Fized Point Theory, 11(2010), No. 2, 327-336
http://www.math.ubbcluj.ro/~ nodeacj/sfptcj.html

AN ITERATIVE METHOD FOR
A FUNCTIONAL-DIFFERENTIAL EQUATION
WITH MIXED TYPE ARGUMENT

DIANA OTROCOL*, VERONICA ILEA** AND CORNELIA REVNIC***

*Tiberiu Popoviciu Institute of Numerical Analysis
Romanian Academy, Cluj-Napoca, Romania
E-mail: dotrocol@ictp.acad.ro

** Department of Mathematics, Babes-Bolyai University Cluj-Napoca, Romania
E-mail: vdarzu@math.ubbcluj.ro

***Department of Mathematics and Computer Science
Tuliu Hatieganu University of Medicine and Pharmacy, Cluj-Napoca, Romania
E-mail: cornelia.revnic@umfcluj.ro

Abstract. In this paper we shall study a functional-differential equations with mixed type argument.
For this problem we give an algorithm based on the step method and the successive approximations
method.

Key Words and Phrases: Functional-differential equations, mixed type argument, step method,
successive approximation method, Newton’s method.

2010 Mathematics Subject Classification: 47H10, 34K28.

1. INTRODUCTION
In this paper we study the following problem
a'(t) = f(t,x(t), x(t — h),z(t + h)), t € [-T, T}, (1.1)

z(t) = ¢(t), t € [—h,h]. (1.2)

The problem (1.1)-(1.2) has been studied in the papers R. Driver [4], I.A. Rus and

C. Iancu [9] and V.A. Darzu [2]. This problem is known in literature as Wheeler-

Feynman problem. For this problem the above authors studied the existence and
uniqueness of the solution using the step method.

The purpose of this paper is to elaborate an algorithm based on the step method

and the successive approximation method and to apply it on the problem (1.1)-(1.2).

Algorithm. At each step we have a problem like this

{ 2'(t) = f(t,x(t),x(t — h),z(t +h)), t € [a+ h,a+ 2h]
z(t) = 0(t), t € [a,a+ 2h],

where f € C([a+ h,a+ 2h] x R3R),0 € C([a,a + 2h],R) and x : [a,a + 3h] — R.

327

(1.3)



328 DIANA OTROCOL, VERONICA ILEA AND CORNELIA REVNIC

It follows that
0'(t) = f(t,0(),0(t — h),x(t + h)), t € [a+ h,a+ 2h].

We denote & :=t+ h, £ € [a+ 2h,a+ 3h].

Then

0/(6 = h) = F(€ = h, B — ), B¢ — 2R), 2(£)), € € [a+2h,a+ 3]
We denote F(§,x(§)) := f(& — h,0(& —h),0(§ — 2h),x(§)) — 0" (§ — h). So
F( (€)= 0. (1.4)

The purpose is to impose conditions on f such that equation (1.4) has a unique

solution who can be approximated by Newton’s method.

In order to study the problem (1.1)-(1.2) we need the following well known results.

Implicit function theorem. ([1]) We suppose that F : [a,b] X R = R satisfy the
following conditions

(i) F € C'([a,b] x R);
(i) there exists ap(t W ¢ R* and M < M, YVt € la,b,ueR;
(ili) for each to € [a, b], there exists up € R such that F(to,up) = 0.

Then, there exists a unique solution x € Clla,b] such that F(t,z(t)) = 0,
Y(t,z(t)) € [a,b] xR, solution that can be obtained using the successive approzimations
method.

In terms of f, for the problem (1.1)-(1.2), the conditions from the above theorem
are:

(C1) fe C®([-T,T] x R*,R),¢ € C([~h, h],R);

(Ca) f““”“) € R*, Vt € [T, T), Yu,v,w € R;

(Cs) ‘M’ < My,Vt € [-T,T), Yu,v,w € R;

(Cq) Vt € [-T,T],u,v,n € R, the equation f(t,u,v,w) —n = 0 has a unique
solution.

We shall use the notations, the terminology and some results given by I.A. Rus in
the paper [6], and the following result, that is a generalization of the fibre contraction
theorem (see [6]).

Fibre contraction theorem. (Theorem 9.1., [7]) Let (X;,d;), i =0,m, m > 1, be
some metric spaces. Let

AZ‘SX0X"'XXZ'—>XZ', = ,m
be some operators. We suppose that:

(i) (Xi,d;), ¢ =1, m, are complete metric spaces;
(ii) the operator Ay is WPO;
(ili) there exists oy € (0;1) such that:

Ai(xoy .o xim1,) Xy = X, i=1,m

are «;-contractions;
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(iv) the operators A;, i =1, m, are continuous.
The operator A : Xog X -+ X X, = Xog X -+ X X,
A(Io, ceey Im) = (Ao(xo),Al(.Io,{El), N ,Am(Io, . ,.Im))
is WPO. If Ay is PO, then A is PO.

2. MAIN RESULT

In this section we apply the algorithm from section 1 for the problem (1.1)-(1.2).
Let n € N* be such that nh < T, (n+1)h > T. In the conditions (Cy) — (C3), the
step method consists in the following:
For t € [h,2h] we have
I/(t) f(t,.I(t),.I(t—h,),I(t—l—h)),
xl(t - h) = f(t - ha I(t - h)a I(t - 2h)7$(t))7
f(t - ha Io(t - h)a Ifl(t - 2h)7$(t))7

8
o~
-~

|
>
~

Il

where z(t) = ¢(t) = { i‘;(lt()7t
We denote z(t) := z1(t), t € [h,2h].
Let
F(t,z1(t)) == f(t — h,xo(t — h),xz_1(t — 2h),x1(t)) — 2(t — h) =0, t € [h,2h].
F(t,z1(t)) =0, t € [h,2h].

From the implicit function theorem there exists a solution z} € C'[h,2h] such that
F(t,z;(t)) = 0,Vt € [h,2h].

The key of each step is to approximate the solution x} € [h,2h] with the method of
Newton:

Tim () = 1m-1(t) = G(t, 21 () F(t, 21,m-1 (1)),
where G(t, 25 (t)) # 0 and x1,m—1(t) — G(t, 25 (t))F (¢, £1,m—1(t)) is a contraction.
We choose the function G : [h, 2h] X R — R with G(¢, 27 (t)) :=M (%ﬁl(h)))’l,
where M € (0,1) is a constant. It is obvious that G(¢, z}(¢)) # 0.
Now we consider the operator A; : Clh, 2h] — C[h, 2h], defined by
Ay (x1,m—1)(t) == 21,m-1(t) — G(t, 25 () F(t, 21 m—1(1)).

Proving that A; is a contraction we have the uniqueness of the solution z1,, on
[h,2R]. For all t € [h, 2h] we have the inequality

A1 (21,m—1)(t) — Ar(yr,m—1)@®)[| < (1 = M) ||z1m—1 — Y1,m—1l-
f

We have that x1,, uﬂ a7 on [h,2h], so in the next step we shall use z1,, instead of
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For t € [2h, 3R] we have

z'(t) = f(t,z(t),x(t — h),z(t + h)),
2 (t—h)= f(t—h,z(t —h),z(t — 2h),x(t)),
Tyt —h) = f(t — hy 21 (t — h),z0(t — 2h), z(t)).

We denote z(t) := za(t), t € [2h,3h].
Let

F(t,z2(t)) := f(t — hyx1m(t — h),x0(t — 2h), x2(t)) — 2}, (t —h) =0, t € [2h, 3h].
F(t,z2(t)) =0, t € [2h, 3h].

Applying the implicit function theorem, we have that there exists the solution
x5 € C1[2h, 3h] such that

F(t,z5(t)) = 0,Vt € [2h, 3h].
Now we approximate the solution x3 € [2h, 3h] with the method of Newton:
Tom (1) = T2,m—1(t) — G(t, 25 () F(t, w2,m—1(t)),
where G(t,25(t)) # 0 and zg,,—1(t) — G(t, 25(t))F(t, £2,m—1(t)) is a contraction.
We choose G : [2h,3h] x R — R with G(¢t,z5(t)) == M (w)il, where
0

Oxo
M € (0,1) is a constant. Then we have G(t,x5(t)) #
Let us consider the operator Ay : C[2h, 3h] — C[2h, 3R], defined by

Az (2,m—1)(t) = T2,m-1(t) = G(t, 25 () F(t, 2,m—1(1))-
In the same way as in the previous step we prove that Ay is a contraction. Follows

that o, uﬂf x5 on [2h, 3R], so in the next step we shall use za,, instead of x3.
By induction, for ¢t € [nh,T] we have

Il(t) = f(t,.I(t),{E(t - h)a I(t + h’))a
—h)=f(t—h,z(t —h),z({t—2h),z(t)),

—h)=f(t —h,zn_—1,m(t — h),Tn_2.m(t —2h),x(t)).
We denote z(t ) = azn(t), t € [nh,T].

Let

F(t,xn(t)) :=f(t = hyzn_1,m(t = h), Tp_om(t — 2h), 2(t)) — z), 1 ,,(t —h) =0,

F(t,z,(t)) =0, t € [nh,T).

Applying implicit function theorem, there exists the solution z¥ € C*[nh,T] such
that F(t,x}(t)) = 0,Vt € [nh,T]. We approximate the solution z € [nh,T] with
the method of Newton, by Zpm(t) = Tnm-1(t) — G(t, x5 (t))F(t, Xn,m—1(t)), where
G(t,x5(t)) # 0 and Xy m—1(t) — G(t, 25 () F(t, Tn,m—1(t)) is a contraction.

-1

The function chosen here is G : [nh T] xR = R, G(t, z%(t)) :=M (M> ,

Oz,
where M € (0,1) is a constant. Then G(t, z%(t)) # 0.
Let the operator A, : C[nh,T] — C[nh,T] defined by

An(@nm—1)(t) = Tnm-1(t) = G, 25, (1)) F(t, 2n,m-1(1))-
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Notice that A,, is a contraction. Then we have that x,,, unif xf on [nh,T].
So, the following convergence takes place

r_1, te€ [—h, 0] T_1, tE€ [—h, 0]
X0, te [O, h] xo, te [O, h]
F=4 Tim, tE€[h2h] 5 px={ai, te]h,2h]

Tnm, tE€ [nh,T) x) t € [nh,T].

n?

In what follows we present the step method for the solution determined with the
above algorithm.

(Po) =(t) = (t)

(p1) z$(t — h) = z{(0) —l—/h f(s —h,a5(s — h), 2™ (s — 2h),x1(s))ds, t € [h,2h];

(p2) x5 (t — h) = x5 (h) + /2h fls—=h,zi(s — h),zo(s — 2h),x2(s))ds, t € [2h, 3h];

(p3) x5(t — h) = x5(2h) + /3h f(s—h,x5(s — h),x7(s — 2h),x3(s))ds, t € [3h,4h];

t
(Pn) @1 (E = h) =27, _((n - 1)h)+/ fs = hoay_i(s = h), a5 _os = 2h), 2 (s) s,
nh
t € [nh,T).
Thus we have the following theorem

Theorem 2.1. In the conditions (C1) — (C3) we have:

a) the problem (1.1)-(1.2) has in C[—T,T] a unique solution
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b) the sequence define by

xo(t —h) = x0(0) + /h f(s—=h,zo(s —h),x_1(s — 2h), z1m(s))ds, t € [h,2h];

t
zi(t —h)==a7(h) + . f(s—h,z7(s — h),z0(s — 2h), zam(s))ds, t € [2h, 3h];
2

x5 (t —h) = x5(2h) + f(s—=h,x5(s — h),z7(s — 2h), x5, (s))ds, t € [3h,4h];
3h

2 (t—h) = a7 / F(5 — By (s — B, ofis — 20, T (5))s,
€ [nh, TY;

is convergent and lim xp, =3, k=1,n
m—0o0

Theorem 2.1 gives a uniqueness result for the solution of the problem (1.1)-(1.2) by
successive approximation method and now we want to improve the convergence of this
solution. So, here cames the question: can we put x;_1 ., (t) instead of x}_, (t), i = 2,n
in the conclusion b) of Theorem 2.1?7 The answer of this question is given by the
following theorem.

Theorem 2.2. We suppose that the conditions (C1) — (C3) and
(Cy4) there exists Ly > 0 such that

[f(t u,v,w1) — f(t,u,v,w2)| < Ly |lwy —wsl,Vt € [-T,T],u,v,wr,ws € R;

are satisfied. Then the sequence defined by

xo(t—h):gp(())—k/h f(s—h,zo(s—h),x_1(s—2h),x1m(s)Mds,t € [h,2h];  (2.1)

Tim(E—h)=z1m(h)+ | f(s=h,z1m(s—h), zo(s—2h), zam(s) s, t € [2h, 3R];
2h

Tom(t—h)=x2m (2h)+ hf(s—h,xgm(s—h), Tim(s—2h), x3m(s)Ms, t € [3h,4h];
3

Tn—1m(t—h)=xpn_1m((n —1)h)+

/ fls—h, tpn-1,m(s— h),zpn_2m(s— 2h), xpm(s)ds, t € [nh,T);

is convergent and lim xp, =i, k=1,n.
m—0o0
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Proof. We consider the Banach spaces

Xo = (Cl=h,h], |Ilo) with [l-lp = max {[lz(t)l] e MY A >0,

te[—h,h]
Xi = (Clih, (i + 1)A], ||]];) with [|-[|; = [maxl)h]{llw( ) e AR x>0,
+
Xn = (C[nh, T, |-|l,,) with ||-[],, = IF%XT]{IIw( ) ey A >0,

and the operators
Ay : Xog — Xo, A(l‘o)(t) = gD(t), te [—h, h],
Ai:Xi,Q XXl',l XXZ'—)XZ', i:l,n—l
Ai(@i—2, i1, 2)(t) = 21 ((0 = 1)h)+

t
+/f(s—h,xi_l(s—h),;vi_g(s—2h),xi(s))ds,t € [ih,(i+1)h]
ih
An X x X1 x X, — Xn,
An(xn—Zu Tn—1, xn)(t) = xn—l((n - 1)h+

+/ f(s=h,xpn_1(s — h),xn_os — 2h),x,(s)Mds,t € ph,T)
nh

and
A Xogx - x X, - Xox - xX,
A(xoy ... xn) = (Ao(20), A1 (-1, T0,21), - -+, Ap(Tn—2, Tpn_1,Tn)).
For fixed (xq,...,2,) € Xo X -+ x X,,, the sequence (2.1) means

("EOmu B 7:Enm) = Am(fEO, e ,.’L’n).

We need to prove that the operator A is PO and for this we apply the fibre contraction
theorem.

Since Ag : Xg — X is a constant operator then Ay is ag-contraction with ag = 0,
so Ag is PO and Fa, = {2}, where zf = . For i = 1,n we have:

Ly
P )\ ||I1 Yis ||
for all x;_9 € Xi 9,21 € Xi1,7; € X ChOOSng A= Lf + 1, we get that
Ai(xi—2,25-1,) : X; = X, are a;-contractions with a; = %,
ditions of the fibre contraction theorem, therefore A is PO and Fy = {(a§,...,z})}.
Thus

||Ai($i727$iflazi) —A; (Iz 2y Lj— 1;y1)||

so we are in the con-

(Tomy -+ s Bnm) = A™ (@0, ..y 2n) = (25 .-, 20),

where zf' = @, for all m € N, and @1, . . ., Znm, are defined by (2.1). From condition
(C5) and from the definitions of A;,i = 1,n, we have

zi1((i = Dh) = zi((i = Dh),i = 1,n,
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therefore
p(t), tel=hh]
zi(t), te[h,2h]
zt(t) = q .
zi(t), te[nh,T)
is the unique solution in C[-T,T]. O

3. NUMERICAL EXAMPLE

In this section we give an example to test the numerical method presented above.
We consider the following functional-differential problem with mixed type argument:

z'(t) = —da(t) +x(t —h)+ 3zt +h)+(1—2h)/12, t € [-7;7], h=1, (3.1)
xz(t) = (t—1)/12, t € [-1;1].
We divide the working interval [—1; 7] by the points P, = nh, n = —1,7. We develop
the solution for the step of time s = 0.1, thus we obtain N = 10 points on each
subinterval I, =[P,_1, P,]. From implicit function theorem, on each I,,, there exists

a solution z,(t) and this solution is approximated by Newton’s method. Applying
the algorithm explained in the previous section we get:

Tom (t) = Zpm—1(t) — F(t, 2pm-1(t))/3 (3.2)
with F(t, Zpm—1(t)) = —4z(t — nh) + z(t — 2nh) + 32(t) + 2228 — 2/(t — nh).
05
0.4}
03
x0*?[
01
o
01
oz o 1 2 s 4 5 & 71

FIGURE 1. Exact and numerical solution for equation (3.1)

The algorithm from Section 2 is implemented using Matlab in the following way:

Step 0: We construct the vector ¢ formed by 2N + 1 points of the interval [—h; h]
at each step s. Further, we initialize the known solution for this interval with ¢(t) =
(t —1)/12 and its derivative with ¢'(t) = 1/12.
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Step k: We concatenate to the initial vector ¢ the rest of the points till T', con-
structing the interval [nh,T], n = 2,7. For this interval we get the solution applying
Newton’s method. For starting this method, we initialize the value of the first solution
with that computed to the last knot at the previous step.

Stoping test: We evaluate the difference in norm between two consecutive computed
values xslk) and xslkﬂ) and the iterations stop when it is less than a chosen value (in
our case 107%). The last values of the solution are retained in the solution vector
and are plotted along to the exact solution of the equation (3.1). These solutions are
presented in Fig. 1.

We can see from Fig. 1 that for the equation (3.1), our algorithm work perfectly.
The exact solution z(t) = (¢t — 1)/12 are designed graphically by circles and the
numerical solution = x,(t) by line. We observe that the numerical solution is
overlapping the exact solution.
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