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Abstract

We consider a mathematical model which describes the quasistatic contact
between a viscoelastic body and an obstacle, the so-called foundation. The
contact is frictionless and is modelled with a new and nonstandard condition
which involves both normal compliance, unilateral constraint and memory ef-
fects. We derive a variational of the problem which is the form of a history
history-dependent variational inequality for the displacement field. Then, us-
ing a recent result obtained in [26], we prove the unique weak solvability of the
problem. Next, we study the continuous dependence of the weak solution with
respect the data and prove a first convergence result. Finally, we prove that
the weak solution of the problem converges to the weak solution of a contact
problem with normal compliance and memory term, as the stiffness coefficient
of the foundation converges to infinity.
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1 Introduction

Phenomena of contact between deformable bodies abound in industry and everyday
life. Contact of braking pads with wheels, tires with roads, pistons with skirts are
just few simple examples. Common industrial processes such as metal forming, metal
extrusion, involve contact evolutions. Owing to their inherent complexity, contact
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phenomena lead to mathematical models expressed in terms of strongly nonlinear
elliptic or evolutionary boundary value problems.

An early attempt to study frictional contact problems within the framework of
variational inequalities was made in [3]. An excellent reference on analysis and numer-
ical approximations of contact problems involving elastic materials with or without
friction is [7]. The variational analysis of various contact problems, including exis-
tence and uniqueness results, can be found in the monographs [4, [0, 15, 22]. The
state of the art in the field can also be found in the proceedings [10, I8, 29] and in
the special issue [21], as well.

To construct a mathematical model which describes a specific contact process we
need to precise the material’s behavior and the contact conditions, among others. In
this paper we assume that the material is viscoelastic and we describe its behavior
with a constitutive law with long memory of the form

o(t) = Ae(u(t)) + /0 B(t — s)e(u(s))ds. (1.1)

Here u denotes the displacement field, o represents the stress, e(u) is the linearized
strain tensor and, finally, A and B are the elasticity operator and the relaxation ten-
sor, respectively. Results and mechanical interpretations in the study of viscoelastic
materials of the form (1) can be found in [3, 17, 28], for instance. The analysis of
various contact problems which such kind of materials was provided in [19, 20, 24].
There, the unique solvability of the problems was proved by using existence and
uniqueness results for evolutionary variational inequalities involving a Volterra-type
integral term; fully discrete schemes for the numerical approximation of the models
were considered and error estimates were derived; finally, the schemes were imple-
mented on a computer code and numerical simulations were presented. The analysis
of models of antiplane frictional contact problems with viscoelastic materials of the
form (1), including existence, uniqueness and convergence results, was performed
in [25].

We turn now to describe some representative contact conditions used in the lit-
erature and, to this end, we denote by w, and o, the normal displacement and the
normal stress on the contact surface, respectively.

The so-called normal compliance contact condition describes a deformable foun-
dation. It assigns a reactive normal pressure that depends on the interpenetration of
the asperities on the body’s surface and those of the foundation. A general expression
for this condition is

— 0, = pu,) (1.2)
where p is a nonnegative prescribed function which vanishes for negative argument.
Indeed, when u, < 0 there is no contact and the normal pressure vanishes. When
there is contact then wu, is positive and represents a measure of the interpenetration
of the asperities. Then, condition (LZ) shows that the foundation exerts a pressure
on the body, which depends on the penetration.



A commonly used example of the normal compliance function p is
p(r) =c,rt. (1.3)

Here the constant ¢, > 0 is the surface stiffness coefficient and r* = max{r,0}
denotes the positive part of . A second example is provided by the truncated normal
compliance function
c,rt ifr <a
ry=1< " . 1.4
p(r) {c,,a if r > a, (1.4)
where « is a positive coefficient related to the wear and hardness of the surface. In
this case the contact condition (L2]) means that when the penetration is too large,
i.e., when it exceeds a, the obstacle offers no additional resistance to penetration.

The normal compliance contact condition was first introduced in [I4] and since
then used in many publications, see, e.g., [7, 8 @, 1] and references therein. The
term normal compliance was first introduced in [§,9]. An idealization of the normal
compliance, which is used often in engineering literature, and can also be found in
mathematical publications, is the Signorini contact condition, in which the foundation
is assumed to be perfectly rigid. It is obtained, formally, from the normal compliance
condition (L2), (L3), in the limit when the surface stiffness coefficient becomes infi-
nite, i.e., ¢, — oo, and thus interpenetration is not allowed. This leads to the idea of
regarding contact with a rigid support as a limiting case of contact with deformable
support, whose resistance to compression increases. The Signorini contact condition
can be stated in the following complementarity form:

u, <0, o, <0, o,u, = 0. (1.5)

This condition was first introduced in [23] and then used in many papers, see, e.g.,
[22] for further details and references. Assume now that there is an initial gap g > 0
between the body and the foundation. Then the Signorini contact condition in a form
with a gap function is given by

u, < g, o, <0, o,(u, —g) =0. (1.6)

In various situations the reaction of the foundation at the moment ¢ depends on
the history of the penetration and, therefore, it cannot be determinate as a function
of the current value u,(t). In this case one can assume that the normal stress satisfies
a condition of the form

—a,,(t):/o bt — s)u (s) ds. (1.7)

in which b represents a given function, the so-called surface memory function. Contact
conditions of the form (7)) have a simple physical interpretation if there are no cycles
of contact and separation during the time interval of interest. For instance, assume in
what follows that b is a positive function. Moreover, assume that in the time interval



0; ¢] there is only penetration (i.e. u,(s) > 0 for all s € [0,¢]). Then ([LT) shows that
the reaction of the foundation at ¢ is towards the body (since o, (t) < 0). Also, if in
the time interval [0;¢] there is separation (i.e. u,(s) < 0 for all s € [0,¢]) then there
is no reaction at the moment ¢ (since o,(t) = 0). Now, assume a situation in which
u,, is positive in time interval [0,to] and negative on the time interval [to,t]. Then,

following (7)) we have

o t) = / bt — s) u (s) ds.

since the integral on the remaining interval [to,¢] vanishes. Assume, in addition,
that the support of the function b is included in the interval [0, 6] with § > 0. Two
possibilities arise. First, if ¢ — ¢y > J it follows that b(t — s) = 0 for all s € [0, ¢o] and
(L) shows the normal stress o, (t) vanishes. Second, if ¢ — ¢y < ¢ ([L7) implies that
0,(t) <0 i.e. a residual pression exists at the moment ¢ on the body’s surface. We
interpret this as a memory effect in which the foundation prevents the separation,
moves towards the body and exerts a pression on a short interval of time of length §.
Various other mechanical interpretation of the condition (7)) could be obtained if b
is assumed to be a negative function or if this condition is associated to the normal
compliance condition ([L2]), as shown in Section Bl below. Note that conditions of the
form (L) were considered in [I3] in the study of a lumped model with contact and
friction.

In the present paper we study a quasistatic frictionless contact problem for vis-
coelastic materials of the form (Il). The novelty consists in the fact that the contact
condition we use describes a deformable foundation which becomes rigid when the
penetration reaches a critical bound and which developes memory effects. This con-
tact condition includes as particular cases both the normal compliance condition
(L2), the Signorini condition (L6 and the history-dependent condition (L1). Con-
sidering such condition leads to a new and nonstandard mathematical model which,
in a variational formulation, is given by a history-dependent variational inequality for
the displacement field. We prove the unique weak solvability of the problem then we
establish two convergence results.

The rest of the paper is structured as follows. In Section 2lwe present the notation
we shall use as well as some preliminary material. In Section [3l we describe the model
of the contact process. In Section [l we list the assumptions on the data and derive the
variational formulation of the problem. Then we state and prove our main existence
and uniqueness result, Theorem [l In Section [ we state and prove our first converge
result, Theorem [5.1] It states the continuous dependence of the solution with respect
to the data. Finally, in Section [@] we state and prove our second converge result,
Theorem 6.1 It states that the weak solution of the problem with normal compliance,
memory term and unilateral constraint can be approached by the weak solution of a
problem with normal compliance and memory term, as the stiffness coefficient of the
foundation converges to infinity.



2 Notation and preliminaries

Everywhere in this paper we use the notation N* for the set of positive integers and
R, will represent the set of non negative real numbers, i.e. Ry = [0,400). We denote
by S the space of second order symmetric tensors on R? or, equivalently, the space
of symmetric matrices of order d. The inner product and norm on R? and S are
defined by

UV = Uuv; |lv]| = (v - 'v)% Vu=(u), v=I(v;) € RY,

1
o T = UijTij s ||T|| = (’T . ’7')5 \V/O' = (Uij , T = (Tij) c Sd.

Let Q C R? (d = 1,2, 3) be a bounded domain with Lipschitz continuous boundary
[ and let I'y, 'y, and I's be three measurable parts of I' such that meas (I'y) > 0.
We use the notation @ = (z;) for a typical point in Q and we denote by v = (1)
the outward unit normal at I". Here and below the indices ¢, j, k, [ run between 1
and d and, unless stated otherwise, the summation convention over repeated indices
is used. An index that follows a comma represents the partial derivative with respect
to the corresponding component of the spatial variable, e.g. u; ; = du;/0z;. We use
standard notation for the Lebesgue and Sobolev spaces associated to 2 and I'. In
particular, we recall that the inner products on the Hilbert spaces L?(Q)? and L?(I'3)?
are given by

(u,v) 20y = / u - vdr, (u, V) 2(ry)e = / u - vda,
Q Iz

and the associated norms will be denoted by || - || 12 and || - || 2(r,)e, respectively.
Moreover, we consider the spaces

V={veHQ):v=00nT},
Q={7=(ry) € LX) : 7 = },
Ql = {'T = (Ti]’) S Q - Tij.j € LQ(Q) }

These are real Hilbert spaces endowed with the inner products
(o) = [ elu)-s(v)ds,
Q
(o, 7)o = / o Tdz,
Q

(O',T)Ql:/J'TdZL’+/DiVU-DiVTdI,
Q Q

and the associated norms || - ||y, || - |lo and || - ||g,, respectively. Here € and Div are
the deformation and divergence operators given by

e(0) = (c5(0),  cu(v) = 5 (g +v50) Yo € B
Divr = (Tij,j) V1 e Ql-



Completeness of the space (V, ||-||v/) follows from the assumption meas(I';) > 0, which
allows the use of Korn’s inequality.

For an element v € V' we still write v for the trace of V and we denote by v, and
v, the normal and tangential components of v on I' given by v, = v-v, v, =v—v,V.
By the Sobolev trace theorem, there exists a positive constant ¢y, depending on 2,
I'y, and I3, such that

[ollzrae < collvlly  VoeV, (2.1)

For an regular function o : QU — S? we denote by o, and o, the normal and
the tangential components of the vector ov on I', respectively, and we recall that
o, =0ov- v, o, =0 — o,v. Moreover, the following Green’s formula holds:

/a-s(v)dx+/Divo'-’vdx—/au-'vda VoeV. (2.2)
Q Q r

Finally, we denote by Q.. the space of fourth order tensor fields given by
Qoo = 1{ €= (Eijia) | Eijii = Ejimn = Erij € L=(Q), 1<, 5,k 1<d }
We note that Q. is a real Banach space with the norm

lElaw =D l€mlixw-

0<i,g.k,l<d

Moreover, a simple calculation shows that

[ETllq < dll€llqullTlle  VE€Qw, T€Q. (2.3)

For each Banach space X we use the notation C(R; X) for the space of continu-
ously functions defined on R with values on X. It is well known that C'(R;; X) can
be organized in a canonical way as a Fréchet space, i.e. as a complete metric space
in which the corresponding topology is induced by a countable family of seminorms.
Details can be found in [2] and [12], for instance. Here we restrict ourseleves to recall
that the convergence of a sequence (z,,),, to the element x, in the space C(Ry; X),
can be described as follows:

Tm —x in C(Ry; X) as m — oo if and only if
(2.4)

m[aax] |Zm(r) —a(r)||x =0 asm — oo, forall neN"
re|0,n

Equivalence (24)) will be used several times in Section [l of the paper.

Consider now a real Hilbert space X with inner product (-,-)x and associated
norm || - ||x. Also, assume given a set K C X, the operators A : K — X, S :
C(R4; X) — C(R4; X) and a function f: Ry — X such that:

K is a closed, convex, nonempty subset of X. (2.5)



(a) There exists m > 0 such that
(Auy — Aug,uy — uz)x > mlluy —ug||% Vuy,us € K.

(2.6)
(b) There exists L > 0 such that
HAu1 — AUQHX <L HU1 — UQHX Vul,uz e K.
For every n € N* there exists r, > 0 such that
t
|Sur(t) = Sua(t)]ly < Tn/ [ur (s) = ua(s)| x ds (2.7)
0
Vuy, ug € C(Ry; X), Vt € [0,n).
feCRy; X). (2.8)

We have following result, which represents a particular case of a more general
existence and uniqueness result proved in [26].

Theorem 2.1 Assume that ([Z30)—(28) hold. Then there exists a unique function
u € C(Ry; X) such that, for all t € Ry, the inequality below holds:

u(t) € K, (Au(t),v —u(t))x + (Su(t),v —u(t))x (2.9)
> (f(t),v—u(t)x Vvek.

Following the terminology introduced in [26] we refer to (Z9]) as a history-dependent
variational inequality. To avoid any confusion, we note that here and below the no-
tation Au(t) and Su(t) are short hand notation for A(u(t)) and (Su)(t), i.e. Au(t) =
A(u(t)) and Su(t) = (Su)(t), for all t € R;.

3 The model

The physical setting is as follows. A viscoelastic body occupies a bounded domain
Q c R? (d = 1,2,3) with a Lipschitz continuous boundary T', divided into three
measurable parts I'y, I's and I's such that meas(I'y) > 0. The body is subject to
the action of body forces of density f,. We also assume that the body is fixed on
I'y and surfaces tractions of density f, act on I';. On I's, the body is in frictionless
contact with a obstacle, the so-called foundation. We assume that the foundation
is deformable and, therefore, the penetration is allowed. Nevertheless, when the
penetration reaches a given bound ¢, the foundation becomes rigid. And, finally,
there are memory effects during the contact process. The process is quasistatic, and
it is studied in the interval of time R, = [0, 00). With these assumption, the classical
formulation of the problem is the following.

Problem P. Find a displacement field u : Q x Ry — R and a stress field o :
Q x Ry — S such that, for allt € R,



a(t):As(u(t))+/0t8(t—s)s(u(s)))ds in Q (3.1

Dive(t)+ fo(t) =0 in Q (3.2

ut)=0 on Ty, (3.3)

oty = fo(t) on Ty (3.4)

wlt) < 90 0ult) +plunle) + [ 8= )t (5)ds <0
(s () = 9) (0 (8) + plun(t) + / bt - 5)uf(s) ds) =0

o.(t)=0 on I3 (3.6)

on F3, (35)

Here and below, in order to simplify the notation, we do not indicate explicitly
the dependence of various functions on the spatial variable & € QQ UI'. Equation
(BI)) represents the viscoelastic constitutive law of the material introduced in Section
[ and equation (3.2) is the equilibrium equation. Conditions ([33]) and ([B.4]) are
the displacement and traction boundary conditions, respectively, and condition (3.6])
shows that the tangential stress on the contact surface, denoted o ., vanishes. We use
it here since we assume that the contact process is frictionless.

We now describe the contact condition (3.3]) in which our main interest is. Here
0, denotes the normal stress, wu, is the normal displacement and p is a Lipschitz
continuous increasing function which vanishes for a negative argument. Moreover, b
is the surface memory function and g > 0 is a given bound for the normal displace-
ment. This condition can be derived in the following way. First, we assume that the
penetration is limited by the bound ¢ and, therefore, at each time moment ¢t € R,
the normal displacement satisfies the inequality

u,(t) <g onl}j. (3.7)
Next, we assume that the normal stress has an additive decomposition of the form

o,(t) = aP(t) + ol(t) + oM (t) on Ts. (3.8)

D ol and o describe the deformability, the rigidity and the

memory properties of the foundation, at each ¢ € R,. We assume that the function
ol satisfies the normal compliance contact condition (L2), that is

in which the functions o

—o2(t) = p(u,(t)) onTs. (3.9)

The part ot of the normal stress satisfies the Signorini condition in the form with a
gap function (LA), i.e.

ol(t) <0, B (t)(u,(t)—g) =0 onTs. (3.10)

v
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And, finally, the function o satisfies the memory condition (7)), that is
—oM(t) = /tb(t —s)u(s)ds on Iz. (3.11)
0
We combine equalities (8.8)), (310) and (BII]) to see that
ol (t) = o, (t) + plu,(t)) + /Ot b(t —s)uf(s)ds on I's. (3.12)

Then we substitute equality (312) in (BI0) and use inequality (B1) to obtain the
contact condition (B.5]).

Not that (B.5) describes a condition with unilateral constraint, since inequality
(70 holds at each time moment. Assume now that at a given moment ¢ there is
penetration which did not reach the bound g, i.e. 0 < u,(t) < g. Then (1) yields

— o(t) = plus (b)) + /0 b(t — s)u (s) ds. (3.13)

This equality shows that at the moment ¢, the reaction of the foundation depend both
on the current value of the penetration (represented by the term p(u,(t))) as well as
on the history of the penetration (represented by the integral term in ([3.13))). When
b is a positive function the reaction of the foundation is larger than that given by the
term p(u,(t)) and we conclude that equality (B.I3]) models the hardening phenomenon
of the surface. When b is a negative function the reaction of the foundation is smaller
than that given by the term p(u,(¢)) and we conclude that equality (BI3) models the
softening phenomenon of the surface. Hardening and softening of contact surfaces
represent an important phenomenon which appear in various industrial applications
applications, see for instance [16] and references therein.

In conclusion, condition (3.5) shows that the contact follows a normal compliance
condition with memory term of the form ([BI3]) but up to the limit g and then, when
this limit is reached, the contact follows a Signorini-type unilateral condition with
the gap ¢g. For this reason we refer to this condition as to a normal compliance
contact condition with memory term and unilateral constraint. It can be interpreted
physically as follows. The foundation is assumed to be made of a hard material
covered by a thin layer of a soft material with thickness g. The soft material has a
viscoelastic behaviour, i.e. is deformable, allows penetration and presents memory
effects; the contact with this layer is modelled with normal compliance and memory
term. The hard material is perfectly rigid and, therefore, it does not allow penetration;
the contact with this material is modelled with the Signorini contact condition. To
resume, the foundation has a rigid-viscoelastic behavior; its viscoelastic behavior is
given by the layer of the soft material while its rigid behavior is given by the hard
material.

In the particular case when b = 0 the contact condition (B.5) was introduced in
[5], in the study of a dynamic frictionless contact problem with elastic-visco-plastic

9



materials. Then, it was used in [I] and [27] in the study of various quasistatic contact
problems. Also, note that when g > 0, p = 0 and b = 0 condition (B3] becomes
the Signorini contact condition in a form with a gap function, (L7). And, finally, if
b =0 and g — oo, we recover the normal compliance contact condition with a zero

gap function, (L2).

4 Existence and uniqueness results

To derive the variational formulation of the problem P we list the assumptions on
the problem data. First, we assume that the elasticity operator A and the relaxation
tensor B satisfy the following conditions.

(((a) A: QxS — §9.
(b) There exists L4 > 0 such that
| A(Z, 1) — Az, €2)|| < Laller — &
Ve, s € Sd, a.e. x € ().
(¢) There exists m4 > 0 such that

(Alw,21) — A, ) - (61 — ) > maaller — ool -
Ve, s € Sd, a.e. x € (.
(d) The mapping x — A(x, €) is measurable on €,
for any € € S%.
( (e) The mapping & — A(x, 0) belongs to Q.
BeCRL;Qu) (4.2)

The normal compliance and the surface memory function satisfy the conditions

((a) p: T3 xR —>R,.
(b) There exists L, > 0 such that
Ip(z, 1) — p(,r2)| < Ly [r1 — 73
Vry,rmeR, ae xelly.
(c) (p(®, 1) = p(@,72))(r1 —12) 2 0 (4.3)
Vri, rm eR, ae x el;.
(d) The mapping x — p(x,r) is measurable on I's,
for any r € R.
L (e) p(x,r) =0 for all » <0, a.e. x e ls.

b e C(Ry; L=(T'3)). (4.4)

Finally, we assume that the densities of body forces and surface tractions have the
regularity
fo € CR LA (Q)),  fy € C(Ry; L(Dy)) (4.5)
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and, moreover, we introduce the set of admissible displacements fields defined by

U={veV:y,<gonly}. (4.6)

Assume in what follows that (u, o) are sufficiently regular functions which satisfy
BI)-B4) and let v € U and t > 0 be given. We use the Green formula ([22]) and
the equilibrium equation ([3:2)) to obtain

/ﬂ o(t)- (e(v) —e(u(t)))dx = /Q folt) (v —wu(t))de+ /F o(t)v - (v—u(t))da.

We split the boundary integral over ', I's and I's and, since v — u(t) = 0 on I'; and
o(t)v = fy(t) on I'y, we obtain

[ o) (eo) ~ etwn)dz = [ filt)- (v - u(t) do (47)
Q Q

+ A fao(t) - (v—wult))da +/r o(t)v-(v—u(t))da.
Moreover, since

ot - (v —ut)) = o, () (v, — u(t) + o (v - (v, — u,(t)) on Ty,

condition (ZB) implies that
/r3 ot - (v — u(t)) da — /F o (#) (v — uy) da. (4.8)
We write now
) = ) = (6200) ) + [ 80— 5)u5) ) (0~
(o) + a0+ [ bl =) 5)d5) 0 = s (0)
(o) + [ 80— 51 6)ds) (0~ ) on T,

then we use the contact conditions (B.5) and the definition (L.6) of the set U to see
that

o () (W, — un (1)) > —<p(ul,(t)) + /0 bt — )t (s) ds) (v, — uy(t)) on T,

and, therefore,
/F o (0) (= (0) da > — /F (pln0)+ /O Cb(t—s) ut(s) ds) (v~ (1)) da. (4.9

11



We combine now equalities (A7), (@) then we use inequality @3) to deduce that
(o (1), s( ) —e(u(t))q + (p(uv(t)), vy — wn(t)) r2(rs) (4.10)
( bt — s) it (s) ds, v, —ul,(t)>L2(F3)
> (fo( ), v = u(t)) 2@y + (F2(t), v — w(t)) 2(rya

In addition, we note that the boundary condition (3.3]), the first inequality in (3.3
and notation (L0) imply that w(t) € U. Therefore, using the constitutive law (B1)
and inequality (ZI0) we derive the following variational formulation of Problem P.

Problem PV. Find a displacement field w : Ry — V such that, for all t € R,, the
inequality below holds:

u(t) e U, (Ae(u(t)),e(v) —e(u(t)))o (4.11)

+Q[B@—skm@wmsw»—dwwﬁ

Q

6.0 = w0y + ([ 00— 5yt 5) s, w0

L3(T3)

> (folt),v —u(t)) 2@ + (f2(), v —u(t)) 2ryye Vv €U

In the study of the problems P we have the following existence and uniqueness
result.

Theorem 4.1 Assume that ([&I)-(@&F) hold. Then, Problem PV has a unique solu-
tion which satisfies u € C(R; V).

Proof. We start with by providing an equivalent form of Problem PY. To this
end we use the Riesz representation theorem to define the operators P : V — V|
S:CRy; V) — C(Ry; V) and the function f : R, — V by equalities

(Pu,v)y — / plu)oyda Yu, v eV, (4.12)
s

(Su(t),v)y = ( /0 tB(t—s)s(u(s))ds,e(v)) (4.13)

Q
¢
+</0 b(t — s)u, (s)ds, UV)LQ(Fg) VueCRy; V), veV,

(f(t),v)y = /Qfo(t) : vd:v—i—/r fot) - vda Vu,veV, teR,. (4.14)

12



Then, it is easy to see that Problem PV is equivalent to the problem of finding a
function w : R, — V such that the inequality below holds, for all ¢t € R, :

u(t) e U, (Ae(u(t)),e(v)—e(u(t)))g+ (Pu(t),v —u(t))y  (4.15)
+(Su(t),v —u(t))y > (f(t),v—u(t))y VYvel.

To solve the variational inequality ([@I5) we use Theorem 2] with X = V and
K =U. To this end we consider the operator A : V' — V defined by

(Au,v)y = (Ae(u),e(v))g + (Pu,v)y Vu,veV, (4.16)

It is easy to see that condition (2] holds. Next, we use [1l), (£3) and (21)) to see
that the operator A verifies condition (Z6]). Let n € N*. Then, a simple calculation
based on assumptions (£.2)), (44 and inequalities (2.1]), ([2.3]) shows that

;

t
[Su () = Sua(t)llv < d max HB(T)HQOO/ lr(s) — wa(s)]lv ds
T ,n 0

t
4.1

b mae o) [ (o) = wa(s) e s (4.17)

rel0,n 0

\ Vuy, us € C(R; V), Vit €[0,n].
This inequality implies that the operator ([{I3]) satisfies condition ([2.7)) with
rn = d max || B(r)||lq. + ¢ max ||b(r)]| e(rs)- (4.18)
rel0,n] rel0,n]

Finally, using (£3) and ([@I4)) we deduce that f € C(R;;V) and, therefore, ([2.8)
holds. It follows now from Theorem 2.1l that there exists a unique function u €
C(Ry; V) which satisfies the inequality

u(t) e U, (Au(t),v —u(t))y + (Su(t),v —u(t))y (4.19)
> (f(t),v—u(t))y Yvel,

for all t € Ry. And, using ({16 we deduce that that there exists a unique function
u € C(Ry; V) such that (£I5) holds for all t € R, which concludes the proof. [

Let o be the function defined by (BJ]). Then, it follows ([&J]) and (#2) that
o € C(R;; Q). Moreover, it is easy to see that (4I0) holds for all t € R, and, using
standard arguments, it result from here that

Divo(t) + fo(t) =0  VteR,. (4.20)

Therefore, using the regularity f, € C(R,; L?(2)?) in (@) we deduce that Dive €
C(R; L*(©2)?) which implies that o € C(R,;Q;). A couple of functions (u, o) which
satisfies (B1)), ([@II) for all ¢ € R, is called a weak solution to the contact problem
P. We conclude that Theorem 1] provides the unique weak solvability of Problem
P. Moreover, the regularity of the weak solution is w € C(R; V), o € C(R4; Q).
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5 A first convergence result

We study now the dependence of the solution of Problem P with respect to pertur-
bations of the data. To this end, we assume in what follows that (ZI)—(X) hold and
we denote by u the solution of Problem P obtained in Theorem E1l For each p > 0
let B, py, by, fo, and f,, be perturbations of B, p, b, f, and f, which satisfy condi-

tions (£2), [@3), (£4) and ([@H), respectively. We consider the following variational
problem.

Problem 73:)/. Find a displacement field w, : Ry — V' such that, for allt € Ry, the
inequality below holds :

u,(t) € U, (Ae(u,(1)) e(v) —e(u,(1)))q (5.1)

([ Bolt = 1t (6)) . (o) ~ el 1)

Q

(Pt (£)), 0 — 14y (£)) £20ra) + ( /Ot bo(t — s)u (s) ds, v, — up,,(t))

L2(T's)
> (fop(t),'v —u,(t)) 2y + (pr(t),'v —u,(t)) 2,0 Yo e U
Note that, here and below, u,, represents the normal component of the function u,.

It follows from Theorem Tl that, for each p > 0 Problem 73:,/ has a unique solution
u, € C(R4; V). Consider now the following assumptions:

B,—B in C(R:;Qu) as p—0. (5.2)
b, = b in C(Ry;L>=(T'3)) as p—0. (5.3)
fo, = fo in C(RyLA(Q)Y) as p— 0. (5.4)
fap = Fo in C(Ry;L2(T2)Y) as p— 0. (5.5)
There exists G : R, — R, and g € R, such that
(8) Ipo(@.7) — pl@, )] < G(o)(Ir| + B) 5o

Vr eR, a.e. x €13, for each p > 0.
(b) G(p) -0 as p—0.

We have the following convergence result.

Theorem 5.1 Under assumptions (5.2)-([5.0), the solution w, of Problem 73})/ con-
verges to the solution w of Problem PV, i.e.,

u, —>u in CRyV) as p—0. (5.7)
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Proof. Let p > 0. We use the Riesz representation theorem to define the operators
Py V=V, 8,:C(R; V) — C(Ry; V) and the function f,: Ry — V by equalities

(Pyu,v)y = /F pp(u)v,da Yu, v eV, (5.8)
3

(Syu(t),v)y = ( /0 t B,(t — s)e(u(s))ds,s(’u)) (5.9)

Q

¢
_ + .
—i—(/o b,(t — s)u) (s) dS’UV>L2(F3) Vue CRy,;V), veV,

(f,(t),v)v = /Qfop(t) ~vdr + A fo,(t) - vda VYu,veV, teR,. (510)

It follows from the proof of Theorem ELI] that w is a solution of Problem PV iff u
solves inequality (AIH), for all £ € Ry. In a similar way, u, is a solution of Problem
Py iff, for all t € Ry, the inequality below holds:

u(t) €U, (Ae(u, (1)), (v) — e(u,(t))g + (Paus(t). v — u,(H)y (5.11)

+H(Spup(t), v —u,(t)y = (f,(1),v —u,(t)y Vovel.

Let n € N* and let ¢ € [0,n]. We take v = wu(t) in (BI0) and v = u,(¢) in ({I5)
and add the resulting inequalities to obtain

(Ae(u,(t) — Ae(u(t)), e(u,(t)) — e(u(t)))q (5.12)
< (Pouy(t) — Pu(t), u(t) — u,(t))v
+(Spu,(t) — Sul(t), u(t) — w,(t)v + (F,(t) = F(), u,(t) — u(?))y.

Next, we use the definitions (5.8) and (4.12]), the monotonicity of the function p, and
assumption (B0 to see that

(Pouy(t) — Pu(t), u(t) — u,(t))y = / (Po(tpn) = pluy)) (uy (t) — v (1)) da

I's

< /F (P (1 (£)) = P (1)) (us(t) = 1y (1)) da
< | o () = p(u, (1))] | (t) = up (t)| da

< [ Gp)(Jun(®)] + B) [ () = up (1) da.

I's

Therefore, using the trace inequality (2.1I), after some elementary calculus we find
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that
(Pyu,(t) = Put), w(t) — u,(t))y (5.13)
< G(p) (G lu(®)lv + coB meas (T3)2) u,(t) — u(®)]|v.

On the other hand, using assumptions (L2), (A7) and arguments similar to those
used in the proof of (A1) we find that

1Spu,(t) = Su(t)|lv < [|Syu,(t) = Spu(®)llv + [|S,u(t) = Su(t)llv

t
< d max |1B,(r)llq. / ln(s) — u(s)lly ds
rel0,n] 0
t
4 max (1)l / lp(s) — u(s)lly ds
+d max ||B ||Qoo/ llu(s)||v ds

t
+ max (1) = b0 l=r / u(s)llv ds.

Therefore,
(Spup(t) — Su(t), u(t) — u,(t))v (5.14)
< [[Spup(t) — Sult) v [luy(t) — u(®)llv
t t
< (O [ lanls) =l ds - [l ds) g 6) = (o)l
where
Oy = d i B,(r) - + 6§ mass [, = (5.15)

o= d max 1B,(r) = B(r)lqu + ¢ mas () = b=y (5.16)

rel0,n]
Finally, we note that
(Fp () = F(t), wp(t) — u(t))v < dpnlluy(t) —u(t)lly (5.17)
where

S = s [|£,r) = £y (5.18)

and, using assumption ([T it follows that
(Ae(u,(t)) — Ae(u(t)), e(u,(t)) — e(u(t))q = mallu,(t) — u(t)[- (5.19)
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We combine now inequalities (B.12)-(E.14)), (5.17) and (E.I9) to deduce that

v < %i) (c§ llu(t)|lv + cof meas (F3)%) (5.20)

+lﬂ/mw )~ uls) v ds + 2 /Hu|ww+—~
Denote

1
@ﬁwﬂm%mmMmﬁwmwm% /WIW“ﬁ
A

rel0,n]

Then, (.20) yields

[, () = u(®) v < (G(p) + won + ) énu+ / [up(s) = u(s)llv ds

and, using the Gronwall inequality we obtain

0pn

We use the assumptions (.2)), (B3]) and the equivalence (24 to see that the
sequence (6,,), defined by (5.I5]) is bounded. Therefore, there exists ¢, > 0 which
depends on n and is independent of p such that

0<46,, <, forall p>0. (5.22)

We pas to the upper bound as t € [0,n] in (£2]) and use (£22) to obtain

maX 1w, (t) — w(®)|lv < (G(p) + won + Opn) Enu v for all p>0. (5.23)

te[0,n]
We use now assumption (5.2)—(E.0]) and definitions (5.16]), (5I8]) to see that
W, =0 and 6,, >0 asp—0. (5.24)

We combine now the convergences (6.24]) and (5.6) (b) with inequality (5.23]) to obtain
that

m[gtx lu,(t) —u(t)|ly =0 asp—0. (5.25)
te

Since the convergence (B.25]) holds for each n € N*, we deduce from (2.4]) that (5.1)
holds, which concludes the proof. U

Note that the convergence result in Theorem [B.] can be easily extended to the
corresponding stress functions. Indeed, let o be the function defined by ([BI]) and,
for all p > 0, denote by o, the function given by

o,(t) = Ae(u,(t)) + /0 B,(t — s)e(u,(s))ds (5.26)
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for all t € Ry. Then, it follows that o, € C(R;; Q1) and, moreover, (5.1]) yields
Dive,(t)+ f,0t) =0  VieR,. (5.27)

We combine now equalities (3.11), (@.20), (5.26) and (5.27), then we use the conver-
gences (5.2), (54) and (B7) to see that

oc,—o in CR.;Q) asp—0. (5.28)

In addition to the mathematical interest in the convergence result (&.71), (5.28)), it
is of importance from mechanical point of view, since it states that the weak solution
of problem BI)—[X) depends continuously on the relaxation operator, the normal
compliance function, the surface memory function and the densities of body forces
and surface tractions.

6 A second convergence result

In this section we provide a second convergence result in the study of Problem P,
based on the penalization of the unilateral constraint. For simplicity we assume that
the function p does not depend on « € I'3, i.e. we consider the homogeneous case.
Note that in this case assumption (3] can be written as follows:

;

(a) p: R—R,.
(b) There exists L, > 0 such that
Ip(r1) — p(re)| < Lplry —ra|  Vry, ma € R (6.1)

(c) (per1) —pr2))(ri —712) >0 Vri, my € R,
| (d) p(r) =0 forall r <0.

Let g be a function which satisfies

)
(a) ¢ [g,+00] = R
(b) There exists L, > 0 such that

g(r1) — q(r2)| < Lylri —ra| Vi, 12 > g. (6.2)
(c) (q(r1) —q(ro))(r1 —72) >0 Yry, 1> g, 11 # 7o
(d) q(g) = 0.

\

Also, let ;1 > 0 and consider the function p, : R — R defined by

p(r) it r<g,

pulr) = La(r) +plg) if r>g. (6:3)

Using assumptions (6.I)) and (6.2)) it follows that the function p, satisfies condition

@©T), i.e.
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(

(a) p, : IR = Ry
(b) There exists L, > 0 such that
\pu(ﬁ) —Pu(rz)’ < Lu’ﬁ —ry| Vry, € R (6.4)
(C) (pﬂ(h) _pu(TQ))(Tl - 7’2) >0 Vry,reRR.
\ (d) pu(r) =0 for all r < 0.

With these preliminaries, we consider the following contact problem.

Problem P,. Find a displacement field u, : Q@ x R, — R? and a stress field
o, QU xRy — S? such that, for allt € Ry,

() = Ae(u, (1)) + /O Bt — S)e(un(s)ds i O (6.5)
Divo,(t)+ fol) =0 i Q (6.6)

w)=0 on T, (6.7)

ou(v = folt)  on T, (6.8)

)=l + [ B ds o To(69)
o, (t)=0 on T (6.10)

Note that here and below u,,, is the normal component of the displacement field u,,
and o0, o, represent the normal and tangential components of the stress tensor o,
respectively. The equations and boundary conditions in problem (G3)—(GI0) have a
similar interpretations as those in problem ([BJ])—(B.6). The difference arises in the
fact that here we replace the contact condition with normal compliance, memory term
and unilateral constraint (B8.5]) with the contact condition with normal compliance and
memory term (G.9). In this condition p represents a penalization parameter which
may be interpreted as a deformability coefficient of the foundation, and then 1 is
the surface stiffness coefficient. Indeed, when p is smaller the reaction force of the
foundation to penetration is larger and so the same force will result in a smaller
penetration, which means that the foundation is less deformable. When p is larger
the reaction force of the foundation to penetration is smaller, and so the foundation
is less stiff and more deformable.

Assume now that (A1), ([@2), (£4), (£5), [@I) and (€2) hold. Then using ar-

guments similar to those used in the study of Problem P we obtain the following
variational formulation of Problem P,,.

Problem PL/. Find a displacement field w, : R, — V' such that the equality below
holds, for allt € R;:
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(A1), e(w))q + ( / B(t — s)e(uu(s)) ds, e(v)) (6.11)

Q

(Pt (), 00 ) + /Ot bt — )u, (s) ds, 0,) )

L2(T3)

= (f0<t>7U)L2(Q)d + (.fQ(t)7 U)L2(F2)d VvelV.

Our main result in this section, which states unique solvability of Problem PL/
and describes the behavior of its solution as p — 0, is the following.

Theorem 6.1 Assume that (A1), (£2), [@4), (£5), [@T) and [@2) hold. Then:

1) For each p > 0 Problem PX has a unique solution which satisfies w, €

2) The solution w,, of the Problem PL/ converges to the solution w of the Problem
PV, that is
[, (t) = u(t)[y =0 (6.12)

as i — 0, for allt € Ry.

The proof of Theorem is carried out in several steps that we present in what
follows. In the rest of this section we suppose that the assumption of Theorem
hold and we denote by ¢ a positive generic constant that may depend on time but
does not depend on p, and whose value may change from line to line. We use notation

(@12), (@I3]) and (EI4). Moreover, condition (64]) allows us to consider the operator
P,:V — V defined by

(Pu,v)y = / puluy)v,da Vu,velV. (6.13)
I's

Then, it is easy to see that Problem PZ is equivalent to the problem of finding a
function u, : Ry — V such that, for all ¢ € R,

(Ae(uu(t)), 8("’))@ + (Puuu(t)7 v)y + (Suu(t)> v)y (6.14)
= (f(t),v)y VveVW

For this reason, we start by proving the unique solvability of this variational equation.

Lemma 6.2 There exists a unique solution u, € C(Ry;V) which satisfies (6.14),
forallt e Ry.
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Proof. We use Theorem 2.l with K = X = V. Let 4, : V — V be the operator
defined by
(Ayu,v)y = (Ae(u),e(v))g + (Pu,v)y Vu, vev, (6.15)

We use (1)), (64) and (G.I3) to see that A, is a strongly monotone and Lipschitz
continuous operator i.e. it verifies condition (26]). Therefore, it follows from Theorem
[21] that there exists a unique function u, € C(R.; V') which satisfies the inequality

(Apuu(t),v =, (t))v + (Swu(t), v — uu(t))v
> (), —uu(t))y VoeV,

for all ¢ € Ry. We replace v with u,(t) & v to see that the previous inequality is
equivalent to the variational equation

(Au,(t),v)y + (Sw,(t), v)v = (f(t),v)v Vv eV,

for all t € Ry. Therefore, using (GI5) we deduce that that there exists a unique
function u, € C(Ry;V) which satisfies the inequality (6.14]) for all ¢ € R, which
concludes the proof. O

In the second step we consider the auxiliary problem of finding a displacement
field @, : Ry — V such that, for all ¢ € R,

(Ae(u,(t)),e(v))q + (Puuu(t), v)v + (Su(t), v)v (6.16)
— (f(t),v)y YveV

Note that the difference between problems (6.14) and (6.I6]) arises in the fact that in
([EI4) the operator S is applied to a known function. We have the following existence
and uniqueness result.

Lemma 6.3 There exists a unique solution w, € C(Ry; V) which satisfies (6.10),
forallt e Ry.

Proof. Besides the operator A, : V' — V defined by (6.I5) we define the function
f R, — V by equality
(F(t),v)y = (F(t),v)y — (Su(t),v)y YveV, teRy (6.17)

and we note that assumptions on f, f,, B and b yield

feCRV). (6.18)
Let t € R,. Based on (615) and (6.I7), it is easy to see that (6.I0) is equivalent

to equality )
Ayina(t) = F(b) (6.19)
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Recall that A, is a strongly monotone and Lipschitz continuous operator. Therefore,
by standard arguments we deduce the existence of a unique function @, € C(Ry;V)
such that (GI9) holds for all ¢ € Ry, which concludes the proof. O

We proceed with the following convergence result.

Lemma 6.4 As y— 0,
w,(t) =~ u(t) inV,

forallt e Ry.
Proof. Let t € R,. We take v = u,(t) in (GI0) to obtain

(Ae(ay (1)), e(wu(t))q + (Puwu(t), wu(t))v (6.20)
+(Su(t), w,(t))v = (f(1), u(t))v.

On the other hand, the properties (6.4) of the function p, yield

(Pt (t), @alt))yr = 0. (6.21)
We combine ([6.20), ([6.21) and use (A1) to obtain that
[, (@)llv < c(F@lv + [Sut)llv + [A0lg). (6.22)

This inequality shows that the sequence {w,(t)}, C V is bounded. Hence, there
exists a subsequence of the sequence {u,(t)},, still denoted {@,(t)},, and an element
u(t) € V such that

w,(t) = a(t) inV. (6.23)

It follows from (E.20) that
(Putr(t), wu(t)v = (F(1), 0u(t))v — (Ae(u,(t)), e(upu(t)))q — (Su(t), w,u(t))v
and, since {u,(t)}, is a bounded sequence in V', using (.1]) we deduce that
(Puy(t), wu(t))v < c.
This implies that

/F Py (8)) 1, (1) da < c

and, since p,, and g are positive, it follows that
[ 2uls )@ (0) — g) da < (6.21)
T's

We consider now the measurable subsets of I's defined by
Iy ={xels: u,t)(x) <g}, Iyo={xely: a,(t)(e)>g} (6.25)
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Clearly, both I's; and I'3y depend on ¢ and p but, for simplicity, we do not indicate
explicitly this dependence. We use (624 to write

/F Pty (£)) (U4 (1) — g) da + /F Pty (£)) (U (1) — g) da < ¢
and, since

/F‘ Pu(T (1))t (t) da > 0,

we obtain

Pl () (i () — ) da < / Pl (£))g da + c.

F32 F31

Thus, taking into account that p,(r) = p(r) for r < g, by the monotonicity of the
function p we can write

P(Uy)gda+c < / p(g)gda+ c.
s

/F32 P (T (8)) (U (8) — g) da < /

a1

Therefore, we deduce that
| i ®)autt) — g da < (6.26)
I32

We use now the definitions (6.3) and ([6.25) to see that

Pl () = % (i) +9(). Pl@)(@ul0) =) 20 . on Tin

Consequently, the inequality (6.26) yields
[ )@ (t) ~ 9) da < cn. (6.27)
sz

Next, we consider the function defined by
B B 0 if r<y,
p:R=Ry p(r) = q(r) if r>yg

and we note that by (G2]) it follows that p is a continuous increasing function and,

moreover,
pir)=0 it r<g (6.28)

We use ([6.27), equality ¢, (t)) = p(d,,(t)) a.e. on I'sy and ([E27) to deduce that

/F (i (8)) (8 () — ) < cpt,
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where, recall, (1,,(t) —g)" denotes the positive part of @, (t) — g. Therefore, passing
to the limit as p — 0, using (G.23]) as well as compactness of the trace operator we

find that
/F B (£)) (@, (1) — g)* da < 0.

Since the integrand p(a,(t))(@,(t) — g)* is positive a.e. on I's, the last inequality

yields
pla, () (u,(t) —g)" =0 ae. on Ty
and, using ([6.28)) and definition ({0) we conclude that

u(t) € U.
Next, we test in ([616) with v — @, (t), where v € U, to obtain

(Ae(@u(t)), e(v) — e(w,(1))v + (P (t), v — w,(t))v
H(Sult), v — @, 1)y = (F(t),v — @, (t))v.

(6.29)

(6.30)

Since v € U we have p,(v,) = p(v,) a.e. on I's. Thus, taking into account the

monotonicity of the function p, yields
p(0,) (v — Gy (1) > ppu(Tyu (t)) (0) — Ty (t)) ace. on Ty
and, therefore, we obtain
(Po,v —a,(0)y > (Puity (), — @, (D)y.
Then, using (6.31]) and (630) we find that

(Ae(w,(t)), e(v) = e(wu(t))q + (Pv,v — w,(t))v

H(Sult), v — a,())y > (F1),v — au(t))y Vv e U.

We take v = u(t) in ([6.32)) to obtain

(Ae(u, (1)), e(uu())
+(Sul(t), alt)

and, passing to the upper limit as u — 0, by ([6.23)) we find that

hfiljélp (Ae(w, (1)), e(w,(t)) — e(a(t))q < 0.

Therefore, by a pseudomonotonicity argument is follows that

liminf (Ae(@,(t)), (@, (t)) — e(v))qg

n—0

> (Ae(u(l)),e(u(t)) —e(v))e VveV.
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We use now ([6.32) to see that

(Pv7 v = au@))V + (Su(t)v v = ’a’u(t))V + (f(t)7ﬂu(t) - U)V
> (Ae(a,(t), e(au(t)) —e(v))q Vv eU,

then we pass to the lower limit in this inequality and use (G.34]) and (623) to find
that

(Ae(u(t)),e(v) — e(u(t)))q + (Pv,v —u(t))y (6.35)
H(Sult),v —alt)y = (Ft),v—a)y Yovel.

Next, we take v = w(t) in (635) and v = @(t) in (@I5). Then, adding the

resulting inequalities we obtain
(Ae(u(t)) — Ae(u(t)), e(a(t) —e(u(t)))q < 0.
This inequality combined with (1)) implies that
u(t) = u(t).

It follows from here that the whole sequence {u,(t)}, is weakly convergent to the
element u(t) € V', which concludes the proof. d

We proceed with the following strong convergence result.

Lemma 6.5 As u — 0,
@, (t) — u(t)|ly = 0,

forallt e Ry.

Proof. Let t € R,. Using (A1) we write
mallt, () — w7, < (Ae(@,(t) — Ae(u(t), e(w,(t) — e(u(t)))q
= (Ae(u(t)), e(u(t)) — e(wu(t))q — (Ae(w,(t)), e(u(t)) — e(w,(t)))q-
Next, we take v = u(t) in (6.32) to obtain
—(Ae(u, (1)), e(u(l)) — e(wu(t))q < (Pu(t), u(t) — w,(t))v
H(Su(t), u(t) — wu(t)))v — (F(1), u(t) — wu(t))v

and, combining the previous two inequalities, we find that

malli,(t) —w(t)ll} < (Ae(u(t)),e(u(t)) — e(@,(t)))q + (Pul(t), u(t) — @, (t))v
+(Su(t), ult) —u(t)y — (f(1), u(t) — wu(t))v.

We pass to the upper limit in this inequality and use Lemma to conclude that
w,(t) = u(t)in V, as p — 0. O
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We are now in position to provide the proof of Theorem

Proof. 1) Is easy to see that Problem PL/ is equivalent to the problem of finding a
function w, : Ry — V such that, for all t € R, (6.14]) holds. Therefore, the existence
of a unique solution u, € C(R,; V) to Problem PZ is a direct consequence of Lemma
0.2

2) Let t € Ry and let n € N* be such that ¢ € [0,n]. Let also p > 0. Then, testing

with v = u,(t) — u,(t) in (6I6) and (6.I14) we have

(Ae(u,(t)), e(uu(t) — e(wu(t)))q + (Putu(t), wu(t) — wu(t))yv
+(Su(t),uu(t)) - au(t))V = (f(t), uu(t) - au(t))‘@

(Ae(uy(t)), e(uu(t) — e(u(t))v + (Puwu(t), wu(t) — w,(t))v
+(Suu(t)> uu(t)) - ﬁu(t))v = (f(t)vuu(ﬂ - ﬂ'u(t))V-

We subtract the previous inequalities and use the monotonicity of the operator P, to
deduce that

(Ae(u,(t) — Ae(,(t)), e(u,(t) — e(wu(t)))q
< (Su(t) = Suy(t), wu(t)) — w,u(t))v

and, therefore,

- 1
[l (t) = wu(8)]lv < A [Su(t) — Sw,(t)lv- (6.36)
We combine now (6.36) and with (4.I7), (£18) to find that
t
~ TTL
) = @ ®lly < 2 [ u) = u)ly ds.
A Jo
It follows from here that
t
- T'n
[ (t) = u(@)lly < fw,(t) —w®)llv + — / [wu(s) — u(s)llvds
ma Jo
and, using a Gronwall’s argument, we obtain

uuu@)—u(t)uvsua#<t>—u<t>uv+;—’; 0e%“‘@ua#(s)—u<s>r|vds. (6.37)

n

Note that ea '™ < ¢wa’ < emi for all s € [0,#] and, therefore, (B37) vields
t
. Tn 2o -
() = u(@)|lv < fwu(t) — w(t)llv + il / [ (s) — u(s)|v ds.  (6.38)
0

On the other hand, by estimate (6.22]), Lemma and Lebesgue’s convergence
theorem it follows that

/0 @, (s) —u(s)||vds — 0 as p— 0. (6.39)
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We use now ([6.3]), (639) and Lemma to obtain the convergence (6.12), which
concludes the proof. O

We extend now the convergence result in Theorem to the weak solution of the
corresponding contact problems P and P,. Let n € N* be such that t € [0,n]. Then,

using (G5) and (B) we obtain
lou(t) —a®)llq < [Ae(uu(t)) — Ae(u(t))]o
+/Ot 1B(t — s)(e(uu(t)) — e(u(t)))lle
and, using () and arguments similar to those used to obtain [@IT) it follows that
lou(t) —a®)lle < clluu(t) —u®)llv (6.40)

e max B}l [ lowa(s) = (o)l ds

rel0,n]

Moreover, taking v = u,,(t) in (6I4) and using the monotonicity of P, and A we
find that

I,y < e (IF Oy + [[Swu(t) |-

We use now the property (ELIT) of the operator S and the Gronwall argument to see
that
lwu()lv < cn, (6.41)

where ¢, is a positive constant which depends on n, B and b. Then, we use the
convergence (612), estimate ([641]) and Lebesque’s theorem, again, and pass to the
limit in (G40). As a result we find that

lou(t) —o(t)]g =0 as p— 0. (6.42)
Finally, since (£.20) implies that Div e, (t) = Dive(t) = —f,(t), we conclude that

lou(t) —o®)lla = llou) —a)le
and, therefore, (6.42) yields

lou(t) —o(t)]g, = 0 as p— 0. (6.43)

In addition to the mathematical interest in the convergence result (612)), (G.43)),

it is important from the mechanical point of view, since it shows that the weak
solution of the viscoelastic contact problem with normal compliance memory term
and unilateral constraint may be approached as closely as one wishes by the solution

of the viscoplastic contact problem with normal compliance and memory term, with
a sufficiently small deformability coefficient.
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A brief comparison between the convergence results (5.7)), (5.28)) on one hand, and
the convergence results (612), ([€43]) on the other hand, show that the convergences
(), (B28) hold in the Fréchet spaces C'(Ry; V) and C(Ry;Q1), respectively, and,
in contrast, the convergences (6.12), (6.43]) hold in the spaces V' and @1, respectively,
at each ¢ € R;. This feature arises from the mathematical tools we use on the proof
of Theorem [6.Il The extension of ([6.12]), (6.43) to convergence results on the spaces
C(Ry; V) and C(Ry; Qy) remain an open problem which deserves to be investigated
in the future.
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