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ABSTRACT. In this paper we present some properties of the so-
lutions of a system of differential equation with maxima. Exis-
tence, uniqueness, inequalities of Caplygin type and data depen-
dence (monotony, continuity) results for the solution of the Cauchy
problem of this system are obtained using weakly Picard operator
technique.
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1. INTRODUCTION

In this work, we study the solutions of the nonlinear differential
system with maxima of the type

(1.1) y'(t) = A(t)y(t) + f(t,y(t), maxy(S))

a<é<t
as a perturbed equations of
(1.2) ' (t) = A(t)x(t).

Existence and uniqueness, inequalities of Caplygin type and data de-
pendence (monotony, continuity) results for the solution of the Cauchy
problem of the system (1.1) shall be obtain using weakly Picard oper-
ator technique.

Differential equations with maxima arise naturally when solving prac-
tical phenomenon problems, in particular, in those which appear in the
study of systems with automatic regulation and automatic control of
various technical systems. In connections with many possible applica-
tions it is absolutely necessary to be developed qualitative theory of
differential equations with maxima (see the monograph [1] and papers
2), [3], [4], [5], [9)).

We consider the following Cauchy problem
(13) /(0 = AW(e) + (6 y(0), maxp(€)), t € [a, ],

(1.4) y(a) = yo.
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Let R" be the Euclidian n-space. For u = (uy,...,u,)’ € R",

let ||lu|| := max{|ui|,...,|u,|} be the norm of u. For a matrix A €
My n(R), A = (a;;), we define the norm |A| of A by |A| := sup ||Au]|.
flull<1

n
Then |A| = max |lai;]| -
Stsn ]:1

Throughtout this paper we consider that yo € R", f € C([a, co[xR™x
R™ R™) and X(t) is the fundamental matrix of the system (1.2).

We remark that if y € C'([a, oo[,R") is a solution of the problem
(1.3)-(1.4), then y is a solution of
(1.5)

t

() = X(OX (ot [ XX (7 (5.9(5). maxy(€))ds. t € fa, ]
and if y € C([a, oo, R") is a solution of (1.5), then y € C'([a, o[, R")
and is a solution of (1.3)—(1.4).

Also, if y € C''([a, o[, R") is a solution of the problem (1.3), then y
is a solution of
(1.6)

t

() = XX (@y(a)+ [ XX (6)(5,(s), maxy(€))ds.t € a. x|
and if y € C([a, 0o[,R™) is a solution of (1.6) then y € C'([a, co[, R")
and is a solution of (1.3).

Let us consider the following operators:

vaEf : C([avoo[v Rn) - C([aaoo[a Rn)a

defined by

Br(5)(®) i= X(OX (o + [ X(OX(5)f(s. (). maxy(©)ds,
and
Bi(5)(®) = XX (@y(a) + [ X(0X 7 ($)/(5.9(5). maxy(€))ds.

For yo € R", we consider X, := {y € C([a,o0[,R")| y(a) = yo}.
We remark that
C(la,o,R") = U X,

yoER™
is a partition of C([a, oo, R™).

The following lemma is important for our further considerations.
Lemma 1.1. (ILA. Rus, [8]) For yo € R™ and f € C([a,00[xR" x
R™ R™), the following conditions hold:

(a) By(C(la, 00, B")) € X,, and Ey(X,,) C Xy, Vi € R
(b) Bylx,, = Eflx,,, Vyo € R™.
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In this paper we prove that the operator £ is weakly Picard operator
(see [7]), and we study the equation (1.3) in the terms of the weakly
Picard operators theory.

2. WEAKLY PICARD OPERATORS

We start this section by presenting some notions and results from
the weakly Picard operators theory.
Let (X, d) be a metric space and A : X — X an operator. We shall
use the following notations:
Fa:={x € X | A(x) = z} - the fixed point set of A;
I(A) ={Y Cc X | A(Y) C Y,Y # 0} - the family of the nonempty
invariant subsets of A;
We will denote by H the Pompeiu-Housdorff functional, H : P(X) x
P(X) — Ry U {+o0} defined as
H(Y,Z) := max{supinfd(y, z),supinfd(y, z) }
yeyzeZ 2eZYEY
Definition 2.1. Let (X, d) be a metric space. An operator A : X — X
is a Picard operator (PO) if there exists x* € X such that:
(i) Fa={"};
(i) the sequence (A™(xq))nen converges to x* for all xy € X.

Definition 2.2. Let (X, d) be a metric space. An operator A: X — X
is a weakly Picard operator (WPO) if the sequence (A™(x))nen con-
verges for all x € X, and its limit (which may depend on x) is a fived
point of A.

Definition 2.3. If A is weakly Picard operator then we consider the
operator A* defined by

A® X — X, A®(z) := lim A"(x).

n—oo

Remark 2.4. [t is clear that A®(X) = Fy.

Definition 2.5. Let A be a weakly Picard operator and ¢ > 0. The
operator A is ¢ -weakly Picard operator if

d(z, A®(z)) < cd(z, A(x)), Vo € X.
For the theory of weakly Picard operator, see [6], [7], [8].

3. CAUCHY PROBLEM

Let us consider the following Banach space (BC([a,oo[,R™), ||
where BC([a,o00[,R") := {y € C(la,o00[,R")| y is bounded} with
llyl| :== max]{|y1(t)| vy |yn(t)]}. We have the following existence and

t€la
uniqueness theorem
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Theorem 3.1. We suppose that:
(i) there exists Ly : [a,00[— Ry with [~ Ly(s)ds < oo such that

1t ur,uz) = f(E, 01, 02) || < Lp(t) maxgfuy — v, Jug — vaf},
Vit € [a,00] and u;,v; € R" i =1,2.

(i) | X)X Ys)|| £ K, fora<s <t < oo

(iii) ft||f (5,0,0)|| ds < o0;

(iv Kf Ls(s)ds < 1.

Then the problem (1.3)—(1.4) has, in BC([a,o0[,R™), a unique so-
lution and this solution is the uniform limit of the successive approxi-
mations.

Proof. The problem (1.3)—(1.4) is equivalent with the fixed point equa-
tion
By(y) =y, y € BC([a, 00[, R").

We show that the space BC([a, 0o[, R") is invariant for the operator

By,
If 2 € BC([a, 0o, R™), then

B@)(0)

< [XOX @] + [ XX (@] |00, max©) - £5.0.0) s

o [ X OX @] 156,001 as

<&<s

maxy(&)‘}ds—i—/ K |f(s,0,0)]ds < co.

< Ko+ [ KLyts)man vtsn.

So By (BC([a,o[,R™)) C BC(la, oo, R™).
On the other hand we have that (see [4])

|By(y1)(t) — By (y2)(t)

_ ‘X(t) a)yo + / X(0)X () (5,31 (5), masx(€))ds

<£<s

XX o - / XX (9)f(5,12(5). mass () ds
< [ Ly06) (0 ()| ma {|yl<s>—y2<s>\

< & [ 1yt max {1n(6) =2t ma b (€)-al6)} s

max —Imax
max (&) agg/szs(ﬁ)

}ds

a<é<s

t
< (K/ Lf(s)ds) lly1 — yal| , VE € [a, 0], Yy1,y2 € BC([a, o], R™).
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So,
1B5(5) — By(ws)| < (K / Lf<s>ds) T

Vt € [a,00[,Vy1,y2 € BC([a,0[,R"), i.e., By is a contraction w.r.t.
the norm ||-|| on BC([a, o[, R™). The proof follows from the Banach
fixed point theorem. O

Remark 3.2. In the conditions of Theorem 3.1, the operator By is
Picard operator. But

Bleyo = Ef|Xy0> Vyo e R™,

Hence, the operator Ey is weakly Picard operator and Fg, N X,, =
1y}, Yyo € R™, where Fp, = {y;, € Xy|Es(y;,) = v;,} and y;, is the
unique solution of the problem (1.3)—(1.4).

From the WPO theory, we present in the following sections inequal-
ities of Caplygin type and data dependence results for the solution of
the system of differential equations.

4. INEQUALITIES OF CAPLYGIN TYPE
From the weakly Picard operator theory we have

Theorem 4.1. (Theorem of Caplygin type) We suppose that:

(a) the hypothesis of Theorem 3.1 are satisfied;
(b) f(t,-,-) : R — R™ is increasing, i.e., u; < v; = f(t,u1,uy) <
f(t,v1,v2), Vt € [a,00] and u;,v; € R" i =1,2.

Let y be a solution of equation (1.3) and x a solution of the inequality
' (t) < A(t)z(t) + f(t,x(t),;gggaz(f)% t € [a,o0l.
Then
z(a) < y(a) implies that © < y.
Proof. In the terms of the operator E;, we have
y = Es(y) and = < Ey(z),

and y(a) < z(a).

From Remark 3.2, Ey is weakly Picard operator. From the condition
(b), EF° is increasing ([7]). If yo € R", then we denote by g, the
following function

Yo : la,00[— R", 4o(t) = yo, Vt € [a, 0.
We have
v < Ep(z) <... < Ef(z) = EF(2(a) < EF(Y(a) = .
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5. DATA DEPENDENCE: MONOTONY
The following concept is important for our further considerations.
Lemma 5.1. (Comparison principle, [6]) Let (X, d, <) an ordered met-
ric space and A, B,C : X — X be such that
(a) A< B<C,
(b) the operator A, B,C, are WPOs;
(c) the operator B is increasing.

Then xz <y < z imply that A*(z) < B®(y) < C*(z).
From this abstract result we have

Theorem 5.2. Let f; € C([a, 00[xR**, R™),i = 1,2, be as in Theorem
3.1. We suppose that:

(i) f1 < f2 < fa
(i) folt,-, ) : R?™ — R™ is increasing;
Let y; € BC'([a, o[, R™) be a solution of the equation

yg(t) = A(t)%(t) + fi(tvy(t)v g?éy(g))v te [CL, OO[ and i =1,2,3.

If yi(a) < yo(a) < ys(a), then y1 < y2 < ys.

Proof. From Theorem 3.1 we have that the operator Ey,,i = 1,2, 3, are
WPOs. From the condition (ii) the operator Ey, is monotone increas-
ing. From the condition (i) it follows that

Ey < Ey, < Ey,.
Let y;(a) € BC([a, oo, R™) be defined by y;(a)(t) = yi(a), Vt € [a, ool
It is clear that
y1(a)(t) < 3(a)(t) < ys(a)(t), Vt € [a,00].

From Lemma 5.1 we have that
E7(y1(a) < B (v2(a)) < EF (ys(a)).
But y; = EF; (yi(a)), and y1 < y2 < ys. O

6. DATA DEPENDENCE: CONTINUITY

Consider the Cauchy problem (1.3)-(1.4) and suppose the conditions
of Theorem 3.1 are satisfied. Denote by y*(+; 4o, f) the solution of this
problem.

In order to study the continuous dependence of the fixed points we
will use the following result:

Theorem 6.1. (I.A. Rus, [7]) Let (X,d) be a complete metric space
and A, B : X — X two operators. We suppose that

(i) the operator A is a a-contraction;

(ii) Fp # 0;
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(ili) there exists n > 0 such that
d(A(z), B(z)) <n, Yz € X.
Then, if Fyx = {x%} and x%; € Fp, we have
n
1l—a
Then, accordingly to Theorem 6.1 we have the result as follows.

Theorem 6.2. Let yi, f;,i = 1,2 be as in Theorem 3.1. Furthermore,

we suppose that there exists n; € R% i = 1,2 with f n2(s)ds < oo such
that
(i) Ilyo —woll < m:
(ii) [|X(6)XT (s)| < K fora<s <t < oo;
(i) || fi(t,u,v) — fot,u,v)|| < no(t),Vt € [a, o], u € R™.
Then

d(x, ) <

Kn + Kf(f n2(s)ds
1 - K [ Ly(s)ds

where y; (t;xh, fi),1 = 1,2 are the solution of the problem (1.3)—(1.4)
with respect to yh, fi and Ly = max{Ly,,Ly,}.

o1 (tyo, 1) — w5t 95, f2)|| <

)

Proof. Consider the operators Byé f»t=1,2. From Theorem 3.1 these
operators are contractions.
Additionally

t
B = Big )] < Ko+ K¢ [ (o), ¥y € BO(la, o0l ).

Now the proof follows from the Theorem 6.1, with A =By s, B=
Bzf2777—K771+Kf7’]2 dsanda:—Kfo )ds, where L; =
max {Lf17 Lf2} U

We shall use the c-WPOs techniques to give some data dependence
results.

Theorem 6.3. (I.A. Rus, [7]) Let (X,d) be a metric space and A; :
X — X, 1=1,2. Suppose that

(i) the operator A; is c¢;-weakly Picard operator, i=1,2;

(ii) there exists n > 0 such that

d(Ay(z), Ax(z)) <n, Vo e X.
Then H(Fa,, Fa,) < nmax{cy,ca}.
Based upon Theorem 6.3 we have the next result.

Theorem 6.4. Let f; and fy be as in Theorem 3.1. Let SEJ,l,SEf2 be

the solution sets of system (1.8) corresponding to fi and fs. Suppose
that

1) X)X (s)|| < K fora<s<t<oo;
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(ii) there exists n € R, fat n(s)ds < oo such that
(6.1) | fi(t,u,v) — falt,u,v)|| < n(t) for allt € [a, 00, u € R".
Then

K [In(s)ds
Hy.y, (SEy, > SEy,) < ; :
1— K [ L¢(s)ds
where Ly = max{Ly,, Ly} and H).| denotes the Pompeiu-Housdorff
functional with respect to ||-|| on BC([a, co[, R™).

Proof. In the condition of Theorem 3.1, the operators Ey, and £, are
c;i-weakly Picard operators, i = 1,2. Let X, := {y € BC([a, oo[,R")| y(a) =
Yo} It is clear that Ey, |x, = By, Ep,lx,, = By,. Therefore,

12400 - En ) < (K [ La(5)ds) 1 (0) = ol ¥y € BC(fa, ol B,

t
2200 - Ea)| < (K [ La(ds) 1) = ol vy € BC(a, o0, B,
Now, choosing yj = K [ Ly, (s)ds and y3 = K [ Ly,(s)ds, we get

that Ey and Ey, are ¢;-weakly Picard operators, i = 1,2 with ¢; =
(1—yd) P and ¢y = (1 —92)"". From (6.1) we obtain that

VB () - B @)l < K / n(s)ds, Vy € BO([a, 0o, R").

Applying Theorem 6.3 we have that

K ["n(s)ds
Hy(Sg,, Sk;,) < ; [(J%[?(L)(s)ds’
KL,

where Ly = max{Ly,, Ly} and H|. is the Pompeiu-Housdorff func-
tional with respect to ||-|| on BC([a, oo, R™). O
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