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Abstract

We consider a mathematical model which describes the quasistatic contact
between a viscoplastic body and a foundation. The material’s behavior is mod-
elled with a rate-type constitutive law with internal state variable. The contact
is frictionless and is modelled with normal compliance, unilateral constraint
and memory term. We present the classical formulation of the problem, list
the assumptions on the data and derive a variational formulation of the model.
Then we prove its unique weak solvability. The proof is based on arguments of
history-dependent quasivariational inequalities. We also study the dependence
of the solution with respect to the data and prove a convergence result.
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1 Introduction

The aim of this paper is to study a frictionless contact problem for rate-type vis-
coplastic materials within the framework of the Mathematical Theory of Contact
Mechanics. We model the material’s behavior with a constitutive law of the form

a(t) = Ee(u(t)) + G(a (1), e(u(l)), (1)), (1.1)

where u denotes the displacement field, o represents the stress tensor, e(u) is the
linearized strain tensor and k denotes an internal state variable. Here £ is a linear
operator which describes the elastic properties of the material and G is a nonlinear
constitutive function which describes its viscoplastic behavior. In (LJ]) and every-
where in this paper the dot above a variable represents the derivative with respect to
the time variable ¢. Following [3] [7], the internal state variable k is a vector-valued
function whose evolution is governed by the differential equation

K(t) = G(o(t), e(u(t)), k(1)), (1.2)

in which G is a nonlinear constitutive function with values in R, m being a positive
integer.

Various results, examples and mechanical interpretations in the study of viscoplas-
tic materials of the form (1), (I2]) can be found in [3| [7] and the references therein.
Quasistatic contact problems for such materials have been considered in [5] 6] and
the references therein. There, the contact was assumed to be frictionless and was
modelled with normal compliance; the unique weak solvability of the corresponding
problems was proved by using arguments of nonlinear equations with monotone oper-
ators and fixed point; semi-discrete and fully discrete scheme were considered, error
estimates and convergence results were proved and numerical simulation in the study
of two-dimensional test problems were presented. The normal compliance contact
condition was first introduced in [14] and since then used in many publications, see,
e.g., [9, 10, 11l 3] and references therein. The term normal compliance was first

introduced in [10, [11].

In the particular case without internal state variable the constitutive equation

(CI) reads
o(t) = Ee(u(t)) + G(a(t), e(u(t))), (1.3)

and was used in the literature in order to model the behaviour of various materials
like rubbers, rocks, metals, pastes and polymers. Quasistatic frictionless contact
problems for materials of the form (L3]) have been considered in [I], [6], 15 18] and the
references therein, under various contact conditions. In [0l [I5] both the Signorini and
the normal compliance condition were used which, recall, describe a contact with a
rigid and elastic foundation, respectively. In [I} 18] the contact was modelled with
normal compliance and unilateral constraint condition. This condition, introduced
for the first time in [8], models an elastic-rigid behavior of the foundation.
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With respect to the papers above mentioned, the current paper has three traits
of novelties that we describe in what follows. First, the model we consider involves
a contact condition with normal compliance, unilateral constraint and memory term.
This condition takes into account both the deformability, the rigidity, and the memory
effects of the foundation. Second, in contrast with the short note [4], we model
the behavior of the material with a viscoplastic constitutive law with internal state
variable. And, finally, we study the contact process on an unbounded interval of time
which implies the use of the framework of Fréchet spaces of continuous functions,
instead of that of the classical Banach spaces of continuous functions defined on a
bounded interval of time. The three ingredients above lead to a new and interesting
mathematical model. The aim of this work is to prove the unique weak solvability
of this model and to study the dependence of the weak solution with respect to the
data.

The rest of the paper is structured as follows. In Section 2lwe present the notation
we shall use as well as some preliminary material. In Section [3l we describe the model
of the contact process. In Section [l we list the assumptions on the data and derive the
variational formulation of the problem. Then we state and prove our main existence
and uniqueness result, Theorem LIl In Section [l we state and prove our converge
result, Theorem .1l It states the continuous dependence of the solution with respect
to the data.

2 Notations and preliminaries

Everywhere in this paper we use the notation N* for the set of positive integers and
R, will represent the set of nonnegative real numbers, i.e. R, = [0, +00). For a given
r € R we denote by rT its positive part, i.e. r* = maz {r,0}. Let Q be a bounded
domain  C R? (d = 1,2,3) with a Lipschitz continuous boundary I and let I'; be
a measurable part of I' such that meas (I';) > 0. We use the notation & = (z;) for a
typical point in QUT" and we denote by v = (1;) the outward unit normal at I". Here
and below the indices ¢, j, k, [ run between 1 and d and, unless stated otherwise, the
summation convention over repeated indices is used. An index that follows a comma
represents the partial derivative with respect to the corresponding component of the
spatial variable, e.g. u; ; = Ou;/0x;.

We denote by S? the space of second order symmetric tensors on R? or, equiva-

lently, the space of symmetric matrices of order d. The inner product and norm on
R? and S? are defined by

u-v =, vl :(v-v)% Vu,v € R

o-T=0,Tij , Ikl :(T~T)% Vo, e S

Also, we use the notation ||| for the Euclidean norm of the element x € R™. In
addition, we use standard notation for the Lebesgue and Sobolev spaces associated



to 2 and I' and, moreover, we consider the spaces
V={v=w)eHQ)": v=00nT1}, Q={71=(m)el>(N)>:n;=1;}

These are real Hilbert spaces endowed with the inner products

o = [ ew e, (oo~ [ rdn

and the associated norms || - ||y and || - ||g, respectively. Here € represents the defor-
mation operator given by

1
e(v) = (e5(v)), ey(v) =5 (vig +v) Vo€ H'(Q)".
Completeness of the space (V, ||-||v) follows from the assumption meas(I'y) > 0, which

allows the use of Korn’s inequality.

For an element v € V we still write v for the trace of v on the boundary and
we denote by v, and v, the normal and tangential components of v on I', given by
v, =v- -V, v, =v — V. Let I's be a measurable part of I'. Then, by the Sobolev
trace theorem, there exists a positive constant ¢y which depends on €2, I'; and I'5 such
that

V|| L2(rgye < collv|lv VveV. (2.1)

Also, for a regular function o € ) we use the notation o, and o, for the normal and
the tangential traces, i.e. 0, = (ov)-v and o, = ov — o,v. Moreover, we recall
that the divergence operator is defined by the equality Dive = (o;;;) and, finally,
the following Green’s formula holds:

/a-s(v)dx+/Divcr-'vdxz/au-vda VvelV. (2.2)
0 Q r

Finally, we denote by Q.. the space of fourth order tensor fields given by
Qo ={ &= (Eiju) + Eijir = Ejim = Eriy € L7(Q), 14,5,k 1<d },
and we recall that Q. is a real Banach space with the norm

I€llqn = _max_ [|Eiull (o)

Moreover, a simple calculation shows that

IE7]le < dli€lla.llTlle  VE€E€Qw TE@. (2.3)

For each Banach space X we use the notation C'(R,; X) for the space of continuous
functions defined on R, with values in X. For a subset K C X we still use the symbol
C(Ry; K) for the set of continuous functions defined on R with values in K. It is
well known that C'(Ry; X) can be organized in a canonical way as a Fréchet space,
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i.e. as a complete metric space in which the corresponding topology is induced by
a countable family of seminorms. Details can be found in [2] and [12], for instance.
Here we restrict ourseleves to recall that the convergence of a sequence (xy)x to the
element z, in the space C(R,; X), can be described as follows:

zp — o in C(Ry; X) as k— oo if and only if

2.4
m[(?x] |zk(r) —x(r)||x =0 as k — oo, forall n e N" 24
rel0,n

The following fixed-point result will be used in Section [ of the paper.

Theorem 2.1 Let (X, | - ||x) be a real Banach space and let A : C(Ry;X) —
C(Ry; X) be a nonlinear operator with the following property: there exists ¢ > 0
such that

[Au(t) = Av(t)][x < C/o [u(s) = v(s)|xds (2.5)

for all u, v € C(Ry; X) and for all t € Ry. Then the operator A has a unique fized
point n* € C(Ry; X).

Theorem 2] represents a simplified version of Corollary 2.5 in [16]. We underline
that in (25) and below, the notation An(t) represents the value of the function An
at the point ¢, i.e. An(t) = (An)(t).

Consider now a real Hilbert space X with inner product (-, )y and associated
norm || - ||x as well as a normed space Y with norm || - [|y. Let K be a subset of X
and consider the operators A : K — X, R : C(R;;X) — C(R4;Y) as well as the
functions ¢ : Y x K — R, f: R, — X such that:

K is a nonempty closed convex subset of X. (2.6)

(a) There exists m > 0 such that
(Auy — Aug,uy —ug)x > mljuy — usll3% Vug, ug € K.

(2.7)
(b) There exists M > 0 such that
||AU1 — AUQHX <M ||U1 — UQHX ‘v’ul, uy € K.
For every n € N* there exists 7, > 0 such that
t
Rus(t) = Rua(®)ly < 7o | fs(s) = (o)l s (2.5)
0

Vuy, ug € C(Ry; X), Vt € [0,n].



(a) The function ¢(u,-) : K — R is convex and
lower semicontinuous, for all u € Y.
(b) There exists a > 0 such that (2.9)

p(ur,v9) — (ur,v1) + (uz,v1) — p(uz, v2)
< allup —uglly||lvr —ve|lx Vui, us €Y, Vo, vy € K.

fe (R, X). (2.10)

The following result, proved in [I7], will be used in Section @ of this paper.

Theorem 2.2 Assume that (2.6)-@2I0) hold. Then there exists a unique function
u € C(Ry; K) such that, for allt € Ry, the inequality below holds:

(Au(t),v — u(t))x + ¢(Ru(t),v) — o(Ru(t), u(t)) (2.11)
> (f(t),v —ul(t))x Yo e K.

Following the terminology introduced in [I7] we refer to an operator which satisfies
condition (Z8) as a history-dependent operator. Moreover, (2.I1]) represents a history-
dependent quasivariational inequality.

Finally, assume that X and Y represent two real Hilbert spaces with the inner
products (-, -)x and (-, )y, and associated norms || - || x and || - ||y, respectively. Then,
we denote by X x Y the product of these spaces. We recall that X x Y is a real
Hilbert space with the canonical inner product (-, -)xxy defined by

(21, 20)xxy = (T1,22)x + (Y1, %2)y V21 = (21,91), 22 = (T2,92) € X x Y.

The associated norm of the space X x Y, denoted || - || xxy, satisfies the inequality
2llxxy < lellx + Iylly < V22llxxy V2= (2,y) € X x Y.

This inequality will be used several times in Sections Ml and [ of this manuscript.

3 The model

The physical setting is as follows. A viscoplastic body occupies a bounded domain
Q Cc R? (d = 1,2,3) with a Lipschitz continuous boundary T, divided into three
measurable parts 'y, I'y and I's, such that meas(I';) > 0. The body is subject to the
action of body forces of density f,. We also assume that it is fixed on I'; and surface
tractions of density f, act on I's. On I's, the body is in frictionless contact with a
deformable obstacle, the so-called foundation. We assume that the contact process is
quasistatic and we study it in the interval of time R, = [0,00). Then, the classical
formulation of the contact problem we consider in this paper is the following.
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Problem P. Find a displacement field u : Q x R, — R%, a stress field o : QxR —
S? and an internal state variable k : Q x Ry — R™ such that

o(t) = Ee(u(t)) +G(o(t), e(u(l)),k(t)) in € (3.1)
k(1) = Glo(t).e(u(t),v(t) i . (3.2)

Diva(t) + fo() =0 in (3.3)

ut)=0 on I, (3.4)

oty = fo(t) on Ty, (3.5)

o.(1)=0 on T (3.6)

for allt € Ry, there emists & : I's x Ry — R which satisfies

uy(t) < g, 0u(t) +pluy(t) +£(6) <0, )
(w(t) = g) (00 (1) + p(ws (1)) +£(2)) =0,

ng(t)é/o b(t — s)u, (s) ds, on T, (3.7)
€)= 0 if u,(t) <0,

§(t):/0tb(t—s)uj(s)ds i () > 0

/

for all t € Ry and, moreover,

u(0) =uy, o(0) =09, £k(0)=ko in Q. (3.8)

Here and below, in order to simplify the notation, we do not indicate explicitly
the dependence of various functions on the spatial variable . Equations (B.1I), (3:2)
represent the rate-type viscoplastic constitutive law with internal state variable in-
troduced in Section [l Equation (B3] represents the equation of equilibrium in which
Div denotes the divergence operator for tensor valued functions. Conditions (3.4)
and (B.3]) are the displacement boundary condition and the traction boundary condi-
tion, respectively. Condition (B.6]) is the frictionless condition and it shows that the
tangential stress on the contact surface vanishes. Finally, ([B.8) represents the initial
conditions in which ug, oy, Ko denote the initial displacement, the initial stress field
and the initial state variable, respectively.

We now describe the contact condition ([B.7) in which our main interest is. Here o,
denotes the normal stress, u,, is the normal displacement and u may be interpreted as
the penetration of the body’s surface asperities and those of the foundation. Moreover,
p is a Lipschitz continuous increasing function which vanishes for a negative argument,
b is a positive function and g > 0. This condition can be derived in the following
way. Let ¢ € R, be a given time moment. First, we assume that the penetration



is limited by the bound g and, therefore, at each time moment ¢ € R, , the normal
displacement satisfies the inequality

u,(t) <g onls. (3.9)
Next, we assume that the normal stress has an additive decomposition of the form
o,(t) =2 (t) + ol(t) + o2 (t) onTy (3.10)

in which the functions o2 (¢), () and oM (t) describe the deformability, the rigidity

and the memory properties of the foundation. We assume that o2 (¢) satisfies a normal

compliance contact condition, that is
—o2(t) = p(u,(t)) onTs. (3.11)

The part o2(t) of the normal stress satisfies the Signorini condition in the form with
a gap function, i.e.
ol(t) <0, of(t)(u,(t)—g)=0 onTs. (3.12)

v v

And, finally, the function o (t) satisfies the condition

oM (1) g/o bt — s)ut(s)ds, oM(E) =0 if w(t) <0,

v

t (3.13)
—oM(t) :/0 b(t — s)ul(s)ds if wu,(t) >0
on I';. We combine (BI0), (BI1) and denote —c(t) = £(t) to see that
o, (t) = 0,(t) + p(u,(t)) + () on Ty, (3.14)

Then we substitute equality (314]) in (312)) and use ([33), (BI3)) to obtain the contact
condition (3.0]).

We now present additional details of the contact condition (3.7). The inequalities
and equalities below in this section are valid in an arbitrary point @ € I's. First,
we recall that (B1) describes a condition with unilateral constraint, since inequality
(39) holds at each time moment. Next, assume that at a given moment ¢ there is
penetration which did not reach the bound g, i.e. 0 < u,(t) < g. Then [B1) yields

— o (t) = plus (b)) + /0 b(t — ) ut (s) ds. (3.15)

This equality shows that at the moment ¢, the reaction of the foundation depend
both on the current value of the penetration (represented by the term p(u,(t))) as
well as on the history of the penetration (represented by the integral term in (313])).
Assume now that at a given moment ¢ there is separation between the body and the
foundation, i.e. w,(t) < 0. Then, since p(u,(t)) = 0, B1) shows that o,(t) = 0,
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i.e. the reaction of the foundation vanishes. Note that the same behavior of the
normal stress is described both in the classical normal compliance condition and in
the Signorini contact condition, when separation arises.

In conclusion, condition (B.7]) shows that when there is separation then the normal
stress vanishes; when there is penetration the contact follows a normal compliance
condition with memory term of the form ([3IH) but up to the limit g and then, when
this limit is reached, the contact follows a Signorini-type unilateral condition with the
gap ¢g. For this reason we refer to this condition as to a normal compliance contact
condition with unilateral constraint and memory term. It can be interpreted physi-
cally as follows. The foundation is assumed to be made of a hard material covered by
a thin layer of a soft material with thickness g. The soft material has a viscoelastic
behaviour, i.e. is deformable, allows penetration and presents memory effects; the
contact with this layer is modelled with normal compliance and memory term, as
shown in equality (BI5). The hard material is perfectly rigid and, therefore, it does
not allow penetration; the contact with this material is modelled with the Signorini
contact condition. To resume, the foundation has a rigid-viscoelastic behavior; its
viscoelastic behavior is given by the layer of the soft material while its rigid behavior
is given by the hard material.

4 Existence and uniqueness

In this section we list the assumptions on the data, derive the variational formulation
of the problem P and then we state and prove its unique weak solvability. To this
end we assume that the elasticity tensor £ and the constitutive functions G and G
satisfy the following conditions.

( (a) E = (gijkl) Q) x Sd — Sd.
(b) Eijir = Ekiij = Ejim € L=(), 1 <4,5,k, 1 < d. (4.1)
(c) There exists mg > 0 such that '
L Er-T>me|7||*> VT €S% ae. in Q.
(((a) G: O xS% xS x R™ — S
(b) There exists Lg > 0 such that
||Q(a:, 01,€1, K’l) - g(:l,', 02, €&, K’Q)H
< Lg(lloy — o2 + [ler — e + [[k1 — K2l]) (4.2)
Vo, 09, €1, €3 €S Ky, Ky €ER™, ae. x €. '
(¢) The mapping x — G(x, 0, €, k) is measurable on €,
for any o, € € S and k € R™.
| (d) The mapping = — G(x,0,0,0) belongs to Q.




(((a) G: QxS xS x R™ — R™.
(b) There exists Lg > 0 such that
|G(x,01,e1,k1) — G(x,02,€2, Ko
< Le(llor — o2f + [ler — &2 + [|k1 — Kal])

(¢) The mapping  — G(x,,€, k) is measurable on €2,
for any o,e € S and k € R™.
| (d) The mapping  — G(z,0,0,0) belongs to L*(2)™.

The densities of body forces and surface tractions are such that
fo€ C(Ry; L2(9>d)7 f2€ C(Ry; L2(F2)d)
and the normal compliance function p satisfies

((a)p:T3 xR —R,.

(b) There exists L, > 0 such that

[p(x,m1) = p(@, r2)| < Ly [r1 — 12
Vri, rm eR, ae x el
q (©) (p(x,r1) = p(x,7r2))(r1 —712) 2 0
Vri, rm €R, ae x el
(d) The mapping @ + p(x,r) is measurable on I's,
for any r € R.

L (e) p(x,r)=0forall r <0, ae. xe€l}s.

Also, the surface memory function and the initial data verify
be C(Ry; L>®(T3)), b(t,x) >0 forallteR,, ae xely,

ug e U, og€ Q, Ko € L2<Q)m,

where U denotes the set of admissible displacements defined by

U={veV:v,<gonly}.

Vo, 09, €1, € € Sd, K1, ko € R™ ae. x €.

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

Assume in what follows that (u,o,k) are sufficiently regular functions which
satisfy BI)-B3) and let v € U and t > 0 be given. First, we integrate equations

1), (32) with the initial conditions (B8] to obtain

o(t) = /0 G(o(s),e(u(s)),k(s))ds+ oo — Ee(ug) + Ee(u(t))

and

K(t) = /0 G(o(s),e(u(s)), k(s))ds + Ko.
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Next, we use Green formula (2.2]) and the equilibrium equation (3.3)) to see that

/Qa'(t) (e(v) da:—/fo (v —u(t 61934—/F o(t)v - (v—u(t))da.

We split the surface integral over I'1, I'y and I's and, since v — u(t) = 0 a.e. on I'y,
o(t)v = fy(t) on I'y, we deduce that

/ﬂ o(t) - (e(v) —e(u(l)))de = /Q Folt) - (v—
[ folt) (= u(®) dat /F oty - (v —u(t)) da.
Moreover, since
o)y (v—u(t) =o0,(t)(v, —w(t) + o(t) - (vr —u,(t)) onls,

taking into account the frictionless condition (B.6]) we obtain

/Qa(t) (e(v) dx—/ Folt) - (v — ut (4.11)

o RAGRT _u(t))da—i—/r 0, (1) (v, — uy (1) da.
We write now

oy (t) (v, — uy(t)) = (0, (t) + pus(t)) + () (vy — 9)
+(0u(t) + p(u (t)) + () (g — un(t))
_(p<uu(t)) + f(t))(vu - uu(t)) on F37

then we use the contact conditions (1) and the definition (L8] of the set U to see
that

oy () (vy — uy(t)) = —(p(uy (1)) + &(£)) (vy — w(t)) on L. (4.12)
We use ([B.7), again, and the hypothesis (40]) on function b to deduce that
([ 4= o) ds) i —ui@) = €0~ wl0) onTa (413

Then we add the inequalities (£.12]) and (4.I3]) and integrate the result on I'; to find
that

/F o, (t) (v, —uy(t)) da (4.14)

> (o), v = Oy = ([ B 5) i 5) ot = 0)

L2(Is)
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Finally, we combine ({.I1]) and ([d.I4) to deduce that

(o (1), €( ) —e(u(t)))o + (p(un(t)), vy — w(t)) r2(ry) (4.15)
( b(t — s)u(s)ds, v} uj(t))m(rg)
s ot = o)y + (a0 — w(E)ises Y0 €0

We gather the results above to obtain the following variational formulation of
Problem P.

Problem PV. Find a displacement field u : Ry — U, a stress field o : Ry — Q and
an internal state variable k : Ry — L*(Q)™ such that (£9), EIQ) and EID) hold,
forallt € R,.

In the study of the problem PV we have the following existence and uniqueness
result.

Theorem 4.1 Assume that ([@1)-@T) hold. Then, Problem PV has a unique solu-
tion which satisfies

uc CR;U), o€CR;Q) and ke O(Ry; L*(Q)™). (4.16)

We now turn to the proof of the theorem. We start with the following existence
and uniqueness result.

Lemma 4.2 Assume that (1) -3) and @) hold. Then, for each u € C(R4;V)
there exists a unique function Su = (S1u, Sou) € C(R.;Q x L*(Q)™) such that

S1u(t) /QSlu s)+ Ee(u(s)), e(u(s)), Saul(s))ds + o9 — Ee(ug), (4.17)

Sou(t) / G(S1u(s) + Ee(u(s)), e(u(s)), Sau(s))ds + Ko (4.18)
for all t € R,. Moreover, the operator S : C(Ry; V) — C(Ry;Q x L*(Q)™) is a

history-dependent operator, i.e. it satisfies the following property: for every n € N*
there exists s, > 0 which depends only onn, d, G, G and &, such that

|Su(t) — Sv(t)|loxr2@m < Sn /0 |lu(s) —v(s)||vds (4.19)

Vu,veCR;V) Viel0,n].
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Proof. Let w € C(R.;V). We consider the operator A : C(Ry;Q x L*()™) —
C(Ry;Q x L*(2)™) defined by

AT(t) = (A7 (t), A7 (1)), (4.20)
A7 (t) / Gla(s) + Ee(u(s)),e(u(s)), B(s))ds + o9 — Ee(uy), (4.21)
Ao1 (1) / G(a(s) + Ee(u(s)),e(u(s)), B(s))ds + kg (4.22)

for all 7 = (a,8) € C(R;;Q x L*(2)™) and t € R,. Note that the operator A
depends on u but, for simplicity, we do not indicate explicitly this dependence.

Let 71 = (a1, 3,), T2 = (a9, 35) € C(Ry;Q x L*(Q)™) and let t € R,. Then,
using definition (A.20)-(@.22) and assumptions ({.2), (3], we deduce that

IATL(t) — AT2(t) |l oxr2@)m

< (g +1a) [ (lan(s) = anls)lg + 184(5) = Balo) sy ) s

t
_Va(Le+ LG)/ I71(5) = 75(5) o 2.
0

This inequality combined with Theorem [2.1] shows that the operator A has a unique
fixed point in C(Ry;Q x L*(Q)™), denoted Su = (S1u, Sou). Moreover, combining
[@20)-([A.22) with equality A(Su) = Su we deduce that ([LI7)-(ZI8]) hold.

To proceed, let u,v € C(R:;V),n € N* and let ¢ € [0,n]. Then using ({I7)-
(@ 18) and taking into account ({I))—(L3]) and ([2.3) we obtain that

1) = S10(0lla = | [ G(S () +Eetuts)). eluls)). Syus) ds
~ [ 6S1015) + E(wls)).elo(5). 2006 |,
< g [ (I81(s) ~ S10(9llo + 1S2u(s) — S (s o ) s
+ Lo(d1€lan +1) [ lletu(s) -~ tw(s)lods
< V3 Lg [ Su(s) - So(s) sy ds

+ Lg(d|[€llqu + 1)/0 [u(s) —v(s)llv ds,

13



1S2u(t) — Syv(t)|] p2ayn = H /0 G(S1u(s) + Ee(u(s)), e(u(s)), Souls)) ds

- [ Gsw(s) + e(v(9).£(w(s)). Sxv()ds

L2 (Q)rn

t
<1 [ (||slu<s> _ S1(s)llo + 1Ssuls) - s2v<s>||m>m) ds
0
 Le(d|lEllqu + / le(u (v(s)) o ds
< V2L / Su(s) — Sv($)llgxrzyn ds
0

t
+ Lo(d]Elqu +1) [ luls) vl ds.
Therefore, we have

[Su(t) = Sv(t)llgxr2@m < [Sru(t) = Sw(t)]lg + ISau(t) — Syv(t)| 2@

<K / |Suls) — Sv(s) lgurzay ds + / Jua(s) — () v ds).

where
K =max{v2(Lg + L¢), (Lg + L) (d||€]|qu + 1)} (4.23)

Using now a Gronwall argument we deduce that

ISu(t) = Sot)lgura < K™ [ fuls) —v(s)lvds. (424)

This inequality shows that inequality (£I9]) holds with s, = ICe”’C, which concludes
the proof. 0

Next, using the Riesz representation Theorem we define the operators P : V — V|
B:C(R,;V)— C(R,; L*T3)) and the function f: R, — V by equalities

(Pu,v)y = / p(uy)v,da Yu,veV, (4.25)
I's

Bu(t). ey = ([ = s)uiase) (4.26)
Vuc C(R;V), € € L*(T3), t € Ry,

(f(t),v)y = /Qfo(t) ~vdr + A fo(t) - vda YveV, teR,. (4.27)

We use the operator S : C(R;; V) — C(Ry; Q x L*(Q)™) defined in Lemma to
obtain the following equivalence result.
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Lemma 4.3 Let (u, 0, k) be a triple of functions which satisfy (A10). Then (u,o0, k)
is a solution of PV if and only if

o(t) = Ee(u(t)) + Si(u(t)), (4.28)
K(t) = Soul(t), (4.29)
(Ce(u(t)), e(v) —e(u(t)))q + (S1u(t),e(v) — e(u(t)))q (4.30)
+(Pu(t),v —u(t))y + (Bu(t) v, —uy (1)) r2(ry)
> (f(t),v—u(t))y, Vvel,

forallt e Ry.

Proof. First we suppose that (u, o, k) is solution for Problem PV and let t € R,.

Using (4.9) and (AI0) we obtain
o(t) — Ee(u(t)) (4.31)
= /0 G(o(s) — Ee(u(s)) + Ee(u(s)), e(u(s)), k(s))ds + o9 — Ee(uo),

K(t) = /0 G(o(s) — Ee(u(s)) + Ee(u(s)), e(u(s)), k(s))ds + Ko. (4.32)

We now use the definitions of §; and &y in Lemma to obtain (£.28)) and (.29).

Then we combine (LIH), [#2]) and use notation (E2H)-H27) to see that (H30)
holds.

Conversely, assume that (u, o, k) satisfies (L28)—-(30) and let t € R,. We use

(@28), (£29) and the definitions (A1), [AIS) of the operators S; and Sy to obtain

[E3T) and [#32), which show that ([EJ) and (@I0) hold. Moreover, using (E23),
(430) and the definitions (£.25)-(A21) we find ([AI0), which concludes the proof. O

We are now in position to provide the proof for Theorem [£.11

Proof. We first define the operators A: V =V, R: C(R; V) — C(R,; Q x L*(T'3))
and the functional ¢ : Q x L?(T'3) x V — R by equalities

(Au,v) = (Ee(u),e(v))g + (Pu,v)y Vu,v eV, (4.33)
Ru(t) = (S1u(t),Bu(t)) Yuec C(Ry;V), (4.34)
p(o,&,v) = (0,e(v))g+ (7, v)) 2y Voe, e L*(T3), v € V. (4.35)

With these notation we consider the problem of finding a function v : Ry — V such
that, for all ¢ € R, the following inequality holds:

u(t) e U, (Au(t),v—u(t))y + o(Ru(t),v) — p(Ru(t),u(t)) (4.36)
> (f,v—u(t))y VYvel.
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In order to solve (A306) we employ Theorem with X =V, K =U and Y =
Q x L*(T'3). To this end we use the definition (f33) and inequalities ([Z1I), Z3) to
obtain that

|(Au — Av, w)y| < |(Ee(u) — Ee(v), e(w))g| + |(Pu — Pv,w)y|
< d[|€]lqullu = vlvwllv + Ly[lwl| 20y llw = vl L2y

< (€]l + AL |u —vllvfwly  Yu, v, weV.

Then we take w = Au — Aw in the previous inequality to find that
|Au — Av|ly < (d||€]lqu. + G Ly)|lu — v|v Vu,veV. (4.37)
On the other hand, from (£J]) and the monotonicity of the function p we deduce that
(Au — Av,u — v)y > mel|u — v} (4.38)

Inequalities (A37)) and (£3])) imply that the operator A satisfies assumption (2.1).

Let n € N* and let ¢t € [0,n]. Then, using ([E34), ([EI9) and the trace inequality
(2.1) we find that

[Rau(t) - Ro(®)lgrreiey
t
< (s o e (B0 miey) | u(s) = (o) s

which shows that (2.8]) holds with r,, = s,, + ¢ - m[gtx] 16(7) || oo (1)
rel0n

We now take into account ([A35]) and (2] to deduce that

p((01,&1) u2) — o((01, &), u1) + 0((02, &), ur) — ((02,&2), us2)

= (Ul — 032, 8(“’2) - 6(“’1))@ + (5? - 5;_7 u;u - uii_y)LQ(Da)

< (lor = o2llg + collér = &all2 ) lur — wallv
< V2 max{1, o} (01, &) — (02, &)l @xrars wr — wallv,
Vo, 01€Q, &, &€ L*(T3), up, uy €V,
which shows that ([Z3J) (b) holds with a = /2 max {1, ¢o}. In addition, we note

that the function ¢((e,€),:) : V — R is convex and lower semi-continuous for all
(0,€) € Q x L*(T'3) and, therefore, (Z3)) (a) holds, too.

Finally, using assumption (4.4 and definition ([L27) we deduce that f has the
regularity expressed in ([2I0). It follows now from Theorem that there exists
a unique function u € C(Ry;V) which solves the inequality (£36). And, using
notation ([A33)-(E35]), we deduce the existence of a unique function w € C(Ry;U)
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which satisfies (£30) for any ¢t € R,. Let o, k be the functions defined by (£.28]) and
(@29). Then, it follows that the triple (u, o, k) is the unique triple of functions with
regularity (£I0) which satisfies (£28)—([Z£30). Theorem 1] is now a consequence of
Lemma [4.3] O

We refer in the rest of the paper to solution of Problem PV as a weak solution to
the contact problem P. We conclude by Theorem [A1] that, Problem P has a unique
weak solution solution with regularity (£I6]), provided that (EI)—(7) hold.

5 A convergence result

We now study the dependence of the solution of Problem PV with respect to per-
turbations of the data. To this end, we assume in what follows that (ZI)—(4.1) hold
and we denote by (u, o, k) the solution of Problem PV obtained in Theorem 11
For each p > 0 let p,, by, fo, fop Uop, T0p and kg, represent perturbations of p, b,
fo, fa2, wo, oo and kg, respectively, which satisfy conditions (L4)—). With these
data, we consider the following perturbation of Problem PV .

Problem 77;/. Find a displacement field w, : Ry — U, a stress field o, : Ry — @
and an internal state variable Kk, : Ry — L*(Q)™ such that

7l1) = [ G, (s). el (). (5)) ds + 0, — Eclun,) + Eeuy (). (5.1)
5,(0) = [ Glor (o) elu(5).my(5) s + (5.2

(o,(t), e(v) —e(u,(t))g + (Pp(upw(t)), v — up (1)) L2(ry) (5.3)
+(/0 by(t — s)uj,(s)ds, v, — u;,(t))LQ(FS)
> (Fop(t), v —uy(t))p2ya + (Fo,(t), v — up(t)) 2ryye Vo €U,

forallt € R,.

Here and below u,, represents the normal component of the function u,. It follows
from Theorem AT that, for each p > 0, Problem 77;/ has a unique solution (u,, 0, K,)
with the regularity u, € C(Ry;U), o, € C(Ry;Q) and k, € C(Ry; L*(2)™). Con-
sider now the following assumptions:

There exists F': Ry — R, and a € R such that

(@) [pp(, 1) = p(z,7)] < Fp)(|r| + a) (5.4)
Vr eR, ae x €I, for each p > 0. '

(b) F(p) >0 as p—0.
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b, = b in C(Ry;L>*(T3)) as p—0. (5.5)
fo,— fo in CR;LHQ)Y) as p—0. (5.6)
faop = fo in C(Ry;L*(T2)Y) as p— 0. (5.7)
up, > ug in Vo oas p—0. (5.8)
oo, > 09 in Q as p—0. (5.9)
Kop — ko in L*(Q)" as p—0. (5.10)

We have the following convergence result.

Theorem 5.1 Assume that (5.4) -(I0) hold. Then the solution (u,, o ,, k,) of Prob-
lem 73;/ converges to the solution (u,o, k) of Problem PV, ie.

u, > u in C(Ru;V),
o,—o in CR;;Q), (5.11)
Kk, =k in C(Ry;L*(Q)™)

as p — 0.

Proof. Let p > 0. We define the operators P, : V. — V, B, : C(Ry; V) —
C(Ry; L*(T3)) and the function f,: R, — V by equalities

(Pau,v)y = / po(u)v,da Yu, v eV, (5.12)
I's

(Bou(t),&)r2(ry) = (/Ot by(t — ) u;(s) ds,£> (5.13)

L2(T'3)
Vue O(R-H V)7 5 € LQ(F3)7 le R-‘r)

(fp(t),v)V:/QfOp(t)-vdx—l—/F fop(t) - vda VveV, teR,. (514)

Also, we use Lemma .2 to define the operator S, : C(Ry; V) — C(Ry; Q x L*()™)
by equalities

Spu(t) = (S1yull), Sypull)), (5.15)
Si,u(t) = /o G(S1,u(s) + Ee(u(s)), e(u(s)), Sapu(s))ds + o, — E(ug,), (5.16)

So,u(t) = /O G(S1pu(s) + Ee(u(s)), e(u(s)), Sapul(s))ds + Ko, (5.17)
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for allu € C(Ry; V) and t € Ry. Finally, we recall Lemma [£.3] which shows that the
solution (u,,o,, k,) satisfies

(1) = Ex(uy(1)) + S, (u, (1)) (518)

Kp(t) = Sapup(t), (5.19)

(Ee(uy(t).e(v) — (uy(t))o + (Siyuy(1).€(w) ~ (D))o (5.20)
HP (1), = Oy + (Byuglt). o —ul(t))

> (f({t),v = w,(t))v,
for all t € R,.

Let p> 0, n € N* and let ¢t € [0,n]. We take v = u(t) in (5.20) and v = u,(t) in
(@30) and add the resulting inequalities to obtain

(Ee(u(t)) — Ee(u,(t)), e(u(t)) — e(u,(t)))q (5.21)
< (S1pup(t) — Sru(t), e(u(t)) — e(u,(t)))q
+(Pouy(t) — Pu(t), u(t) — u,(t))v
+(Byu,(t) — Bu(t), w) (t) — u}, (1) r2ry)
+(F, (1) = F(1), ult) — u,(t))v.

We now estimate each term in the previous inequality. First, we use assumption (4.1])
to deduce that

melluo(t) —u()[} < (Ee(u(t)) — Ee(u,(t)), e(u(t)) — e(uy(t)))q- (5.22)
Next, using the Cauchy-Schwarz inequality we deduce that
(S1,(t) — Syu(t), e(ult)) — e(u, (1)) (5.23)
u(t) — u,(t)]|v-
Moreover, by arguments similar to those used in the proof of ([L24]) we deduce that
15,0,0) = Sulb)loszior < (K [ luy(s) — ulolvs + 7, )X (521

where K is given by (£23) and

< ”Spup(t) - Su(t)HQXL2(Q)m

70p = 70, = oolle + d|€]lQxlwo, = wollv + [[Kop = Kol 2(ym- (5.25)

We combine now (5:23) and (5.24]) and use the notation s, = KeK introduced in
the proof of Lemma to deduce that

(Suptplt) — Srult), e(ut)) — e(u,(t))o (5.26)
< (o0 [ uste) = w9l st 7,6 Yy = w0,
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To proceed, we use the definitions (B.I12)) and (A25]), the monotonicity of the
function p, and assumption (5.4 to see that

(Pouy(t) = Pu(t), u(t) — u,(t))y

- / (Pt (8)) — Dt (8)) (s (£) — 1 (1)) da
< [ (a0 = s (0)) (00 = (1)) o
< [ Ippunt)) — plun ()] s (1) — p(#)] da

< [ P01+ ) 0, (0) = ue(t)| de

Therefore, using the trace inequality (1), after some elementary calculus we find
that

(Pyay(t) — Pu(t), u(t) — u,(t))y (5.27)

< Fp)(cg lu(®)lv + coomeas (I'5)?) [Ja, (£) = w(t)]|y-
Next, using definitions (5.13)), (4.26]) and condition (£.6) we have

(520, (1) — Bu(t) 5 (6) =, () ey
= ([ (st =9t = bt = sy () s )~ )
< ([ It = 90) = D ey s
[t = ) (9) = bt = s (s ) = (O

Therefore,

(Bouo(t) = Bu(t), u; (t) = ug, (t))r2(rs) (5.28)

< (0 [ Tss) = )l s+ [ o)l ) ) = w0

where
Oy = max [1,(r) | ey (5.29)
o = &5 ma (1) = b0) =y (5.30)
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Finally, it is easy to see that

(F () = F(1), u(t) — up(t)v < Opnlluy(t) — u(t)|lv, (5.31)

where

Opn = IaX, 1Fo(r) = F()llv- (5.32)

We now combine (521)), (£22), (£20), (5:27), (528) and (31)) to deduce that
nkKC

Tope

) — w(®)ly < 2= / o (5) — w(s)llv s + (5.33)

N 1*;5/))

(cg llu(t)||yv + coaw meas (Fg)%>

£
+ﬂ/||up ) — (o)l ds + 22 /nu ||vds+—.

Let
e”]C 1

Enu = max{ ' — (¢} tren[gux llu(t)||v + co ameas (I's)

[ et as,

and note that §,, depends on n, u, d, £, G, G, ¢y, a and I's but does not depends
neither on p nor on t. Then, (B.33)) yields

NI

):

|, (t) = w(t)llv < (F(p) + wWpn + Gpn + T0p)6nu (5.34)
+9pnm—: on /Ot lw,(s) — u(s)|lvds.

Next, we use assumption (B.5) and equivalence (24]) to see that the sequence (6,,),
defined by (£.29) is bounded. Therefore, there exists ¢, > 0 which depends on n and
is independent of p such that

epn + Sn
meg

0< <, forall p>0

and, using this inequality in (£.34]) we obtain that
|, (t) = w(t)llv < (F(p) + wWpn + Spn + T0p)6nu (5.35)

<, / ep(s) — w(s)ds.

Then, we use the Gronwall inequality to see that
(1) — w(t)lv < (F(p) + wpn + dpn + T0p)Enue’"
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and, passing to the upper bound as t € [0, n] we find that

s [,(6) ~ (Bl < (Fp) + 0 + 5+ 1™, (530)
Note that (&.3]), (Z4) and (530) imply that
won, =0 as p—0. (5.37)
Moreover, (B.0), (57), 24) and (532) yield
dn =0 as p—0 (5.38)
and, finally, (B.8)—(EI0) and (5.28) show that
T, =0 as p—0. (5.39)

We use now the convergences (B.4) (b), (£.37)-(E.39) and inequality (5.36]) to obtain
that

m[gtx llw,(t) —u(t)||lv =0 asp—0. (5.40)

te

On the other hand using equalities (5.18]), (5.19) and (£28§)), (£.29) we find that
lop(t) = a(t)llg + K, (1) = kD) L2@m (5.41)

< d|€llqu [, (t) — u®)|lv + V2 [|S,u,(t) — Swu(t)|lgxrz(ym.
We write
Spu,(t) — Su(t)||gxr2@ym
< |ISpu,(t) — Spu(t)||oxrzm + [|Sou(t) — Su(t)||gxr2@)m,

then we use inequalities (£19) and (5.24) to see that

t
H%%@—&MWMMMS%AH%®—H®M®

+(x /Hw) w(s)vds + 7, )

This inequality combined with convergences (5.39) and (540) implies that

m[gxx |S,u,(t) — Su(t)||oxrz@m — 0 as p— 0. (5.42)
te

Therefore, using equality (B.41I]) and convergences (B.40), (5.42]) we deduce that

max [lo,(t) = o(t)lle >0 as p =0, (5.43)
te
Hl[éiX |k,(t) — ()| 2@@m — 0 as p — 0. (5.44)
te
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The convergence (G.I]) is now a direct consequence of the convergences (5.40),

(543) and (5.44]). O

In addition to the mathematical interest in the convergence result (5.11]) it is of
importance from mechanical point of view, since it states that the weak solution of
the problem [B.1))—(B.8) depends continuously on the normal compliance function, the
surface memory function, the densities of body forces and surface tractions and the
initial data, as well.
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