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In this paper we consider two quasistatic contact problems. The material’s
behavior is modelled with an elastic constitutive law for the first problem and
a viscoplastic constitutive law for the second problem. The novelty arises in
the fact that the contact is frictionless and is modelled with a condition which
involves normal compliance and memory term. Moreover, for the second prob-
lem we consider a condition with unilateral constraint. For each problem we
derive a variational formulation of the model and prove its unique solvability.
Also, we analyze the dependence of the solution with respect to the data.
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1 INTRODUCTION

The first aim of this paper is to study a quasistatic frictionless contact problem
for elastic materials, within the framework of the Mathematical Theory of
Contact Mechanics. We model the behavior of the material with a constitutive
law of the form

(1.1) o = Fe(u),

where u denotes the displacement field, o represents the stress field, e(u) is
the linearized strain tensor and F is a fourth order tensor which describes the
elastic properties of the material. The contact is modelled with a condition
which involves normal compliance, memory term and infinite penetration. We
prove the unique solvability of this model by using new arguments on history-
dependent variational inequalities presented in [6]. Also, we state and prove
the dependence of the solution with respect to the data.

The second aim is to study the continuous dependence of the solution of
a quasistatic frictionless contact problem for rate-type viscoplastic materials.
We model the behavior of the material with a constitutive law of the form

(1.2) o = Fe(u) +G(o,e(u)).


http://ictp.acad.ro/patrulescu/index.htm

Here G is a nonlinear constitutive function which describes the viscoplastic
properties of the material. In (L2]) and everywhere in this paper the dot above
a variable represents derivative with respect to the time variable . The second
part represents a continuation of [3] where a contact problem for viscoplastic
materials of the form (L2) was considered. The process was assumed to be
quasistatic and the contact was modelled by using the normal compliance
condition, finite penetration and memory term. The unique solvability of the
solution was obtained. Also, the convergence of the solution of the problem
with infinite penetration to the solution of the problem with finite penetration
as the stiffness coefficient converges to infinity was proved. In the present
paper we analyse the dependence of the solution of the viscoplastic contact
problem in [3] with respect to the data.

The rest of the paper is structured as follows. In Section [2] we provide
the notation we shall use as well as some preliminary material. In Section
we present the classical formulation of the first problem, list the assumption
on the data and derive the variational formulation. Then we state and prove
the unique weak solvability of the problem, Theorem Bl and a convergence
result, Theorem 3.2l In Section M we introduce the classical formulation of the
second problem and resume the results on its unique weak solvability obtained
in [3]. Then we state and prove a convergence result, Theorem

2 NOTATION AND PRELIMINARIES

Everywhere in this paper we use the notation N* for the set of positive
integers and R will represent the set of nonnegative real numbers, i.e. Ry =
[0, +00). We denote by S? the space of second order symmetric tensors on RY.
The inner product and norm on R? and S are defined by

wv=uv, |v]=@®v)?: VuwveR

o-T=0ym;, |tl=(-7)?7 Vo,res

Let Q be a bounded domain Q € R? (d = 1,2, 3) with a Lipschitz continu-
ous boundary I" and let I'; be a measurable part of I' such that meas (I';) > 0.
We use the notation « = (z;) for a typical point in Q UT and we denote by
v = (v;) the outward unit normal at I". Here and below the indices i, j, k, [
run between 1 and d and, unless stated otherwise, the summation convention
over repeated indices is used. An index that follows a comma represents the
partial derivative with respect to the corresponding component of the spatial
variable, e.g. u; j = Ou;/0xj. We consider the spaces

V:{’U GHl(Q)d:’U:OOH I }, Q: {T: (Tij) €L2(Q)d><d:7'ij :Tji}.

These are real Hilbert spaces endowed with the inner products

(woly = [ e -ew)ds, (oo~ [ o-Tdn



and the associated norms || - ||y and || - ||, respectively. Here € represents the
deformation operator given by

e(v) = (gi5(v)), eij(v) = %(Uz}j +v5:) Yoe HY(Q)

Also, we define the space

(2.1) Q={7€Q: Divr € L*(Q)?},

which is a Hilbert space endowed with the inner product
(o,7)g, = (o,7)g + (Dive,Div T)L2(Q)d,

and the associated norm || - ||g,. Here Div represents the divergence operator
given by Diveo = (0yj;).

The assumption meas(I';) > 0 allows the use of Korn’s inequality which
involves the completeness of the space (V.|| - ||v). For an element v € V
we still write v for its trace and we denote by v, and v, the normal and
tangential components of v on I' given by v, = v v, v, = v —v,v. Let I's
be a measurable part of I'. Then, by the Sobolev trace theorem, there exists
a positive constant ¢y which depends on €2, I'y and I's such that

(2.2) [[vllz2(ry)e < collvllv Yo eV.

Also, for a regular stress function o we use the notation o, and o, for the
normal and the tangential components, i.e. 0, = (ov)-v and o, = oV —0o,V.
For the convenience of the reader we recall the following Green’s formula:

(2.3) / O'-E(v)dx+/ Diva’-'vdmz/au-vda.
Q Q r

We denote by Q. the space of fourth order tensor fields given by
Qo =1{E=(Ejm) : Eijii = Ejir = Erij € L), 1<4,5,k1<d

and Qo is a real Banach space with the norm ||£||q.. = Z I Eijrill oo (02)-
1<i,j,k,l<d
Moreover, a simple calculation shows that

(24) llETllo <dl€llacllTlle V€€ Qo TEQ.

For each Banach space X we use the notation C(R4; X) for the space of
continuous functions defined on Ry with values on X. It is well known that
C(R4; X) can be organized in a canonical way as a Fréchet space. Details can
be found in [I] and [5], for instance. Here we restrict ourseleves to recall that
the convergence of a sequence (), to the element z, in the space C(R,; X),
can be described as follows:

Tm =z in C(Ry; X) as m — oo if and only if

(2.5)
max ||z,,(r) —z(r)||x =0 asm — oo, forall neN"
rel0,n]



Let X be a real Hilbert space with inner product (-,-)x and associated
norm || - [|x. Let K be a subset of X and consider the operators A : K — X,
R:CRy;X) — C(Ry; X) and function f: Ry — X. We are interested in
the problem of finding a function v € C(R4; X) such that u(t) € K, for all
t € R,, and inequality below holds

(2.6) (Au(t),v —u(t))x + (Ru(t),v)x — (Ru(t), u(t))x
ft),v—u(t))x, Vv e K.

v

In the study of ([2.0]) we assume that
(2.7) K is a nonempty, closed, convex subset of X
and A : K — X is a strongly monotone Lipschitz continuous operator, i.e.

(a) There exists m > 0 such that

(2 8) (Aul—AuQ,ul—uQ)X Zm”ul—ugH%( Vul,uQGK.
. (b) There exists M > 0 such that

||AU1 — AUQHX <M ||u1 — UQHX Vul, U € K.
The operator R : C(Ry; X) — C(Ry; X) satisfies

For every n € N* there exists 7, > 0 such that for all ¢ € [0, n]

(2.9) t
Rua () = Rua(t)|lx < Tn/ [ur(s) — ua(s)| x ds,
0

for all uj, ug € C(R4; X), and, finally, we assume that

(2.10) f € C(Ry; X).

The next results, proved in [7], will be used in the rest of this paper.

THEOREM 2.1 Let X be an Hilbert space and assume that [Z.7)—2I0)
hold. Then, the inequality (Z6]) has a unique solution v € C(Ry4; K).

COROLLARY 2.2 Let X be an Hilbert space and assume that (2.8))-(ZI0)
hold. Then there ezists a unique function u € C(Ry; X) such that

(2.11) (Au(t),v)x + (Ru(t),v)x = (f(t),v)x Vve X, VteR,.

To avoid any confusion, we note that here and below the notation Au(t) and
Ru(t) are short hand notation for A(u(t)) and (Ru)(t), for all t € Ry.

We end this section with a short description of the physical setting of the two
contact problems.

An elastic body in the first problem and a viscoplastic body in the second
problem occupies a bounded domain Q@ € R? (d = 1,2,3) with a Lipschitz
continuous boundary I', divided into three measurable parts I'y, I's and I3,



such that meas(I';) > 0. The body is subject to the action of body forces
of density f,. We also assume that it is fixed on I'y and surface tractions
of density f5 act on I's. On I's, the body is in frictionless contact with a
deformable obstacle, the so-called foundation. We assume that process is
quasistatic and is studied in the interval of time R.

3 ANALYSIS OF AN ELASTIC CONTACT
PROBLEM

The classical formulation of the first contact problem is the following.

Problem P;. Find a displacement field w : Q x Ry — R and a stress field
o:Q xRy — S? such that, for each t € Ry,

(3.1) o(t) = Fe(u(t)) in  Q,
(3.2) Dive(t)+ fo(t) =0 in Q,
(3.3) u(t)=0 on I,
(3.4) o(t)v = fyt) on Iy,

(3.5) ou(t) + pluy () + /0 bt — syut(s)ds =0  on T,

(3.6) o-(t)=0 on TIs.

Here and below, in order to simplify the notation, we do not indicate explicitly
the dependence of various functions on the variables « or t. Equation (B.1)
represents the elastic constitutive law of the material. Equation ([B.2]) is the
equation of equilibrium, conditions (B3), (B.4]) represent the displacement and
traction boundary conditions, respectively, and condition (B.5]) shows that the
contact follows a normal compliance condition with memory term. At the
moment t, the reaction of the foundation depends both on the current value
of the penetration (represented by the term p(u,(t)) ) as well as on the history
of the penetration (represented by the integral term). Finally, (8.0 is the
frictionless condition.

We assume that the body forces and surface tractions have the regularity

(3.7) fo € CRyL*(Q)Y), fa € C(Ry; L*(T)?).



Also, we assume that the normal compliance function p verifies

(a) p: g xR = Ry
(b) There exists L;,, > 0 such that
Ip(x, 1) — p(x, 12)| < Lyp [r1 — 12

Vri, g €R, a.e. x €3
(c) (p(x,r1) — p(e,72))(r1 —72) > 0

Vri, g €R, a.e. x €'
(d) The mapping @ — p(x,r) is measurable on I's, Vr € R
(e) p(x,7) =0 for all r <0, ae. x €3

and the surface memory function satisfies

(3.9) be C(R4; L>(T3)).

Further details on the contact condition (B.35]), normal compliance function p
and surface memory function b can be found in [4] or [§].

We turn now to the variational formulation of Problem P;. To this end,
we assume in what follows that (u, o) are sufficiently regular functions which
satisfy (BI)-(B6). Let v € V and t € Ry be given. We use Green’s formula
23)), equation of equilibrium (3.2]), we split the boundary integral over I'j, I'y
and I's and, since v =0 on 'y Xx Ry and o (t)v = f4(t) on I's x R, it follows
that

(3.10) /Qa(t)~s(v)dx:/9f0(t)-vdaz+ g fz(t)~'vda+/r o(t)v-vda.

Moreover, since o (t)v-v = 0, (t)v,+0,(t)- v, onT'3, condition (B.6]) implies

that / o(t)v-vda = / oy (t)vy, da. We use the contact condition [B1) to
I's s
see that

oo (t)v, = — (plus (1) + /D bt — 8)u (5) ds)u, on Ty,

We combine the above relations to deduce that

(311) (O’(t)7 E('U))Q + (p(uy(t)), UV)LQ(Fg) + (/0 b(t — S) Uj(s) dS, 'Uy) L2(Ty)

= (fo(t), V)2 + (F2(t), V) L2(ry)a-

We use now ([B1]) and (BI1]) to derive the following variational formulation
of the frictionless contact problem (B.1])-(B.4]).

Problem P} . Find a displacement field w : Ry — V such that u(t) € V, for
all t € Ry, and the equality below holds

(Fe(u(t). o)) + (pus).v)zz + ([ 0t =0 () ds,v,)

(3.12) = (fo(t),v) 2y + (F2(t), v) L2y YV EV.

L2(T3)
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Next, we prove the unique weak solvability of the variational problem 771V .
To this end we assume that the elasticity tensor F satisfies the following
conditions.

(((a) F: QxS?— st
(b) There exists Ly > 0 such that
[F(z,e1) — F(x,e2)|| < Lrler — e
Vep, €9 € Sd, a.e. x € Q.
(3.13) (c) There exists mx > 0 such that
(F(m,e1) — F(z,€2)) - (€1 — €2) > mF |ler — &2
Ve, €9 € Sd, a.e. x € Q.
(d) The mapping « ~ F(x, ) is measurable on Q, Ve € S%.
| (e) The mapping x — F(z, 0ga) belongs to Q.

We have the following existence and uniqueness result.

THEOREM 3.1 Assume that B13), B1)-B3) hold. Then, Problem Py
has a unique solution which satisfies u € C(Ry; V).

Proof. We start with by providing an equivalent form to Problem PY . To
this end, we use the Riesz representation Theorem to define the operators
P:V -V, B:CR;; V) = C(Ry; V) and the function f : Ry — V by
equalities

(3.14)  (Pu,v)y :/F p(uy)vyda Yu,v eV,
(3.15)  (Bu(t),v)y = (/0 b(t — s)ut(s) ds,v,,)Lz(Fg)Vu ECRV),vEV

(3.16) (f(t),v)V:/Qfo(t)-vdx—F g fa(t)-vda YVveV, teR,.

Then, it is easy to see that Problem Py is equivalent to the problem of finding
a function w : Ry — V such that for all t € Ry and v € V the equality below
holds

(3.17) u(t) € V, (Fe(u(t)),e(v))g+(Pul(t),v)y+(Bu(t),v)y = (f(t),v)y.

To solve the variational equation ([BI7]) we use Corollary 22 with X = V. To
this end, we consider the operator A : V — V defined by

(3.18) (Au,v)y = (Fe(u),e(v))g + (Pu,v)y Yu,veV.
Then, for all t € R the equality (817) can be written as
u(t) €V, (Au(t),v)v + (Bu(t), v)v = (f(t),v)y VveV.

Using (3.13), (3:8) and the definition of the operator P we deduce that the
operator A is strongly monotone and Lipschitz continuous, i.e. it verifies (Z.8]).



Let n € N*. Then, a simple calculation based on assumption (B3] and
inequality (Z2]) shows that Yu;, us € C(R;V), Vt € [0,n] the following
inequality holds:

t
(3.19) [1Bus (1) = Bus(B)l < e e [0y | o (s) = wa(o) v s

This inequality implies that the operator B given by ([B.I0]) satisfies (2.9]) with

(3.20) r, = ¢ max 16(r) || oo (13-

)

Finally, using (8.7) and (BI10) we deduce that f € C(R4;V) and, therefore,
(2I0) holds. It follows now from Corollary that there exists a unique
function u € C(R4; V) which satisfies the equation

(Au(t),v)v + (Bu(t),v)v = (f(t),v)v YveV teRy.

And, using (3I3), BI6) and (BI8) we deduce that there exists a unique
solution u € C(R4; V) to the equality (BI2) for all ¢ € Ry, which concludes
the proof. O

Let o be the function defined by ([Bl). Then, it follows from BI3) that
o € C(R4; Q). Moreover, it is easy to see that (B.I1]) holds for all ¢ € Ry and,
using standard arguments, it results from here that

(3.21) Divea(t) + fo(t) =0  VtieR,.

Therefore, using the regularity f, € C(Ry; L?(Q)?%) in [87) we deduce that
Dive € C(Ry;L?*(Q)?) which implies that & € C(R;;Q1). A couple of
functions (u, o) which satisfies B)), BI2) for all t € Ry is called a weak
solution to the contact problem P;. We conclude that Theorem B provides
the unique weak solvability of Problem P;. Moreover, the regularity of the

weak solution is u € C(R4; V), o € C(R4+; @Q1).

We study now the dependence of the solution of Problem P} with re-
spect to perturbations of the data. To this end, we assume in what follows
that (313), (37 (B3) hold and we denote by w the solution of Problem P}
obtained in Theorem Bl For each p > 0 let Sop» Fop» Pp and by, be perturba-
tions of f, fo, p and b which satisfy conditions [B17)-(@9). We consider the
following variational problem.

Problem 771‘;. Find a displacement field w, : Ry — V' such that u,(t) € V,
for allt € Ry, and the equality below holds for all v € V:

(3.22) (Fe(up(t),e(v)q + (Pp(upn (1)), vu)L2(ry)

t
+</o by(t — s)ug,(s) ds’v”)m(m) = (Fop(t),v)2(ya + (Fop (1), V) p2(ry)e-



Note that, here and below, u,, represents the normal component of the func-
tion wu,.

It follows from Theorem B.1] that, for each p > 0 Problem P}; has a unique
solution u, € C(R4; V). Consider now the following assumptions
(3.23) b, —0b in C(Ry;L>(T3)) as p—0,
(3.24)  fo,— fo in CRLY(YT) as p—0,
(3.25)  fa, = fo in C(Ry;L*(T2)%) as p—0.

There exists G : Ry — Ry and 8 € Ry such that

(@) |pp(e,7) — p(z,r)| < G(p)(Ir| + B)
Vr €R, a.e. x €'s, for each p > 0,

(b) lim G(p) = 0.

(3.26)

We have the following convergence result.

THEOREM 3.2 Under assumptions B.23)-B3.20) the solution wu, of Prob-
lem 77{:) converges to the solution w of Problem Plv, i.€.

(3.27) up, > u in CRy; V) as  p—0.

Proof. Let p > 0. We use the Riesz representation Theorem to define the
operators P, : V. = V, B, : C(R;V) — C(R4;V) and the function f, :
R+ — V by equalities

(3.28) (Pyu,v)y = / pp(uy)vyda YVu,veV,
I's

(3.29) (Byult), v}y = ( /0 by(t — s)ut(s) ds,vl,)LQ(Fg)Vu cCR,: V), veEV,

(3.30) (£, (), v)y = /Qfop(t)-'vda:+ [ Fot)vda VoeVteR,.

It follows from the proof of Theorem [B.1] that w is a solution of Problem
PY iff u solves equality (BIT), for all t € R, In a similar way, u,, is a solution
of Problem PIVp iff u,(t) € V, for all t € Ry and the following equality:

(3.31) (Fe(uy(t),e(v))q + (Poup(t), v)v + (Byuy(t), v)v = (f,(t), v)v,
holds for all v € V.

Let n € N* and let t € [0,n]. We take v = wu,(t) — u(t) in (B3I) and
v =u(t) —u,(t) in BI7) and add the resulting equalities to obtain

(3.32) (Fe(up(t) — Fe(u(t)), e(u,(t)) —e(u(t)))q
= (Ppup(t) — Pu(t), u(t) — u,y(t))v + (Boup(t) — Bu(t), u(t) — u,(t))v

H(F () = F(), up(t) —u(t))v
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Next, we use the definitions (B28) and ([BI4)), the monotonicity of the function
pp and assumption (Z.20]) to see that

(Pt (8) ~ Put) ult) ~up(t)v < | Glo)(uul0)|+8) i (1) ~ g ()] do.

Therefore, using the trace inequality (2.2)), after some elementary calculus we
find that

(3.33) (Bpup(t) — Pu(t), u(t) — u,(t))v
< G(p) (e} [w(t)|v + cof meas (T3)7) Ju, (£) — w(t)]|v-

On the other hand the operator B, verifies ([Z3),i.e.

t
(3.34) Byuy(t) — Bou(t)|v < ¢ nax IIbp(r)HLoo(rg)/o [up(s) = uls)lv ds.
Using trace inequality we obtain

t
(3.35) |Byu(t) — Bu(t)|lv < cj max 16,(r) — b(T)HLOO(Fg)/O [[u(s)[lv ds.
From (B34) and (335) we conclude that

(Bouy(t) — Bu(t), u(t) — u,(t))v < |Bouy(t) — Bu(t)|v|u,(t) — u(®)|lv
|y

t t
336)< (01 [ ug(o) =l s+ [ [uls)lly ds) g 1) = (o)

where

(3:37)  fpn = o [bo(r)llze s, wpn = 6 max [10p(r) = b(r)ll e ry)-

) )

We also note that

(3.38) (£,(t) = F (1), up(t) — w(t))v < Gpnlu,(t) — u®)|yv

where

(3:39) 3yn = max [1£,(r) = £l

)

Finally, using assumption ([BI3)) it follows that
(3.40) (Fe(uy(t)) — Fe(u(t)), e(uy(t) — e(u(t))q = mr|u,(t) —u®)|?-

We combine [B3:32), 333), B34), B38) and ([B:40) to deduce that

A1) Juy(0) w0l < S (R (o)l + B meas (1))

—i—‘m/ lup(s) —u(s Hvds—l— /Hu Hvds—l—

10



Denote &, , = max %{ 2 max_|Ju(r)||y+coB meas (I's) 2 / |lu(s)|v ds, 1}
F rel0,n]
Then, (B41) yields

(342) [luy(t) —u(t)llv < (G(p) +wpn + Gpn)nu+ / [wp(s) —u(s)llv ds

and, using the Gronwall inequality we obtain that

Oon

(3.43) ”up(t) —u(t)|ly < (G(p) + Wpn, + 5pn)§n,u emr t-

We use assumption ([B.23) to see that the sequence (6,,), defined by [B.37) is
bounded. Therefore, there exists ¢, > 0 which depends on n and is indepen-
dent of p such that

(3.44) 0<6,, < (¢ forall p>0.

We pas to the upper bound as ¢ € [0,n] in (3.43]) and use ([B:44) to obtain

Sn oy
(3'45) In[(f)i,X Hup( ) U(t)”v < (G(p) + won + 6pn)§n,u emr for all p > 0.
te

We use now assumptions (3.23)—(B.25]) and definitions (3.31), (339)) to see that

(3.46) wyp, =0 and 0, =0 as p— 0.

We combine now ([340) and 28] (b) with inequality (345 to obtain

(3.47) tm[(z]ix] lluy(t) —u(t)[[y =0 asp—0.

The convergence ([3.47) shows that (827 holds, which concludes the proof.[]

Note that the convergence result in Theorem can be easily extended to
the corresponding stress functions. Indeed, let o be the function defined by
1) and, for all p > 0, denote by o, the function given by

(3.48) o,(t) = Fe(up(l)),

for all t € Ry. Then, it follows that o, € C(Ry;Q1) and, moreover, (3.22)
yields

(349) Diva,(t) + fo,() =0  VteR,.

We combine now equalities (B.1)), (B:2I)), (3:4])) and (B:49]), then we use the
convergences ([3.24]) and ([B.27)) to see that

(3.50) 6, =0 in C(Ry;Q1) asp—0.

11



4 A CONVERGENCE RESULT FOR A
VISCOPLASTIC CONTACT PROBLEM

The classical formulation of the second contact problem is the following.

Problem Py. Find a displacement field u : Q x Ry — RY and a stress field
o:Q xRy — S? such that for all t € Ry

(4.1) o(t) = Fe(u(t) + G(o(t),e(u(t))) in €
(4.2) Dive(t)+ fot) =0 in €,
(4.3) ut)=0 on T4,
(4.4) ot =fr(t) on Ty,

unlt) < g, 0 (t) + pluy () + /0 b(t — ) (s)ds < 0

(4.5) t on I,
(uelt) = ) (e00) + 2 (0) + [ 8= ) (5)ds) =

(4.6) o-(t)=0 on TIj,

(4.7) u(0) = ug, o(0) =09 in Q.

The difference between problems P; and Ps consists in the fact that equation
(@) represents the viscoplastic constitutive law of the material and condi-
tion (H) shows that the contact follows a normal compliance condition with
memory term and unilateral constraint. Finally, ([L1) represents the initial
conditions in which ug and oy denote the initial displacement and the initial
stress field, respectively.

We assume that the elasticity tensor F and the nonlinear constitutive function
G satisfy the following conditions:

;

(a) F = (}—ijkl) (xSt Sd.

(b) Fijk:l = Jrkh,j = ]:jikl € LOO(Q), 1<4,5,k,1<d.

(c) There exists mz > 0 such that
Fr-r>mz|7]|? V7 €S? ae. in Q.

(4.8)

(((a) G:Q xS?xS? s
(b) There exists Lg > 0 such that
1G(x,01,61) — G(x,02,€2)|| < Lg (lo1 — o2 + [le1 — &2))
(4.9) Voi,00,e1,60 €S% ae x e
(¢) The mapping  — G(x, 0, €) is measurable on 2,
for any o, € S%.
[ (d) The mapping « — G(x,0,0) belongs to Q.

Also, as in the case of the first problem we assume that the normal compliance
function p verifies ([B.8), the surface memory function satisfies (3.9), the body
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forces and the surface tractions have the regularity (87)) and, finally, we assume
that the initial data verify

(4.10) ug € U, o€ Q,
where U denotes the set of admissible displacements defined by
(411) U={veV: v <g ae I's}.

The following existence and uniqueness result is proved in [2].

LEMMA 4.1 Assume that (L), [@9) and [@I0) hold. Then, for each func-
tion u € C(R4; V) there exists a unique function Siu € C(Ry;Q) such that

(4.12) Sju(t) = /0 G(S1u(s) + Fe(u(s)),e(u(s)))ds + oo — Fe(uo),

for all t € Ry. Moreover, the operator S1 : C(Ry; V) — C(Ry; Q) satisfies
the following property: for every n € N* there exists k, > 0 such that Vu, v €
C(R4; V) and ¥Vt € [0,n]

(4.13) [[S1u(t) = S1o(t)llq Skn/o [u(s) —v(s)lv ds.

We use ([B.I5), the Riesz’s representation Theorem and the above lemma to
define the operator S : C(R4+; V) — C(R4; V) by equality

(4.14) (Su(t),v)y = (S1u(t),e(v))g + (Bu(t),v)y, Vu e CRy; V), veV.

The variational formulation of Problem Pj, derived in [3], is the following.

Problem 735/. Find a displacement field uw : Ry — V and a stress field
o: Ry — Q, such that
(4.15) o(t) = Fe(u(t)) + Siult),

= Fe(
(4.16)  (Fe(u(t)),e(v) —e(u(t))q + (Su(t),v —u(t))y
+(Pu(t),v —u(t))v = (f(t),v —ut))y Vo eU

hold, for allt € R, .

In the study of the problem P¥ we have the following existence and unique-
ness result.

THEOREM 4.2 Assume that B.1)-B3) and [@8))-EI0) hold. Then, Prob-
lem 77;/ has a unique solution, which satisfies

(4.17) w € C(Ry;U), o€ CO(Ry;Q).
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The proof of Theorem can be found in [3]. It is based on arguments of
history-dependent variational inequalities developed in [6].

We study now the dependence of the solution of Problem 73¥ with respect
to perturbations of the data. To this end, we assume in what follows that

BD)-39), BI13), (E8)-EI0) hold and we denote by (u,o) the solution
of Problem PY obtained in Theorem For each p > 0 let py, by, fop,

J2p, wop and o, be perturbations of p, b, f(, fa2, wo and oy, respectively,
which satisfy conditions [B.8), 9), 1), (@I0). We define the operators

S1p: C(R; V) - C(R4;Q) and S, : C(R; V) — C(R4; V) by
t
(4.18)  Sipu(t) = / G(S1pu(s) + Fe(u(s)),e(u(s))) ds + oo, — Fe(ug,),
0
(4.19)  (Spu(t),v)v = (Sipu(t),e(v))g + (Bou(t),v)y VveV
and we consider the following variational problem.

Problem P;fp. Find a displacement field uw, : Ry — V and a stress field
o,: Ry — @, such that

(4.20) op(t) = Fe(uy(t)) + S1pup(t),
(4.21) (Fe(uy(t)), e(v) —e(uy(t)))g + (Spup(t), v —u,(t))v
(Pyup(t), v — up(®)v > (£,(t), 0 — up(t)y Vo e U,

It follows from Theorem that, for each p > 0 Problem ng has a unique
solution (u,, o,) with the regularity u, € C(Ry;U), o, € C(Ry; Q). Consider

now the assumptions ([B.23)—-([3.26) and

(4.22) upp »up in V, o9, =09 in Q@ as p—0.

We have the following convergence result.

THEOREM 4.3 Under assumptions [3.23)-B.20) and [@22]) the solution
(up,0,) of Problem Pé/p converges to the solution (w, o) of Problem PY , i.e.

(4.23) u, »>u in CRyV), o,—0 in C(R;Q) as p—0.

Proof. Let p > 0, n € N* and let t € [0,n]. We take v = u(t) in (£2I]) and
v = u,(t) in ([AI6) and add the resulting inequalities to obtain

(4.24) (Fe(u(t)) — Fe(uy(t)),e(u(t) — e(uy(t)))Q
< (Poup(t) = Pu(t), u(t) —w,(t)v + (£, () = F(1), u,(t) —u(t))v
H(Spup(t) = Su(t), u(t) — u,(t))v-.
We have

(4.25) (Spup(t) = Su(t), u(t) — uy(t))y

= (S1pup(t) = Sru(t), e(u(t)) —e(uy(t))q + (Bpuy(t) — Bu(t), u(t) — up(t))v-
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Using Lemma 1] (24) and (£8) we have the following inequality

t
(4.26) [[S1pu,(t) = S1u(t)llq < kn/o [up(s) — u(s)llvds + aopgn,

where
(4.27) agp = [loop — oollQ + d[|FllQu lwo, — wollv

and g, is a positive constant which depends on n and G.

From (£.25), (3:30) and (£26]) we obtain
(4.28) (Spup(t) — Sul(t), u(t) —uy(t))y < (kn/o lup(s) — u(s)|lvds

e+ O [ Fay(s) = )l s+ [ o)l ) s 1) = )]
Next, we combine (£24), [L8) (c¢), B33), B3]) and [@2]) to see that
(429)  mrluy(t) —wt)|v < G(p)(cF w(t)]lv + cofmeas (T3)7)
b+ ) [ Tagls) = ) + o | )l ds-+ gt +
Next, using ([@I5), 20), 24), (@), [@3) and (£26) we deduce that

(4.30) [lop(t) —a(t)llq < C!\up(t)—u(t)\lv+kn/0 [y (s) —u(s)l[vds+aopgn,

where ¢ is a positive generic constant and whose value may change from line
to line.

Following, we use the notation for &, , := max{&, ., q,} and we add now

inequalities (£30) and ([@.29) to obtain

(4.31) llop(t) =)l + lus(t) —u(t)[lv < c(Gp) + oy + wWon + dpn)énu
+c(kn + 0pn) /Ot(llup(S) —u(s)llv +[lop(s) — a(s)llq)ds.

Then, we use Gronwall inequality to see that

(4.32) lop(t) = o)l + llup(t) —u®)v

< c(G(p) + app + wpn + (Spn)gn’uec(epn‘i’kn)t'
We pass to the upper bound as t € [0,n] in (£.32) and use (3.44) to obtain

tgl[&i](nup(t) —u(t)|lv + [lo,(t) —o(t)le)

< c(G(p) + aop + Won + Gpn)p e CntEn),
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Finally, (£22) yields

(4.33) agp =0 as p—0.
We use now ([B.26)) (b), (848) and (£33) in the above inequality to obtain

(434) ma (Juy (1) = u(O)lv + [7,(6) = o(B)) >0 a5 p—>0.
Since the convergence ([£.34) holds for each n € N* we deduce from (2.1]) that
(@23) holds, which concludes the proof. O

In addition to the mathematical interest in the convergence results (.27,
B50), ([E23) it is of importance from mechanical point of view, since it states
that the weak solution of the problems BI)-(3.0) and (£I)-(7T) depends
continuously on the normal compliance function, the surface memory function,
the densities of body forces and surface tractions. Moreover, for the second
problem the weak solution depends continuously on the initial data too.
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