; A2 (;) By(z) — A (t’“) E’k(@} _A (jj:) ()

C—n \ = Cn41 v C—(n+1) 1
A|l— | FE - E E
+o (1) @) - @) + S _n<az>}

B 1
2sinx
+(en — eny2) En(z) + (C—(n+2) — con)E_p()].

Hence, using Lemmas [7] and [9] we get

i(nt+1)z _ C_ne—i(n+1)x + cn+1€m:c — e )€

[cne

\f( ) = gn(2)] <

< [ ) s o () ]
+A< )‘|E H—‘A( >‘|E )| + C’“fl | B ()]
+‘C;l(”++1” |E’n(x)\} + M[lcm + le—nl + lenta|

+|c— ()| + (leal + lenra) [ En(2)] + (le—(ni2)| + len) | E-n(2)]]

< Tl {k_zf{ﬁ ()| ()]
)+l (%)

|Cn| + |Cfn| + |Cn+1| + |C—(n+1)|
2| sin z|

e el o)

+n? {
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+enl +lemral) | 392 |+ - quay] + leoal) [ 5|
M [ee]
<o [2 > A+ (n 1) (lenial + o)) ]
k=n
cn| + [c—n| + leny1| + |c,(n+1)|
2| sin x|
Henl + lensz) [ ;272 |+ (le-qmya| + e—al) |52

Therefore, using Lemma [§] we obtain

0 T d ™d
If = ¢Sl < Mie [2ZA,€/ ﬁ—l—(nle) <|Cn+1|+‘c—(n+l)’)/0 “f']

||

’Cn‘ + ’C—n| + |Cn+1| + |C (n+1) |
2 ]smx\

enl +lensal) [ [

TIE_p(x
el + e [ 520

dx

2sinx

< M, lQ Z Aplogk 4+ (n+1) <|cn+1] + ‘C—(m—l)‘) 0 (logn)]
k=n

Cn| + |C—n| +|C + |c_
_|_’n‘ ’ n’ |2n+1’ | (n+1)’0(logn)

+lenl + lenval)o(n) + (le—(ni2)| + le-nl)o(n).

Now we note that

Z A logk < Z kAL, = o(1),

k=n k=n
and
3 | C£(n+1)

<o’ 3 [5(%))

<(n+1)° Y |A ( .
k=n+1

<+ S S o (Cif)‘

k=n+1j=k

=(n+1° > (G-n)

Jj=n+1

()
j
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()

(0]
< > gt

j=n+1
o~ 44, 2
< X it = ) A =o()
j=nt1 T =

as n — oo.
Subsequently, we get

|f —gnllpr =0(1) as n — oo.

Using the latest equality and the fact that ¢g&(z) is a polynomial it follows
that f € L1(0,7].
Finally, we will prove . Namely, using some facts used above we have

/ " (@) = S(a)|dz <
<[ " (@) — g (@)l + / " 168(@) — Sn()|da

s 71' 1 . . .
< _C i(n+1l)z 3 —i(n+1)z inz
< [(1r@ - gh@lda+ [ 5o—leue e g e
_C—(n-i-l)e_mx + (en = ent2) En(2) + (c_(ny2) — c—n) E—n(2)]|dz
4 ¢ ™ dx
< [ V@) = gh@)lda + lleal +lead + e+ le—qunll [ g
™| En(z) T |E_p(z)
Hlleal + lensal) [ |72 d + (i) +leonl) [ |52 \da

< /0 |f(2) = gn(@)|dz + [len| + [c-n] + |enta] + [e—(nipllo (logn)

+lenl + lenyal| + \c,(n+2)| + [c—nllo(n)
=o0(1)+o(l) +0o(1) =0o(1), n — .

The proof of theorem is completed.
O
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