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1. INTRODUCTION

We consider the system

a'(t) = f(t, x(t), v(w(t))), t € [a,b], (1.1)
where
x = (T1,22,...,Tm), z(w):=(x1(w1),x2(w2),...,Tm(wm)),
f=(f1,f2s s fm)
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with initial conditions
z1(a) =0,
z2(t2) = z1(t2),

xmfl(tmfl) = xmf2(tmfl)a
ZTm(b) = 0.

This kind of problems has been the subject of many works, from which we
quote here first of all Ch.J. de la Vallee Poussin’s memorial [15]. From the
research upon the polylocal problem in relation with differential equations,
research more related to the present approach, we mention the following: im-
proved formulation of Ch.J. de la Vallee Poussin’s theorem regarding second
order differential equations have been obtained by Ph. Hartman and A. Wint-
ner [3] and later by D. Ripianu [9], evaluations of differentiable functions with
applications on the study of the polylocal problem have been provided by O.
Arama [1], the connection between the study of the polylocal problem and the
theory of superior order convex functions has been provided by T. Popoviciu,
in the case of linear systems of functions [8].

We suppose that:

(Cl) a=1 <t2<...<tm_1<tm:b;
(Co) f € C([a,b] x R2™ R™), w; € C([a,b],[a,b]),i = 1,m;
(Cs3) there exists Si1, ..., Siam € Mpm2m(Ry) such that

|fi(t,ur, ... uom) — filt,v1, ..o, v2m)| < Situr — o] + ... 4 Siom |u2m — vom

for all t € [a,b], uj,v; € R*™, i=1m.

We consider the problem
2(t) = g(t), t € a,}] (13)

with the conditions (1.2), where g : [a,b] — R™, g := (g1, .., gm). The unique
solution of this problem has the form

b
£(t) = / (Kt 8)g(s)ds. (1.4)
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The problem (1.1)-(1.2) is equivalent with the fixed point problem (1.4) where
K :=(Kj;); has the property that the operator defined by

“)
g / K((), 5)g(s)ds

is from C([a,b],R™) to C([a,b], R™).
K;; is given by the below relations

1. t1 <s<t<t¢t
Ky = ’ .1_8_ - (1.5)
0, in the rest,
Ku(t,S) = ZKlm(t,S) :O’ (1.6)
1, t1 <s<ty, forallt,i=2,n—1,
K = ! > (1.7)
0, in the rest,
Ko 1, t;1 <s<t, forallt,i =2,n—1, (1.8)
pet 0, in the rest, '

L, ti<s<t<tni=2n—1,
Ki=4q 1, 1 <t<s<t, (1.9)
0, in the rest

Kiiv1(t,s) == Kin(t,s) =0, (1.10)

Kpi(t,s) == Kpm-1(t,s) =0, (1.11)
17 1 <t<s< tm7

K = 1.12

mm { 0, in the rest. ( )

The problem (1.1)-(1.2) is equivalent with the system

x1(t) b fis,z1(s), o, xm(8), 21 (wi(9)),- - -, Tm(wWm(s)))
|- [xes z ds
T (t) a fm(s,21(8),. . oy 2 (8), 21 (W1(8))se - oy Tin (Wi (8)))
(1.13)
where K := (Kj;) is given by the relations (1.5)-(1.12).
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Consider the Banach space X := (C([a, b],R™), ||-||) where ||| is the gener-
alized Chebyshev norm,

e

|ul| = : , where ||u;]| := f;?;‘b'“i(t)" i=T.m

[t |
and the operator
By : C([a,b],R™) — C([a,b],R™)
defined by
By (z)(t) := second part of (1.13).
In this paper we shall use the Perov’s fixed point theorem and the weakly
Picard operator theory in the study of existence and uniqueness and data

dependence of the solution for the problem (1.1)-(1.2). For a better under-
standing we need some notions and results from WPO theory, see [10]-[14].

2. PICARD AND WEAKLY PICARD OPERATORS

Let (X, d) be a metric space and A : X — X an operator. We shall use the
following notations:

Fy:={x € X | A(x) =z} - the fixed point set of A;

I(A):={Y C X | A(Y) CY,Y # 0} - the family of the nonempty invariant
subset of A;

ATl = Ao A", A =1y, Al=A, neN;

Definition 2.1. Let (X,d) be a metric space. An operator A: X — X is a
Picard operator (PO) if there exists x* € X such that:

(i) Fa={z"};

(ii) the sequence (A™(x))nen converges to x* for all xp € X.

Definition 2.2. Let (X,d) be a metric space. An operator A : X — X is
a weakly Picard operator (WPO) if the sequence (A™(x))nen converges for all
x € X, and its limit (which may depend on x) is a fized point of A.

Definition 2.3. If A is weakly Picard operator then we consider the operator
A defined by
A* X - X, A®(x) := lim A"(x).

n—oo
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Remark 2.4. [t is clear that A®(X) = Fjy.

Lemma 2.5. Let (X,d, <) be an ordered metric space and A : X — X an
operator. We suppose that:

(i) A is WPO;

(ii) A is increasing.

Then, the operator A is increasing.

Lemma 2.6. Let (X,d, <) an ordered metric space and A,B,C : X — X be
such that:

(i) the operator A, B,C" are WPOs;

(i) A< B<C;

(ii1) the operator B is increasing.

Then x <y < z implies that A®(x) < B®(y) < C*®(z).

Theorem 2.7 (Perov’s fixed point theorem). Let (X, d) with d(z,y) € R™, be
a complete generalized metric space and A : X — X an operator. We suppose
that there exists a matriz Q € Mpmm(Ry), such that

(i) d(A(z), A(y)) < Qd(x,y), for all z,y € X;
(il) @™ — 0 as n — oo.
Then

(a) Fa ={a"},

(b) A™(x) = z* asn — oo and
AA™(2), %) < (T — Q) Q"d(o, A(x)).

Theorem 2.8 (Fibre contraction principle). Let (X, d) and (Y, p) be two met-
ric spaces and A: X xY - X xY, A=(B,C), (B: X —-X, C:XxY —
Y ) a triangular operator. We suppose that

(i) (Y,p) is a complete metric space;

(ii) the operator B is Picard operator;

(iii) there exists I € [0,1) such that C(x, ) : Y — Y is a l-contraction, for

allz € X;
(iv) if (z*,y*) € Fa, then C(-,y*) is continuous in z*.

Then the operator A is Picard operator.

For more details on WPOs theory see [10], [12], [13].
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3. EXISTENCE AND UNIQUENESS

In what follows we consider the problem (1.1)-(1.2) in the conditions (Cy)-
(Cs).
The problem (1.1)-(1.2) is equivalent with the fixed point equation

B¢(z) =z, v € C([a,b],R™)

where By = the second part of (1.13).
From the condition (C3) we have, for t € [a, D]

|Br()(t) = Bf(y)(1)] <

b |f1(s,21(5), - zm(s), 21 (w1(8)), - - -, Tm(wm(s)))]
< [ K(t,5s) :
a |fm(8,21(8), -+ o, Tm(8), 21 (W1 (8)), - - -, Zm(win(s)))]
1108, 91(8)s - - ym(8), y1(W1(8))s - - -, Ym(wm(9)))]
_ : ds
‘fm(sa yl(S), R 7ym(3)7 yl(wl(s))a s 7ym(wm(5)))’
b S11+Stme1 Si2+Stme2 0 Sim + Si2m
< [K.s) : : :
a Sm,l + Sm,erl Sm,Z + Sm,m+2 te Sm,m + Sm,Qm
le1 — vl |21 — w1l
: ds <Q : ;
lem — ymll [Zm — Ymll
for all z,y € X and
b Sti+Stm+1 Si2+Sim+2 0 Stm+Siom
Q= Jnax, / K(t, s)ds- : : :
a Sm,l+Sm,m+1 Sm,2+Sm,m+2 e Sm,m"_Sm,Qm

Then
|Bf(z) — Bf(y)|| < Qllz — vl

and if Q" — 0 as n — oo, the operator By is ()-contraction. From the Perov’s
fixed point theorem we have that the operator By is PO and has a unique
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fixed point

* *

= (T1,...,2m) € X.

Since f is continuous, we have that z € C([a, b], R™) is the unique solution for
the problem (1.1)-(1.2).
So, we have the following existence and uniqueness theorem

Theorem 3.1. We suppose that:

(i) the conditions (C)-(Cs) are satisfied;

(il) @™ — 0 as n — oo.

Then:

(a) the problem (1.1)-(1.2) has in C([a,b],R™) a unique solution = =
(T Zm)
€ C([a, b), R™);

(b) for all z° € C([a,b],R™), the sequence (x™)nen defined by

:LJH_I = Bf(l‘n);

converges uniformly to z, for all t € [a,b], and

n
.’El_

A o - b
<(I-Q) '
n

= o8, — |

4. INEQUALITIES OF CAPLYGIN TYPE

In this section we shall study the relation between the solution of the prob-
lem (1.1)-(1.2) and the subsolution of the same problem.
Let 2 the unique solution of the problem (1.1)-(1.2) and y the subsolution

of the same problem, i.e.
y'(t) < ft,y(t), y(w(t)), t € [a,b], (4.1)

where y = (y1,%2,- - Ym), Y(Ww) = (Y1(w1),y2(w2), -, Ym(wm)) and f :=
(f1, fo,---,
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fm)) satisfy the conditions (C;)-(Cs) and

( y1(a) =0

ya(t2) = y1(t2)

(4.2)

Ym—1(tm-1) = Ym—2(tm-1)

ym(b) = 0.

In this section we consider the operator By = the second part of (1.13) on
the ordered Banach space X = ((Cla,b],R™), |||, <), where on R™ we have
the ordered relation:

We have the following theorem

Theorem 4.1. We suppose that:

(a) the conditions (C1)-(Cs) are satisfied;

() Q™ — 0 as n — oo;

(c) f(t,-,-) : R?™ — R™ is increasing, for all t € [a,b].

Let x be a solution of the system (1.1) and y be a solution of the inequality
problem (4.1)-(4.2).

Then y < x for all t € [a,b].

Proof. In terms of the operator By defined by the relation (1.13), we have
x = By(z) and y < By(y).

On the other hand from condition (¢) and Lemma 2.5, we have that the
operator By® is increasing. Hence

y < By(y) < B}(y) < --- < B¥(y) < B¥(z) = x.

So, y < z. O

5. DATA DEPENDENCE: MONOTONY

In this section we study the monotony of the system (1.1)-(1.2) with respect
to f. For this we use the abstract comparison Lemma from section 2.
Consider the following equations

() = ft,z1(t), ..,z (), 21 (w1 (1), - - -, T (Wi (1)), (5.1)
v'(t) =gt y1(t), . ym (@), y1(wi(®), - - s Ym(wm (1)), (5.2)
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2(t) = h(t,z1(t), ..., 2m(t), 21(w1(2)), - - -, Zm(wm (1)), (5.3)
with the polylocal conditions (1.2) for each problem and let %,gj and > the
unique solutions of these problems. Then we need the operators By, B, and
By, corresponding to the second part of the problems (5.1), (5.2) and (5.3).

Theorem 5.1. Let f,g,h € C([a,b] x R?™ R), that satisfy the conditions
(C1)-(Cs) from section 1.

We suppose that we have

(1)) f<g<h;

(ii) g(t,-,-) : R?™ — R is increasing.

Let %,gj and = the solutions of the equations (5.1), (5.2) and (5.3).

Then ;:(t) < gj(t) < Z(t) for all t € [a,b], meaning that the unique solution
of the system (1.1)-(1.2) is increasing with respect to the right hand.

Proof. From Theorem 3.1 the operators By, By, By, are POs.

From the condition (¢7) it follows that the operator B, is monotone increas-
ing and from condition (i) we have By < By < By,.

Butx—Bf (2), y—B () and z = B> (2).

By applying the abstract comparison Lemma 2.6 follows that the unique
solution of the problem (1.1)-(1.2) is increasing with respect to By. O

6. DATA DEPENDENCE: CONTINUITY

Consider the problems (1.1)-(1.2) with the dates f, g and suppose that the
conditions from Theorem 3.1 are satisfied.
Let f,g € C([a,b] x R?*™ R™) and

Sh,....8!

i,2m>

Sigla-. . ’S£2m S Mm,Qm(R+), 7 = Lm

as in condition (Cs).
Consider Si; € My om(Ry), i =1,m, j = 1,2m with

Sij = max(S,8%), i =T,m, j=1,2m.

Let
b 511+51 mA1 S{2+S{,m+2 Sf +S1 2m
Qf= max/K(ts) : : : ,
@ Sf 1+Smm+1 S Smm+2 Smm+Sm2m
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Q4 analogously and

b S11+S1m+1 S12+Stm+2 0 Sim+Si2m
— t ) : : o :
Q= [t sy . . Nt
@ fhml%ﬂgmﬂn+1 5%L2+”Smﬂn+2 T 5%unf+fhm2m

Denote by z(-; f) the solution of the problem (1.1)-(1.2).

Theorem 6.1. Let f,g satisfy the conditions (Cy)-(Cs). Furthermore, we
suppose that there exist n € R’ such that

|f(t,zt, 2?) — g(t,zt, 2%)| <n, for allt € C[a,b] and z*, x> € R™.
Then
130~ 30:0) 1< (- @)~ ma, [ Kt 0)as-

a<s<b

where I(t; f) and Z(t; g) are the solution of the problem (1.1)-(1.2) with respect
to f and g.

Proof. Consider the operators By and By. From Theorem 3.1 it follows that
| Bf(x) = By(y) [ Q |z —y || forall z,y € X.
Additionally
B — By(z) ||< K(t,s)d
| By () ) ll< max / s)ds - 1.

We have now
1 2(t; f) = 2(t;9) =]l Br(2(t; f) — By(x(t;9)) <
<|| Bp(a(t; f)) = Bp(x(t:9)) | + | Br(2(t; 9)) — By(2(t; 9)) II<
< Qe f) —2(tig) || + max, / K1, )ds -

Because Q" — 0 as n — oo imply that

(I -Q)™" € Mym(RY),

so we have

|t Y = 3 ) |< (T = Q) max/Ktsds 0. O

a<s<b
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7. DATA DEPENDENCE: DIFFERENTIABILITY

In this section we present the dependence by parameter A of the solution of
the problem (1.1)-(1.2).
Consider the following differential system with parameter:

()= flt,z1(t), ..., xm(t), 21 (Wi (1)), .. s o (Wi (t)); N), t € [a,b], (7.1)

z1(a) =0,
zo(t2) = 21(t2),

wm—l(tm—l) = xm—2(tm—1)a
\ xm(b) =0,

where x 1= (21,...,2y) and f:= (f1,..., fm)-
We suppose that:

(Cl)a=t1<ta<...<tm-1 <tm=>b; € JCR acompact interval;
(02) f € 01([a7b] X R2m X J> Rm)a w; € C([avb]7 [(I, b])a
(C3) there exists S;j € My, 2m (R4) such that

[(}8fi(t,ul,...,UQm;/\)D ] <5
] L > Dig,
au] ’i,jil,m Mm,2m(R)
for all t € [a,b], uj € R*™, i=1m, j=1,2m;
(Cy) for
b S11+S1,me1 S12+Stma2 0 Stm+S12m
_ ¢ $\ds- ) . . .
Q {Iétagg/K( ;s)ds : : : :
a Sm71+Sm7m+1 Sm,2+Sm,m+2 e Sm,m+Sm,2m

we have Q™ — 0 as n — oo.

In the above conditions, from Theorem 3.1 we have that the problem (1.1)-
(1.2) has a unique solution, :Tc(, A), for any \ € R.

We prove that z(t;-) € CY(J,R™), V t € [a, b].

For this we consider the system

' (tA) = ftar (BN, sz (B A), 21 (@1 ()5 A)s - (Wi ()3 A5 A), - (7.3)

t €la,b], A€ J, zeC(a,b] x J,R™).
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The system (7.3) is equivalent with
b

x;i(t; )\):/K(t,s) (S, 21(83 ), e, T (85 A), 21 (w1(8); A)y ooy T (win (8)5 A); A)ds,

a

where i = 1, m.
Let X := (C([a,b] x J,R™),|]||) with the Chebyshev norm,

]|
lallo=| : |emrp
[[@m|
Now we consider the operator
B: C([a,b] x J,R™) — C([a,b] x J,R™)

where
B(x)(t; A) := second part of (7.4).

(7.4)

It is clear, from the proof of the Theorem 3.1, that in the conditions (C1)-(Cy),

the operator B is Picard operator, since

1B(y) — B(2)llc < Qlly —zll¢ -
Let 2 = (:;1, A xjn) be the unique fixed point of B.

We suppose that there exists B

tion (C3) we have
Oz (t; \)
oA

b (S, 1(S5A), .o, xm(s; A), 1 (wi(s8); A), ..oy T (Wi (S); A);
:/K(M)(afz(, (5:0) (53 A), 21 (wi(s); A) (wm (s); A) A))

8u1

0153 ))

B\ ds+---+

b i(S, L1(S; yeeey IS , L1(W1(S); sy TmWm(S); ;
+/ K(t,s>(3fz<v (s:) (5:), 71 (i (5); ) (@ (5); ) A))

Ouyy,

O (53X

d
ax

b i(S, 1(S5A), oo s T (ST A), L1 (W1(S);A)y .o s T (Wm(S); A);
+/ K(t,5>(3fz<v () (5. ), 21 (w1 (5); A) (@ (5); 1) A))

aum+1

ﬁ,i = 1, m. From relation (7.4) and condi-

(2]

4,3

.3
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8$1(h1( ) /\)

Sy ds + -

b _ . . . ).
Jr/ K(t,s) (3fl(s,x1(s, A), e (s )\),g;(wl(s), Ay T (Wi (8); N); )\))
a 2m i,j
a%m(hm(S% A)
B\ ds+

/ K(t (fl 5,71(5;0), -, T (85 0), 1 (Wi (8); A), - ..

oA
fort € [a,b], A€ J, i=1,m,j=1,2m.

,Im(wm(S)V\);)‘)) ds

(2]

This relation suggest us to consider the following operator

C: XxX—>X, (1, s Tm, Y1y, Ym) — C(x1, ...

where

il' ). xm7y177ym)(t7)‘) =

7xm7y17"'7ym)7

/1 K(t <6f’ 5,21(55A), -, Tm (85 A), 1 (wi(s); A), - -

8U1
(s A)ds + o+

+/b K(t,9) (8fi(3,l‘1(8;)\>,...,$m(8;)\)7x1(w1<5>;)\)7._.

Oy,

Y (85 N)ds+

b i(S,21(S5A), ..., xm(s; ), 21 (wi(s); A), ...
+/ K(t’s)<8fﬁ(, (5:0) (5:A), 21 (wi(s); A)

8um-‘,—l

“y1(hi(s); AN)ds + -+ -+

+/ K(t,s) <8fi(8,$1(3;)\),...,xm(s;)\%xl(wl(s;/\))’.”

“Ym (hm (8); N)ds

8u2m i,j
b Afi(s,21(85A), oy xm (83 A), 21 (w1 (850)), ooy T (Wi (8); A); A)
+ ~/a K(tv S) < (9)\ y ds

for t € [to,b],\ € J,i=1,m,j =1,2m.
In this way we have the triangular operator

A: X x X —- X x X,

A(Ila'°'7xM)y17"')ym)

= (B(x1,. -y xm) (N, C(T1, - oy Tiny Y1,y - - -

s Ym)(E; A)
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where B is a Picard operator and C(z1,...,Znm, ) : X — X is Q-contraction.
Indeed we have

|c@wEN) - @], <Qllu=vle, vee o, vae s
which implies that
Ho(:’z,u) - o(é,v)HC <Qlu—vlg, Yu,ve X

Since @™ — 0 as n — o0, from the Theorem of fibre contraction (see [12],
[13]) follows that the operator A is Picard operator and has a unique fixed
point (E‘, gj) € X x X. So the sequences

(z" 1 y" ) = (B(z"),C(2",y")),n €N

converges uniformly (with respect to t € [a,b], A € J) to (&,y) € Fa, for any
e X,y € X.

If we take
0 1
x; ox; .
7 =0,9) = =L =0, thenyj = =L, i =T,m.
By induction we prove that
ox™
yzn: 81; , Vn € Nyi=1,m.

Thus

n unif  x

Ty — T, asn — 00,1 =1,

3

B — Yy, asn — 00, = 1,m.

These imply that there exists % and
Ox;(t; \)

Ton =yi(t;A), i=1,m.

So, we have

Theorem 7.1. Suppose that conditions (C;)-(Cg) hold. Then,
(i) the problem (7.1)-(7.2) has a unique solution & = (Z1,...,Tm) €
C(la,b] x J,R™);
(ii) z(t;-) € CL(J,R™),Vt € [a, b].
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8. REMARKS

Remark 8.1. The problem (1.1)-(1.2) is a generalization of a problem studied
by D.V. Ionescu in [2].

D.V. Ionescu’s problem. Let t; € [a,b] witht; < ta < ... <1, (n €
Ny,n>3) and f = (f1,..., fn) € C([a,b] x R*",R™). We suppose that t; = a
and t, = b. The problem is to study the ezistence of x = (x1,...,zy,) €
C1([a,b], R™) such that

2'(t) = f(t,z(t)), t € [a,b]

and
xl(tl) = 0,
w2(t2) = w1(ta),

xn—l(tn—l) = xn—2(tn—l)7
Zn(tn) = 0.

D.V. Ionescu proved that if the interval [a,b] is sufficiently small and the

functions f; are Lipschitz with respect to x, then this problem has a unique
solution, [7].

Remark 8.2. Some problems concerning equation (1.1) were study in the
following particular cases (see [10], [11])

wi(t):t—n, 1=1,m, 7 >0

and

() = A, wn(t) = %t, 0<A<1 (see [4])

For other considerations on the functional-differential equations we men-

tion: [6], [12], [13], [14].
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