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1. PRELIMINARIES

We recall some results regarding weakly Picard operators that will
be used in the sequel (see, e.g., [17], [20]).
Let (X, d) be a metric space and A : X — X an operator. We denote
by
Fu:={z € X | A(x) = z}-the fixed point set of A;
I(A) ={Y C X | AY) CY, Y # 0}-the family of the nonempty invariant
subset of A
AV =1y, AV:=A, .., A" = A0 A", neN.

Definition 1.1. The operator A : X — X is a Picard operator if there
erists x* € X such that:

(i) Fa={z"};

(ii) the sequence (A™(xo))nen converges to x* for all xy € X.

Definition 1.2. The operator A is a weakly Picard operator if the
sequence (A"(x))nen converges, for all x € X, and the limit (which
may depend on x) is a fized point of A.

Definition 1.3. We define the operator A*, A® : X — X, by
A>(z) := lim A"(x).

Theorem 1.4. [17] An operator A is a weakly Picard operator if and

only if there exists a partition of X, X = |J X, such that
AEA
1
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(a) Xy € I(A), VA eA;
(b) Alx, : Xo — X 1s a Picard operator, VA € A.

2. CHENEY-SHARMA OPERATOR

In [21] there was given an extension to two variables of the second
univariate operator of Cheney-Sharma introduced in [5].

Let f be a real-valued function defined on D = [0, 1] x [0,1]. The
bivariate Cheney-Sharma operator is defined by

(Sm’nf €, Y, ﬂ Zzpmz T, ﬁ qnj(y7 )f (ivf_l)7 (1)

with
() (IL’+26)7’ 1(1—x)[1—x+( )ﬁ]mzl
P (i) = (1 +mg3)m-1 :
and
(yly + 30y~ (1 — ) [1 —y + (n— j)o)" 7
Gnj (Y3 b) =

(1+nb)r—1 ’

where # and b are nonnegative parameters.
For a function f defined on Dy = [0,1] x [0, 1] x [0, 1], the trivariate
operator Cheney-Sharma is defined by [22]

3

(St (2,9, 28,7,0) = >

h S 2)
wit
gy = (s =) [t i)
fr (x’ ﬁ) - (1 + mﬁ)mfl )
I L o e e R O
ng (y57) = TR |
and
- (Z 5) _ (,i)z(z + kd)k—1(1 — z) [1 — 2+ (l - k>5]l—k—1

(1+16)1

where (3,7 and  are nonnegative parameters. This operator represents
an extension to three variables of the second univariate operator of
Cheney-Sharma [5].
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Theorem 2.1. [21] If [ is a real-valued function defined on D then we
have

(Sm,neij) (ZL‘, y) = xiyj7 Za.] = 07 17
and therefore, span{en, €10, €01, €11} C Fs,, ., where Fs, . denotes the
fized points set of Sy, p.

Theorem 2.2. [22] If f is a real-valued function defined on Dy then
we have

(Sm,n,leijk‘) ($7 Y, Z) = xlyjz , 47, k € {07 ]-}7
and therefore, Span{eooo, €100, €001, €001, €110, €011, €101, 6111} C Fy
where Fs, . denotes the fized points set of Sy -

m,n,l’

3. ITERATES OF CHENEY-SHARMA OPERATOR

Using the weakly Picard operators technique and the contraction
principle, we study the convergence of the iterates of the bivariate
Cheney-Sharma operator given in (1).

A similar approach for the univariate case was given in [4]. Some
other linear and positive operators lead to similar results in [1], [2],
(7], [18] and [19]. The limit behavior for the iterates of some classes of
positive linear operators were also studied, for example, in [3], [8]-[16].

Let f be a real-valued function defined on D.

Theorem 3.1. The operator Sy, . is a weakly Picard operator and

(Spenf) (@,y;8,0) =(1 —2)(1 —y)f(0,0) + (1 —x)yf(1,0)  (3)
+z(1 —y)f(0,1) + 2y f(1,1).

Proof. Taking into account the interpolation properties (Theorem 2.1),
of S,,.n, consider

Xa11a2,a3,a4 - {f S C(D> | / (070) = g, f(l,O) = O‘%f(ov 1) - a37f2131) = a4}7
4

and denote by
fgl,a27a3,a4($7 y) = (1 - l‘)(l - y)al + (1 - $>ya2 + $(1 - y)Oég + zYyay,

with aq, as, ag, ay € R.
We have the following properties:
(1) Xoy 000,04 18 closed subset of C'(D);
(i) Xoy as,05,00 18 an invariant subset of Sy, ,, for ag, s, a3, 04 €
R, m,n € N;
(ili) C(D) = U Xy an.08.0q 18 & partition of C(D);

a1,a2,a3,04 €ER

(1V) Xa17042,a37044 M Fsm,n = {f;l,ag,ag,a4}'
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The statements (i) and (ii7) are obvious.

(77) By interpolation properties of Sy, ,, we have that X, ay.a4,04 1S
an invariant subset of S, ,,, for any oy, ag, a3, 4 € R, m,n € Ny;

(7v) We prove that

Sm,n

a1,02,03,0e4 Xal,a21037a4

is a contraction for aq, as, az,ay € R, m,n € N,.
Let f,9 € Xo, a0.05.00- From (1) and (4) we obtain

S (f)(@,y) = Smn(9)(2,y)| =
= |Smn(f —g)(ﬁ(],y” <
< ‘pmo( ﬁ) dn O(ya b) [f (070) - 9(0?0)”

S0 s (2 8) D) [F (20 2) — 9 (s z—;n]

i=1 j=1

=)D o (#0) an(y:0) | £ (5:2) —9 (5. 1)]
i=1 j=1

<Y pmi (38 anj yib) [1f = 9l
=1 J=1

Z Pm,i (3 8) = pmo (2 ] [an] Y3 0) = Gno(y; b)] I1f = gll
L :=0

~[1- (=)™ | [1- - =1 -l
<= (1= )" - - ) e - el

Where |||, denotes the Chebyshev norm.
From [2, Lemma 8] it follows that

S () (@, 9) = Smn(9) (@, y)| =

< - (1- )" 0= ) 1 el

So,
[Smn ()@, y) = Smn(9) (@ 9)ll

m—1 n-1
S |:]' - <1 - ﬁ) (1 - 1+1nb) :| ||f - g”oo’ Vf,g € Xal,ag,a3,a4u

ie., Smn|Xa1,a2,a3,a4 is a contraction for aq, as, az, ay € R.
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On the other hand, we have that

f;l,az,ag,a4<x7y) = (1 - I)(l - y)al + (1 - ‘T)yOQ + ]3(]. - y)Oég + xyoy
and
S (1= 2)(1 = y)ag + (1 — x)yas + 2(1 — y)az + zyay) =
=(1—-2)1—y)as+ (1 —x)yas + (1 — y)as + ryay.

From the contraction principle we have that f*

o1.0.05.04 18 the unique
fixed point of Sy, in X4, as.05,0, @A Spy, is a Picard oper-

n|XO¢1va2v0¢3»a4
ator, so (3) holds. Consequently, taking into account (i7), by Theorem
1.4 it follows that the operator S,,, is a weakly Picard operator. We
remark that Fs, . = span{eg, €10, €o1, €11} O

Next, we study the convergence of the iterates of the trivariate
Cheney-Sharma operator given in (2).
Let f be a real-valued function defined on D;.

Theorem 3.2. The operator Sy, s a weakly Picard operator and

(Spcnif) (@,y,2,8,7,6) = (5)

— (1 — 1)1~ y)(1— 2)f (0,0,0) + 2(1 — y)(1 - 2)f(1,0,0)
+(1—2)y(1 —2)f(0,1,0) + (1 —2)(1 —y)zf(0,0,1) + zy(1 — 2)f(1,1,0)
+x(1 —y)zf(1,0,1) + (1 — 2)yzf(0,1,1) + zyzf(1,1,1).

Proof. The proof follows the same steps as in Theorem 3.1. Using the
following inequality

|Sm7n,l<f)<xvy7 Z) - Sm,n,l(g)(l',y, Z)| <

< {1 — (1 — ﬁ)ml} [1 - (1 - 1+1m>nl} [1 -(1- ﬁ)l_l} I1f =gl -

and further [2, Lemma §]
1Smn 1 (F)(@,y:2) = Smni(9)(@, 9, 2)[ o <

m—1 n—1
) 1 1 N\ I-1
< {1 - (1 - 1+mﬁ) <1 - 1+m> (1 - 1+l§) ] 1f =9l

Vf,9 € Xay 00,035,040, W€ prove that Sy, ,; is a contraction. O

We generalize these results to multivariate case.

Theorem 3.3. Consider a function f € C(D,), with D, = [0,1] x
%[0, 1]. The p-variate Cheney-Sharma operator, denoted by S;, . i

p times
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18 a weakly Picard operator and

(

S{’ﬁ.__,ipf) (1, .y p) = Z sflozp (@1, .0y p) flag, ..., ),

a;€{0,1},i=Tp

(6)

where a; € {0,1}, i =1,...,p and

iy (@15 p) = 2t P (1 — x)) (1= ),
Proof. The proof follows the same steps as in Theorem 3.1. O
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