CITEVA FORMULE PRACTICE DE CUBATURA

DE

D. V. IONESCU
(Cluj)

Intr-o lucrare recentd [1] am stabilit formula de cubaturi

S Iz, y)dxdy =
(1)

Yot b 20+ k

— dhkf(xo, yo) + 2h S Hxo, y)dy + 2k S /(% yo)dx + R,

Ag= 4

unde D) este un dreptunfrhl cu laturile paralele cu axele Ox, Oy de Iungn:tu
2h, 2k §1 cu centrul in punctul de coordonate (%, ¥,). S-a demonstrat ci
restul R se poate pune sub forma

R = SS @(x, y) T dxdy, (2)

D

unde functia ®(x, v) a fost definitd si studiatd in lucrarea amintiti. S-a
aritat cd ea este pozitivd in interiorul dreptunghiului D, se anuleazi pe
laturile Tui si avem

SSCD(x Ydxdy = ﬁa—ka,

de unde rezultd pentru K, evaluarea
ke
]Rl \<.. "9 Mgg. (3)
unde

Mgy = S“Pj

(D)

8x28y°
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In aceastd lucrare vom face aplicafii ale formulei de cubaturi (1),
care ne vor conduce la citeva formule practice de cubaturi. in prealabil
vom da citeva formule de cuadraturd, de care ne vom servi, firi si mai
dim demonstratiile necesare. Stabilirea acestor formule s-a ficut urmind
metoda de lucru ardtati in lucrarea [2].

§ 1. Formule de euadraturi

1. Si considerdm o functie f(x) de clasa C* pe intervalul [x, — &,
%y + h]. Se aratd ci avem formula de cuadraturd a lui Milne

.+ h

Hxdx = T [2f(x) — f(xs) + 2(x)]+ R, (4)

- h

unde nodurile #x;, %,, ¥; sint date de formulele
xl = XL — .}1‘ Xy = 5
0 P 2 = Xg, X3 = Xg—+ —» (5)

iar restul R este dat de formula

2o+ h

R={ o(x)/"xax (6)

ro—h
functia ¢(#) coincizind pe intervalele [xo — h, %y — i], [xﬂ —_i, xﬂ] ,
2 :

A h
[xo 2.’0 + ;J:

%y + = % -+ h} cu functiile

(¥ — 2o + A)

P;(x) = o

sy ST AT BTN
. (7)

W
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Se aratd ci funcfia ¢(x) este pozitivi pe intervalul (x, — A, x4 + &)
si cd avem
29+ k
7
S plx)dx = > (8)

-
de unde rezulti urmitoarea evaluare a valorii absolute a restului

|R|-§EM4- (9)

720

unde
M,= sup |fV(%)]
(#o—h, 7o+H)

\

2, In aceleagi condifii avem formula de cuadraturd
g+ b
h
§ rxax = S08/x) + 21(xa) + Bf(x)] + R, (10)
Xo- h
unde nodurile x;, %,, x5 sint date de formulele
2h 2h
By =X TGy B = X, Ay = X F o7 (1)

Restul se poate scrie sub forma
so+h

R= { g @3 12)

2—h
: soa A . 2h 2h
functia () coincinzind pe intervalele [xo — Wy X — ?J, [ %o — 2 xo} ;
2h - e
[xo, %o + 2—kJ, [xo —i—;L, Xg + k], cu functiile
3

(2 — xg + h)}
4! '

$i(x) =

2»]“
"‘”o"‘")'_ah x—z.,+—3—
41 4 3!

[1 . Qb)a

S Y | Ca

Ya(x) = 54 et + L 2
41 4 3!

Yo(x) =
(13)

(¥ — %y — B
4 '

Yal®) =
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Funcfia {(#) este pozitivd pe intervalul (x, — %, %, + 4) si avem

2,4 0h

7h0
S ?(x)dx = 135" (14)
o= h
de unde rezulti ci
Th®
IR < 7555 M- (15)

3. De asemenea, in aceleasi conditii avem formula de cuadraturi

g+ h

S f(x)dx = 2113f(x)) + 11/(x) +11/(x)+ 13/(x )]+ R, (16)
xp—h
ctit nodurile
X, = Xgq — & Xo = X e == : = o i
1 0 o XK= Mg — oy Xg=exgk ox Ay = e 44 7

Restul este dat de formula
xp+ h
= S 0(x)/™(x)dx, (18)

ta-h
unde funcfia 6(x) coincide pe intervalele [x, — &, %,], [#, # Xy, X
[%g, %4], [%4 %y + #] cu functiile ’ ' el e el

(x — 2y + k)4

8,(x) =
41
3
[z - x +ﬁ
7T e | i L S ST
41 24 3! "
3)’ !
Gir= T 18 (- Y SR IT - L2, +.4.4 L
41 24 31 21 3 '
)
TP e L ity
41 24 3l
(x — x5 — A)*
o) =2 e
Functia 0(x) este pozitivi pe intervalul (x, — %, #, + %) si avem
Zt+ h
10343
Se(x)dx = mt 41 (20)

Xg— I

18]
~1
=2
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de unde rezulti urmitoarea evaluare

IR 1By, (21)

Formulele (4) si (10) fac parte dintr-o clasi de formule de cuadratura care
au fost studiate in lucrarea [2]*.

§ 2. Aplicatii ale formulei de cubaturd (1)

4. 83 notim cu 4, B, A’, B’ virfurile dreptunghiului D de coordonate
(%6 — B, Yo — R), (%o + h, yo— k), (%9 —h Yo+ k), (%o + A ¥ .+ k)-
si imparfim latura A B in n pirti egale, latura AA’ in m parti egale si prin
punctele de diviziune s ducem paralele la axele coordonate. in acest mod
dreptunghiul D este impirfit in mn dreptunghiuri Dy, unde centrul Gy
al dreptunghiului D;, are coordonatele

%, = %9 — b +

2"'*1};, ¥ =y0~k+2j_1

i m

R. (22)

Aplicind la dreptunghiul D,; formula de cuadraturd (1) avem

h

3"}'+i xi+;
SS/dxdy = — 422 4(Gy) + 2%8 i, yydy + 255 f(x, 9)dx + Ry,
| 2 B k h
’ L s

unde avem

IR |\< h3R? Mgn-

Imdn? “

Daci adunim integralele duble relative la toate dreptunghiurile D,—,-',
vom obtine formula de cubaturd

Gty = — 4225 3 160) +2 %, (e, )y +
D i=1 j=1 ":[J’n—k ) (23)

Zoth .',J
g 2%k v £ .
+25 § eyt x
unde

h3E?
ominz 2%

[R* <

*) Cap. II, § 5.
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In aceasti lucrare vom lua m, w=1,2 3, 45 vom ciuta si vedem
ce devine formula de cubaturi (23), cind la integralele din membrul al
doilea aplicim formula lui Simpson (in cazul # = 1, sau m — 1), sau una
din formulele de cuadraturi stabilite in §1. '

Vom nota cu R,,, restul formulei de cubaturi pe care o vom deduce
din formula (23), aplicind formule de cuadraturi la integralele care fi-
gureazd in membrul al doilea.

In alti lucrare vom examina $i cazul cind unul sau ambele numere
m, n sint mai mari ca 4.

9 Pentru m =1 si » = 2, formula (23) este

a2p+-h

§§ saxty = —2011G) + G+ 20 § 13, yygax +

D

Xo—h
otk Yotk (25)
1| 1 0y + { s Ny | +17'
Ya—k Yo—k
unde
IR <55 My, (26)
Aplicind formula de cuadraturi a lui Simpson, avem
Yot k Yotk
b § Hou ity + b § fon, Day =11 + 1P + ppy + o7
Yok Yo—k

+ AP+ 4/(Gn) + 4/(Gy,)] + R,,

unde P,, P’;, P,, P', sint pupctele de coordonate (x,, Yo — &), (71, yo + &),
(%2, Yo — &), (%, ¥o + &) (fig. 1).

o &

:Gf 7 G : Gy

! i

| i

i I

) el |
A 5,

Fig, 1
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Pentru a da evaluarea valorii absolute a lui R,, si introducem in ge-
neral urmitoarele notatii

Ly e aYy
Maalm ) = sup [ 3] (29)
a4
M [ %;, 7] i 2 (x; y)l- (30)
Yo- R, Yo+
Cu aceste notafii avem
IR, <ﬁ"MN [x1-2]+Mua[xz-2J‘ (31)
1 ==

45 2

La prima integrald din membrul al doilea al formulei (25) sd aplicim
formula de cuadraturd (4). Vom avea

2 § /(5 ydx =24 (3/G,y) — (G) + 2/(Gu)] + R (32)
unde
| R TR M o1, ) (33)

360

Tinind seamd de formulele (27) si (32), din formula (25) se obtine
formula de cubaturd

W raxay =[Py + 1Py + 1(P) + 1Py +
z : 34)
+ 6/(Gu) — 4/(G) + 6/(Gar)] + Ryg

unde

(35)

Mag(21.0] + Moql2s, 2}]‘

R,zléﬁ[%’fﬁfﬂ + 1AM (1, y,] + k¢ -

45
5 1 =2, n=1, sintem
In mod analog, dacd in formula (23) alegem m 2, n .
condusi la formula de cubaturd, cu nodurile Qy, Q,, @'y, @5, Giy, G, Gy
marcate in fig. 2,

\\ raxay =200 + 102 + 10D + 1O +

D

(36)
+ 6/(611) = 4f(G) + 6/(612” =+ Rzl
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Tinind seama de formula lui Simpson, avem

I
|
Q_g%?_ _______________________ -
TG?'? 2
[
:G
s A RL R e e Q
Taﬁ
|
Fig, 2
unde
I 5h242 ) M Y
[R%, gﬁ[ B2 My + i 0200 7 Tl e 4 Ty, 1]}- (37)

6. Pentru m =1 i n = 3, formula (23) este

{§ sty = = 5E01Gu) + /1Gu) + HGa+ 24§ 1ix, yiax +
1 Yotk Yotk Yo+ & (38)
+%] §kf(x1. 9y + § to0 )y + § fls 9ty | + R,
Yo— Yo—k Yo— 4
unde
lR*lé%’:ﬂMw (39)
P P, &)
I
| | |
| | :
| | |
1 | ’
S Ak R G e R
|G:H 5621 :G,i’f
[
| : i
|
- . |
R 2 R
Fig. 3

2% § fxe niay = BHAPY + 1) + P+

b TP + HPa) + 1P + 40
+ 4 f(Gy) + 4/(Gy) + 4 /(Gsy) ] + Ry
unde nodurile sint marcate pe fig. 3, si
a_,mxl_:.-,wox,S Mgy[#, 3
IR1|~<% M gq[%y, 3] + 1 4[32 1+ Mgy[#s 3] (41)

La prima integrald din formula (38), si aplicim formula de cubaturi
(10). Vom avea

2k { f(x. y)dx =2 (3/(G1) +21(Ga) +8/(Co)) + Re (42)

unde

Ry < o8 M oL 71 (43)

Cu ajutorul formulelor (40), (42), obtinem din formula (38) formula
de cubatura

\§ raxay <214 P + 4 1P + 21(Py) +
? + 4 HP) + 4 [(P) + 4 /(P5) + (44)
+ 19 /(Gyy) + 10 [(Gay) + 19/(Gyy) ] + Ry

1 + Mogl%g 3] + Myy[x,. 3|
3

IR sl < 22[208 0y 7 M 1, 3] 4 ¢ Mol

(45)
in mod analog, daci in formula (23) alegem m =3, n = 1, obfinem
formula de cubaturi

§§ raxdy =214 (01 + 4102 + 4 /(@) +
2 +4A(QD) + 4 /(Q5) + 4 /(03) +
+ 19 f(Gyy) + 10 /(G1a) + 19 /(Gy)] + Ron
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10
unde nodurile sint marcate ca in fig. 4 si unde
IR 31’<:_§'[5k;k2M22 + hd M&n[la yl] + M4113[1: }"2] + Mln[lv 1'3)+
> (47)
+ 2 KM o [, 1]}-
Qsl —————— ——— — —:l,— ————————— < Q!
!Gfa :
|
Gofmm— = 4 4,
e G
|
ek e e e BT s Tk
, e 1%
Fig. 4
7. In formula generali (23) si alegem m = 1, n = 4. Vom avea
(§raxdy = — nk (161) + 16) + 1Gor) + HC ]+
s ‘
o+ h Yotk (48)
+ 2 S‘ (%, y)dx +2 E S f(x;, y)dy + R*,
- Xo— J'n—k
unde
A3ga
IR <Tag Mo (49)
Aplicind formula lui Simpson avem
4 Yotk
AV § famay <2142y + 1P + 1Py + (P +
) + {(P3) + {(P2) + HP3) + [(P) +
+4/(Gn) + 47(Gn) + 4/(Cx) + 4 /(Ga)]+ R,
(50)

unde nodurile sint marcate ca in fig. 5, iar

|R 1]/ B Moy 4] + Moy[#3 4] + Mo, (v, 4] + M, [2,, 4

4

(61)
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q v i !
B Lol el i
] T | 1
| | [ |
| | ' |
|
| | |
|
| : |
———-§»~_~- et Y g ——__—_-{.E__
IGH }sz Gas |Gt
| ! ! !
| | '
I |
, | |
o= o} ;. il
A — R — R,
Fig. 5

Aplicind si formula de cuadraturd (16), avem

Tk n
2k § 1(% y)dx = B{18/(G ) + 11/(Gy) + 11 f(Gra) + 13 AG1) ] + By,

xo—h
unde (52)
1By < 12(;3020 Myo[1, y]- (53)

Tinind seama de formulele (50) si (5

2), formula (48) conduce la urma-
toarea formuli de cubaturi y

Wrandy = 2h124(Py + 21P) + 20P)) + 20(P) +
3 + 2/(P}) + 2/(B) + 2/(Py+ 2/(P
1 9/(Gu) +7/(Gyy) + THGy) + 9(Gy)] + R 4,

(54)

unde
'R I k| ShZRE pr ]U.'}h*M Mg (%04 ]+ M o4 [#9,4]+4 Mo [25,414 ‘”ﬂﬂ[xd’4ﬂ
1< 45 16 512 4 f
(55)
In mod analog, daci in formula (23) se face m = 4, n = 1, se ajunge
la formula de cubaturi : i

221+ 40[1s3’1]+ff’

(§raxay = 51210)) + 2/(Q2) + 2/(Qu) + 2f(Qu) +
D + 2/(03) + 2/(Qs) + 2/(03) + 2/(Q) +

(56)
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unde nodurile sint marcate ca in fig. 6, iar

R&] < hk [5]_)1:1_2 J"d22 L. Myoll, ¥1] + Myg[t, o] + Myo[1, 4] + Myoll, ¥4l -

45 4
: %Moq[xv 1]}' ! (56')

@ ' :
___________ ! —— S — ———— ’
4+ G — Q#

|
T et A A _T-G;3 __________ Q&‘
I— o e — s — — — f ———————— g
Qs T?rz = He
Qs e o e s :
I &2 e
Fig. 6

8. In formula generali (23), si alegem m =2, =2 (fig. 7). Vom

obtine
wih
SS fadxdy = — hk [[(Gy) + (Gy) + F(Gia) + [(Gyy)] +k[ S f(xy y)dy +
D Yo—R
Yotk T+ h o+ b ;
+ § tmmay [+ 2] § 1 vax+ § 10, yax] 187, o
Yo— k zp—h Lo b
| |
| |
_____ - o o sl
:G,z G, :ng
| i
G e
gy o IR P A
CAS - Aai
[ :
Fig.
unie e
R‘J"‘:..': :_J%? Mgg. (58) .‘i;
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Fie G, G,, G,, G; punctele de coordonate (%, Vo) (%2 ¥o)s (%0» Y1),
(%g» ¥2). La integralele din membrul al doilea al formulei (77) sd aplicim
formula de cuadraturd (4). Vom avea

Yo+ k Yotk
w § Hmnidy + § Hr )y | =502HC0) — 1G) + 2/(Gua) +

Yo R Yo—k

+ 2H(Ga) — H(GY) + 2/(G)] + R,y )
s
xp+ b Xt
e § s+ § gl vds| = BR02 /G — 1G) + G +
rg—h xp—Fh
+ 2/(Gya) — £(G3) + 2/(Go)] + Ry, (60)
unde
Thhr Mg gl¥n 2] 4 Mg 4% 2) (61)
: Ry <555 5
si
5k Miol2 1] + Myol2 32] (62)
1Rol < 360 2 ’

Tinind seami de formulele (59) si (60), formula (57) conduce la formula
de cubaturd

hk
SDS jaxdy = [5(Gx) + 5/(Gar) — 2/(G2) — 2f(Gy) + i
+ 5/(Gy) + 5/(Goa) — 2M(G1) — 2/(G)] + Ras
unde
243 Myo[2, 1] + Myo(2, v,)
1R22[<§[5—;‘6iM22+%,,4 )4 vl |
(64)

a Moylxy, 2] + Mua.["’ey 2]_
2

7
S
8
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9. Si facem acum in formula generali (23), m =2, n— 3 (fig. 8).
Vom avea

{§ raxay = —221G.0) + 1Gp) + #6u) +

D
3 Yot A
+HGua) + [Ga) + 1CI+2Y § Sz, )iy +
s Yo=rk
2 X+
LDV WPy S (65)
g e
| ; :
______l o D S, o || =L |
o o8 96
) l L
g 2 %
— — —— — — — — — — —— e — — — l—.—__-._
:Gf;f -Téﬂ |G$‘f
. | '
Fig. 8
unde

La primele trei integrale din membrul al doilea si aplicim formula
de cuadraturd (4), iar la urmitoarele si aplicim formula de cuadraturi
(10). Vom avea

3 Yotk

% E S f(x{’ y)dy =£9;i[2f(611) + Zf(G21) -+ 2]‘((;3}) =
i=1 Yo i
+ 2/(G1a) + 2/(Gyy) + 2{(Caa)—
— [(G1) — [(Gy) — f(Go)] + Ry, (66)
unde Gy, G,, G, sint punctele de coordonate (,, Vo) (%2 ¥o)s (%3, ¥), iar

Thid My [xy, 3] 4 Moglg) 3] + My, [#,, 3] 67
Ry <350 3 : &L
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De asemenea avem

kY § 0 3)ar = 21306, + 94(C) + 3G +
7= -

+ 3/(G1d) + 2/(Gy) + 3f(Gs2)] + R, (68)
unde
Tk Myol2, 7] + Mgq[2, ‘Vz]_ (69)
810 2

IR,

Tinind seami de formulele (66) si (68), obfinem formula de cubaturi

(§ ramdy = 2(357(G0) + 267(G) + 35/(Car) +

]

C |

+ 35/(Gua) + 26/(Ga) + 35/(Goa) — |

|
~16/G) ~ 16/G) ~20/Gy)+ s | (1)

unde
| Rys| \'{-;55[5—;% M,, +']%h4.M"°[2’ %l _; Myol2, 7,]
7 g Mol 3] + Moy, 8] + Mgyl 3] (71)
+8 P - 04L*3 ]_

In mod analog, daci in formula generald (23) se face m = 3, # — 2
(fig. 9), se obtine formula de cubaturi

§§ raxay <% 1357(6.) + 35/(G.,) +
D

+ 26/(Gya) + 26/(Gaa) +
+ 36/(Gys) + 35/(Ga) — (12)

— 16/(G; ) — 16/(G, ) — 16f(Gy)]+ Ry,

unde Gy, Gy, Gy sint punctele de coordomate (%, ¥1), (%o, ¥a). (%0. ¥3),
iar

hk | 5h2R% 7 Myo[3, 1] + Myo(3, yi] + Maol3, v,] N
[Raa| < 4_5[ 36 Mn +3 bt 4 i
+ 1'18_ B Moy(%1s] +2Mug[x21 2]]. (73)

— Studii si cercetiiri de matematic#, 2/1962
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f T

| i

Tz;f.? Gy’ ,Gza

T 1

,% ]

___________ = ——— ero—wes ms

e &; C

: |
___________ — e — — — ——

Fig. 9

16. Sa aplicﬁm formula generald (23) la cazul m = 2, n = 4 (fig. 10),
Vom avea ! : .
§§/aray = — 2 (7Gu) + 1Gw) + 1(Ge) + 1Ga) +

D

+ 1Gus +'f(622) + HC) + 1G] +

4' 7n+k- g Aotk

b xu»h
unde
|R*1\:~’:¥M:&2' (75)
il 1 I |
| | I |
| ; [ |
:6;2 |GQ2 IEG..?? IG{, D
A\ I\ J !
_IGf }Gz :G3 }Gq
|
SRR CRT R O s EINN R e e
IG,, ngf :G.sr :Gdd
| | | |
Fig, 10

La primele patru integrale din membrul al doilea sd aplicim formula
de cuadraturd (4), iar la celelalte si aplicdm formula de cuadraturd (16).
Vom avea

Yotk
h

2_): S fixs 2)dy =52 BIGu) + 2f(Gu) + 2(Gs) + 2(Ga) +

Rt 'Jr" 2f f( 22) + 2f(Gyy) + 2f(642) o
- f(Gl) —f(c'z) = f(Gs) S f(G4)] o R], (7(")
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unde .
|R,| Thk? .MM[xl! 4] + Moy[#y 4] + Moy[#s 4] + Moy[%p 4] (77)
= 360 4
Z; G;;. )Gg, Gy, G, sint punctele de coordonate (%5, ¥o), (%2, ¥4)s (%3 ¥o)»
< Doe asemenea avem
2 xp+ A
k E Sf(x; yj)dx =— [13f( n) + 114G, + 11’(631) + 13/(s) +
i=1 #p—h
+ 13/(Gyp) + 11f(Gy,) + 11/(6:‘12) + 13/(G )]+ Ry,
(78)
unde :
10345k ﬂ’.f,m[Z Jf._] -+ M“[Z }’z] 79
{R |< 23040 3 ( )

Cu formulele (76) si (78), din formula (74) se deduce formula de cu
baturd

SS fdxdy = 2% [17f( u) +‘15f(6;21) + 15/(Gyy) + 174G, )+

. D

+ 1T/(Gya) + 15/(Gyy) + 15f(Gyy) + 17/(Gyg)—
i sf(Gl) — 8f(G,) — Sf(Ga) T Sf(G,,)]—f—R!,a (80)

unde

]Rzil‘éz‘s‘ ie 22+3‘1—2k“ ok 4

kk [ shZRY 103 Myo[2, 3] + Myg[2, v,)

4
In mod analog, daci in formula (23) se face m =4, n = 2 (fig. 11),
se giseste formula de cubatura

= (82)
{§ raxay =—f,;—k [17/(Cry) + 17/(Gun)
§ 15/(G1) + 15/(Gay)
e 15}‘(6',3 ) + 15/(623)

I 17f(61¢) = 17{(624) =
— BH(G]) — 8(G}) — 8H(G3) — B/(GYI+ Ray

L Mol 41 4 Mosto 41+ Mosloy 41+ My 41] (81)

_I,_
+
+
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unde G; G;, Gy, G, sint punctele de coordonate (x,, ¥,), %o ¥2)» (%0» V),
(%o V), iar

IR ol f‘f[‘r”;—szm b Lg Myola, 1] + Maol4 73) + Myo[4, 93] + Myoldy yl

45 4
_10_3 Moyl 2] + Mog[2,, 2] 3
+ 512 kd 2 } (8 )
I Jr :
M. Cw |6 6
' |
1Cs & Gos
I I
G  feg G~~~
| |
_T@ﬂ TG' G2
Fig. 11

11. S aplicim formula generald (23) in cazul m =3, n = 3 (fig. 12)
Vom avea

VN 72xdy =— L2016, + #Cw) + HGu+

D

9
+ (Gra) + 1(Gan) + HGyy) +
+ 1(G1s) + f(Gus) + 1(Ga)]

Yo+ R 3 %tk

+%’”§ S f(%: ¥)dy + 335]_5:"] S (= y)dx + R*, (g4
Vesk Zo—h
K i i
_____ !6:3__—-——___1)@2;__% == _—‘E)”;;___
L s P! i L
G [ G
: | :
By BT B
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unde
k28
[RY < 2 iy, (85)

La integralele din membrul al doilea al formulei (84) si aplicim for-
mula de cuadraturd (10). Vom avea

Yotk

3 +
23, § 1x, Y)ay =2 131(G,0) + 3/(Gar) + 3/(Gsa) +
i=1yu—ﬁ |
4 2{(Gra) + 2/(Gyn) + 2/(Gae) T+
+ 3/(G13) + 3/(Gya) + 3/(Gyy)] + R, (86)
si
3 Xp+ h
LY, § fx ypax = 243/(Gy) + 2/(Ga) + 3/(Guy) +
j=]|‘z,ﬁ 3
i + 8/(Gya) + 2/(Gua) + 3/(Gaa) + B7)
+ 3f(Gyy) + 2/(Gys) + 3/(Gyy)] + R,
unde
3 Mgy[#, 3] o+ Mogl%, 3 oal*an
si
IRZI\Q% } M yol3, 1] + Mdo:ES- Yal + M, [3, Yal, (89)

Tinind seama de formulele (86) si (87), formula (84) conduce la formula
de cubaturd

S.S txdy =2[10/(Gyy) + 1/(G) + 10/(Gy) + 1/(Gaa) + 4/(Gg) +

(90)
+ U (Ggo) + 10f(G3) + 7/(Gag) + 10f(Gyy)] + Ry
unde
hk 2 M[3:1+M 3-I+Mr ~
L R I e e i
7 Mogl#y, 3] + Myglxg 3] + Myl 3]
+ e 43 e ]
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12. In formula de cubaturi (23) si facem m =3, n =4 (fig. 13).

I | ] [
| [ l !
Té’a ,GZS !Q.?a |G;3—
! : | :
G | e [ TR e
| ‘ I
| | -
(e G | 1Cn | G
Fig. 13
Vom obtine
§§7axay = —211G,1) + 1Ga) + 1Gon) + 1) +
+ H(Grz) + HGas) + HGyz) + /(Gy) +
92
+ /G1g) + H(Gas) + H(Gay) + 1(G )]+ : )
4 Yo+ k ¥+ h
g; S xl,ydy—i—zkz S ny.)dx-}-R‘

unde

“l o B pr
(Rl e Mg,

La integralele din membrul al doilea al formulei (92) si aplicim for-

mulele de cuadraturd (10) si (16). Vom avea
P> S (%12 D)y =" [3/(G1y) + 3f(Gw) + 3/(Ga) + 3/(G) +
+ 2(Gra) + 2(Gra) + 2(Gyp) + 2/(Gpp) + ()
+ 3/(Gy) + 3f(Gps) + 3/(Gas) + 3/(Gys)] + Ry
si
2;)_5_;% Shf(x, y)dx = (134(G,) + 11/(Gn) + 11/(Gyy) + 13/(Gy) + (05

+ 13/(Gyz) + 11/(Gyy) + 11§(Gge) + 13/(Gaa) +

+ 13/(Gys) + 11/(Gyy) + 11£(Gyg) + 13f(Ggs) ] + R
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o
unde
RN
IR,| < 2hkS Mogl#1) 4] + Mgl 4] + Moyl%y 4] + Moyl2g 4] (96)
810 4
si

1035% Myo[3, 32] + Myo[3, ¥a] + Moy[3, yal -
IRs| < S50 3 (97)
Tinind seama de formulele (94) si (9

5), formula (92) devine

\§ raxay =2 120/(6,) + 25/(Gor) + 25/(Ga) + 29/(G ) '+ o
) b4 |09

+ 20/(G,y) + 16£(Gy,) + 164(Gag) + 20/(G,
+ 29/ .13 + 25f( 23) + 25/(633 29/ 43 ] + R:l-l-
unde '
® ik | Hh2R2 103 < Mgn[J Y11 + Myo[3, y2] + M o3, v3)
| 34]‘\ S R ¢ e R O 3 (99)
7 Moy[#y, 4] + Mog[xy, 4] + Moglx, 4] + Mrnar[”a' 4]
A - .

in mod_analog, dacd in formula (23) se face m=4, n =3 (fig. 14),

““““ P Y ISV
e e e s
| {
R P e R

|
ol T e N
Fig, 14

se obfine

{§ faxay = 35129/G.) + 20/Gar) + 29/(G1) +
4 + 25/(Gyy) + 16/(G 22) + 25/(Ga) +
+ 25/(G1g) + 16/(Cys) + 25/(Ga) +
+ 29f(614) + 20/ 24’ + 29[((;34)]_]- Raa

(100)
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unde : Aplicind 1a fiecare integrali din membrul al doilea formula de cuad-
¥ raturd (16), avem
o4 7] Myol4, v, a0l% Yy aol®s Vg )
, u|< [5:: 22+£}1’M¢[ ] + Myl y]+4M (4. 351 + Maoolh 743 .: g = ,
03 . MLty 3] + My Dry 31 + Mol ! e § fxy )ax =2 (13/(G,,) + 13/(Gu) + 13/(Ga) + 13/(Gay) +
1 0sl¥1 0 al#¥s ) + My,[x;, 3 =1 Y-
T = ]] (101) | - + 11/(Gyg) + 11f(Gye) + 11/(Gaz) + 11/(Gag) +  (104)
+ 11f(Gy3) + 11f(Gyg) + 11/(Gss) + 11/(G45) +
134(G R
13. In fine, in formula de cubaturi (23) si facem m =4, n —4 + 13/(Gyq) + 13/(Gaa) + 13/(Gad) + 13/(Cad] + Ry
(fig. 15). 1
Zoth
¥ T . . 2’); S 1, 3,)dx = " [131(G,,) + 11/(Gn) + 11/(Gay) + 13f(G.o) +
,G,:,_ ¢ ——[G-,_H ——_—‘IGJ: _h__?é;;— + 13f(Gyy) + 11/(Gag) + 11/(Gyp) + 13/(G )+ (1.05)
SN ""_-_T""__ o o Y + 134(Gy3) + 117(Gyq) + 11£(Gyg) + 13/(Gyg)+
:Gza o3 fGaa _6«74,3_] + 13/(Gyy) + 11£(Gyy) + 11/(Gsy) + 13/(G4y)] + Ry,
S e P e WU O R -
IG5 'Gan .G_;Q g ‘G;_;— unde
e —— —_——— — == = T S | T | 103}‘k5 Mo [xln 4] + Mﬂ [12. 4] + Mng[x_-" 4] + Mﬂl »
-?(—;1! 4 Gy | 1C31 ~ Gar IRy < 73040 . ! . [x. 41 (106)
Fig. 15

JR ' < 1038% M yo[4, y1] + Mo4[4, y5] +jMu[‘Q'-7:] + Myol4, 9.] (107)
2| 3 : a

Vom avea 23040 4
Tinind seama de formulele (104), (105), formula (102) devine formula

SS taxdy = — [ fGu) + f(Co) + /(Gar) + J(Ca) + . el ey
+I(Glz) + [(Gze) + [(Gso) + /(Gae) + I SSfdxdy _ﬁ[”(c ) + 6/(G 6/(C
'f‘f( 13) +/ 23) e f( 33) +/{G“) + Js oo 11 21) z f( 31) + 7[(641) +
G + Gy + HC ® (102) j + 6/(Gya) + 5/(Gys) + 5/(Gyy) 4 6/(Gys) + (108)
e iR ‘4 W AR | + 6/(Gua) + 5/(Gu) + 5/(Gag) + 6/(Gs) +
3 E S (x,, y)dy + 2 S f(z, yj)dx + R*, . + T/(Gya) + 6/(Gza) + 6/(Gsy) + T/(Ga)) +R
) i in care
unde IRl < %[Z’%Mu 1193 4y Meolh 1] + Moyolds 35l + Maolt. 3] + Mol 74
512 4
Rl < _;%%} (103): 4+ 103 B Mgl 4] + My 4[25, 4] + Moq[2, 4) + Mos[5, 4]:'_ (109)
512 4
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14. In rezumat, am obtinut formulele de cubaturi (34), (36), (44),
(46), (54), (56), (63), (70), (72), (80), (82), (90), (98), (100), (108). In general
nodurile acestor formule sint centrele G;; ale celor mn dreptunghiuri egale
in care a fost impdrtit dreptunghiul D, cu exceptia primelor formule care
folosesc si noduri situate pe laturile dreptunghiului D sau de dreptele
X =2%x0 ¥ =1,

{ Formulele sint exacte pentru functii de forma

f(x,9) = A(x)y + B(y)x + 41 (x) + By(y),

unde A(x), B(y), Ai(x), By(y) sint polinoame de gradul al treilea.
La fiecare formuld s-a dat si evaluarea restului. Daci notdm

auf a4f
4

Ayt

M,y = sup

()

» My, = sup

(D)

X

avem
M yo[m, v;] < M40 4 Mgy, 0] < My,

si restul oricdrei formule de cubaturd dati mai sus, este evaluat in modul
urmator :

[R|< i—f [@ J2R2M gy + BIA M 4o + ckd My, ],

unde @, b, ¢ sint coeficienti numerici care depind de procedeul de obtinere
a formulei de cubaturi.

Cind s-a impdr{it dreptunghiul D in 4, 9, 16 dreptunghiuri egale, s-au
obtinut formulele (63), (90), (108), pentru care coeficientii a, b, ¢ sint dati
in tabloul urmitor.

Formula a % b.=%%

H 7
(63) — = 0,3125 — — 0,875

16 8

5 7 F
(90) — < 0,0618 — < (1,395

81 18

43 103
(108) — < 0,0196 < 0,202

256 512

Din acest tablou se vede cd formulele devin din ce in ce mai practice,
coeficientii a, b, ¢ descrescind.
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o
o

HECKOJIBKO TTPAKTUYHBIX KYBATYPHDBIX ®OPMY/I

KPATKOE COIEP/KAHHE

B omHoit u3 HeJ@BHHX pabor, aBTop BhIBea (opmyay KyGatypwe (1).
IMpumensas ksaaparypuyio ¢opmyay CummcoHa H (OPMYJbl KBaipaTyphl
(4), (10), (16), aBrop BhBeq B 3TOH paGoTe NPAKTHYUECKHE KyGaTypHBIE
dopmyasl, KoTophiMH sBasiotest (popmyasr (63), (90), (108) wu mam ux
OCTATKH,

QUELQUES FORMULES PRATIQUES DE CUBATURE

RESUME

Dans un recent travail [1], nous avons établi la formule de cuba-
ture (1). En appliquant la formule de quadrature de Simpson ainsi que
les formules de quadrature (4), (10) et (16}, nous avons déduit dans ce
travail des formiules pratiques de cubature, comme les formules (63), (90),
(108), et nous avons donné leurs restes.
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