GENERALIZAREA FORMULEI DE CUADRATURA
A ILUI N. OBRESCHKOFF LLA INTEGRALE DUBLE

DE

D. V. IONESCU
(Cluj)

4 * X v . g c -
Se stie ca daci funcfia f(x) este de clasa crHe pe intervalul [x, x,],
atunci avem formula de cuadratura

5f(x> dx = :" ) — % o Al frl) 4
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numitd formula lui N. Obreschkoff [1]. In cazul particular p = g,
formula se numeste formula lui K. Petr [2]. Ea are forma
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In lucrarea de fati se face o generalizare a acestor formule la integrale
duble, urmind meteda dati de noi [3] pentru generalizarea formulei de
cuadraturi a trapezului la integrale duble.

In § 1 se di formula preliminard (6), din care se deduce in § 2 o pre-
blemi la limitd asupra sistemului de ecuatii cu derivate partiale (7) cu
conditii la limitd convenabil alese, astfel ca din formula preliminard (6)
s& se deduci formula de cubaturi (17). Tratarea problemei la limitd in
cazul general prezentind dificultdfi, deocamdatd in § 3 gi 4 se rezolvi pro-
blema la limitd pentru cazurile n =3 ¢i 4. Se ajunge astfel la formulele
de cubaturd care fac obiectul acestei lucriri.

Avem

s g_f‘iﬁ' dy== 1% [7 f(%2, ¥a) + fl1, ¥a) + f(%a2, 21) + 3 f(%g, ¥4) ] —

n

'm—m%%m+m—mﬂm%q+ﬁ (1)
ax ay

unde D este dreptunghiul format de dreptele x= %, ¥ = x5, ¥ = V3, ¥ = W'
S = (x, — x,)(ys — ¥y), iar restul R este dat de formula

- aal aﬂf aaf 33/ '
B T = T dx dvy 1
i \S (‘Pn ax’ e ax%ay + e axay? T By"] ¥ @) (1’

D

si in lucrare se determind functiile ¢,{x, ), + = 0,1, 2, 3.
De asemenea avem

~ 3% af
dy et BT o gt B x
.\Sfd\ b 24 [b 8x3y (%2, y2) + 2(, )ax(\ Ya) +
+2(ve — y1) :—; (%3, ¥2) — 12f("721)’2)J
- 'E a*f / — 2, — x ‘1 VAR | 1) o=
i~ suag (%1, 1) (%, ¥1) be (%1, 1)
— 2(ys — 1) z_i (%1, 1) — 12 f(%, J’l)l + R, (11)
unde

N W atf . af a4t Af 1% dy 11’
r— S 5 ((Hu 3 + o e + o Py + ¢35 — + ¢4 6},4)f i dv (L17)

si in lucrare se determind functiile ¢,(x, y), ¢ =0, 1, 2, 3, 4.

§ 1. Formule preliminarii

1. Iie f(», v) o funcfie definitd gi continud in dreptunghiul D definit
de inegalitatile

XXXy, NELYLK) (3)
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si care are in acest dreptunghi derivate parfiale succesive in raport cu x
si ct v pind la ordinul #n = p -} ¢, continue. La derivatele parfiale
a"i
B-L’”‘kﬂ_‘yk ]

unde £ = 0,1, ..., n atasdm functiile ¢,(¥, y) care de asemenea sint con-
tinte in dreptunghiul D, impreuni cu derivatele lor partiale in raport
cu x si ¥, pind la ordinul ». Prin integriri prin parfi convenabile, vrem sa
dam formula de transformare pentru integralele duble

IR

v e
D

1° Pentru k2 =0, avem

Ya Yy
\Scpn 8% dx dy = \df!' \ Po a—{, ax.
ax
"D A

Insa, dupd frrmula generalizati de integrare prin parti, avem

d " n—1 a™= f=1 1 &
\CPU '6'{, e ’_[E ( 1)16% o i{] 4 (__1):: \@U—zﬁ{rdj"

= o+ ax"I71

astfel ca

Y k
i ﬂ”f n—1 Z 'al au——;—lf
L dxdy = —1 J\—ﬁ K (%, W)y —
Voo S dvay =5 (-1 \ T2 0, ) 2ot (0
n "
1 »
"— =i n—j—1
- % (1 T, ) S (v, ) dyt (= "\\ﬁ%fhd\ (4)
=0 . .

29, De asemenea pentru & = n, avem formula

e n—1 I n—i—1
\ \rp” dxdy =Y, (—1)'\ 2% (2, 3) T (5, yi)da—
[7_{7' ) r"".’ ay" z
n—1 I“'_: qu) 6”7" LJ’ . a (P )
=5 :_EO ( ) ]} .\ ?’;, (Z\f, ,"'1) a),, ey ('I-J ;""1) dx ‘I“ (— 1 }" ..\.'-\ a: “f dx L[‘,‘. (J)

3", Sa considerdm acum integrala

aﬂ
§§tpk = ’{a dx dy,

.D
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in care k este unul din numerele 1, 2, ..., n — 1. Aplicind formula gene-
ralizatd de integrare prin parfi avem

[ " o 7 E—1 I

F) }! a — 8’y auuf—l
&\‘P* = k”’”’" \d"‘\_ E(_l)‘ﬁﬁ ay -+
() / pjay =0 ay  ax ay
D -|'= J-’l

% k n—k
+ (—1)* \Sa? 2 dx dy.

ay* st

Aplicind din nou formula generalizatd de integrare prin pirfi, aceasta
se mai scrie

Xy

[ 6”‘]‘ oy _’f: 1 aCP aJl*l I},
R\‘P i Y =¥, (—1) \2% (x, 30 o Ty (%2 Ya) dii—

= ! 8y
e 1=0 ']:,
K T
k—1 -
a‘P.’x’ a" I—f
— (—1)“— % ‘\')h %, ) dx
r'ZU . ay? ( <1 axﬂfka; ( ) +
¥
i
k+j n—k— j—1
4 (—1) \[h'\— D L N
£ szn a3’ ﬂ\’ " k=i-1 +
|', \,

ax

A (—--.1)"&\ ff’ fdm'v
"D
La integralele simple din membrul al doilea, aplicim din nou formula
generalizatd de integrare prin parfi si obtmem

\ \‘P‘g' :?7:: d\;[iv —

k-1 a3 n—k—1 p—j—l—2
=¥ (”'{\M[ R SR . B (x,yz)] dx +

=0 _j=0 ﬂ)\ al’ ox 3_)’
Y "
o 6uf.'z HCP; ) -]_f
+ (—=1)» g m;’ (¥, ;7\’2) avk—f—-l (%,y,) dx
o/ ’ J
X3 -Tl
k—1 &2 n—h—1 j+1 n—j—i—2
~ P —mi\ & i ey 0 /
Jgn .) 0% ,ZU ( ) axlay ’“1)5 =T R (%, y)|dx +
=
1 .
n—k i a" k4 "(P ak_’ =i
J ( 1) Saxu— k(‘?_\’t (1’! .‘1) 3 =1 ( )dx} +
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| o

Ya

" n—k—1 ) n—hk—j—1
k a8 a f 5
20 (—1) axfa}k (%a, ¥) e (%9, %) dy —
;' =
= k—1 ] k—j—1
e. H—r— a 'r JI— = l( . a
—(—1)" \ (= 1)’51 B:Pk (%1, ¥) ;,,_—k—T (%1.5) @y +
. =0 d v
. BPI
+ (—1) S Sﬁf‘m dy,
ele -

de unde rezulti urmitoarea formuli definitivad

i anf
———dxdy =
g \ P BX”_ka_‘)’h &

b
-3, ’j_i;( w-*:i;f:i—* () ~_— () +

k

| E-1 N " on—h+l ah—i-1
! - E( —1)"_k" gu% (%, ) 7}_{_1/ (%, 9,) dx+

1=0 . ax"" av ay
1 ¥
; n—hk-—-1 B4 3'16k+’icp/‘ au—k— - J‘r
+ Y =1 gﬁav*b (%2, )-’)W(*‘a:i"’) dy —
j=0 s 0° ’
W
k—0 2 e hei=ly
on by ket a iC(-T'A* 4 g
=% U VIR e 9) S (e A
j=0
¥
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Formula (6) este fundamentali in aceasti lucrare. Ea va conduce
la o prchlemd la limitd din care va rezulta generalizarea formulei lui Obresch-
koff.

§ 2. Problemi la limita

2. In formulele (4), (5) si (6) in care presuptunem £ =1, 2, .. |
sd alegem functiile o4(x, v), o,(%, y), ,cp,,(:\, y) astfel incit ele si fie
integrale ale ecuatiilor cu derivate parjcm e

3" @, 3", i
—”:U—o;—”% = 0y, S R e By 3 (7)
ax ax" ey ay

unde o, @, ..., o, sint constante care vor fi precizate mai departe. Adu-
nind toate formulele (4), (5), (6) membru cu membru, vom obfine formula

\\(E B

] dx dy=

k=0 E?}Jk
n—1n—k—1%k-1 i Fl au—;'—l-z},

- —J i+ w oo W — L (x,, ¥ .
.'gl EU ;l)( ) 5"'j5."£ ( 2 3) 5"-‘"7’_“_15,!';371—] ( - 2)
n—1n—k—1k—1 . i+1 n—j—I1—2

— o7y a Pk . L—f_ Wy, Vo) ==
Icgl igu gu( ) 6.\"6‘)'1( 1 ) ax"/ 'k_la_vk*r*' ( 1 )
n—1 n—k—1k—1 an**jfn'*z

=% i (—1)" L %(‘z, M }T;‘iﬁ] (%2, 31) +

k=1 j=0 [=0 ax HIJ 3y
. % Py
* ,:’lln ; jfnI ( 1)IH | .\ ::J::i’: (’1‘2. )) :l”f "“—rfif (“"E’ Q"}) {f.lvi
¥
S g (e
k=0 j=0 ax'ay ax :

k=1i=0 ) O ay
X
n k—1 ( 1)”7‘!{‘1 -‘\.!(9 1'\'+f‘ ( h—1—1 ( ) i +
e t L PV X, A
k=11=0 5“”7',{5".\"' }}]) ayf—i ! £
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Sa notam

£ !
Al y) = POty P%ia Ly SO (9)
3 ax ax' " lay ay'
undeﬁ:O,],Q,---,ﬂ—z?ij=0;1:2;---,”41“2'

Cu aceste notafii formula (8) se scrie sub forma urmitoare

n—2

\R‘E <P-'!’ P r’~’ (fp(dy = A (Jv21 ,‘F‘_‘) 21:1!, i (’1'2’ i )

n—2 au—zf

+ Axs, ¥5) aa,, 3J{ (%2, y2)+ - + An_z (%5, ) P (%, ) —

n—2, 1—8
a [Ag(ff[. y2) % (1, 32) + A;'(‘Tll Vo) = 1"]_ (%,52) + ..

ax"3ay
n—=2

a
GG o Ag—z(-‘?p Va) MT}?‘: (%4, )’2)’ =

gt 0 " Y
= [Ag(xz, 1) "_;_;T_z (3, ¥1) + Al(l‘fgn\’l)_ﬁf(xa: ¥i) e+

e A A2 T sl Lis,
e 57 2 117‘2("\'2’,4”])72' (""21,"1) +

2 n—2
a
)

Ti (%1, 1) + A4$(x1,-;,"1) %’ (2 94) + - F
ax" " "ay

dx

+ [Ag(ﬁfl, M

ot Al ) T }]

6'"_3 au—Bl,, ]
— [Afl'(-"'zn Va) T,_g(x‘z; Ya) + A:(-"z'_"-"z) aT”q (%2, %) + - +
‘ 1 8" %
i + An—s(%3, ¥5) ;;,‘:@; (%3, ¥2) |+
| a” 3); aﬂkaf
== [A-D(xlv V) =1 (1, ¥2) + A (il, ’\2) = 431 (#1, ¥a)-+ o

; an—-.’]f
+ Ay—s(%5, ¥5) P (%1, ¥2) | +

| —
n—3 a" 3

n— 4f_ {)Ulr;\’]) —l- S +

E ay

# = [A(I)(x:z: ,"“1) ;6:% (5"21_1'1) Al A:("-:m M i
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l 6”73}‘
+ Ay (%, 1) g (22, 30 | —

ay
6"_2f an—a
= [A (%1, Y1) PR (%, ) + A4; 1%, )',,—4&—("'1» y)+ -+
L =5 ]
+ Au-s(xy, 34) ;)T_? (%1, 4) | +
(=2 [ 437w 30 2 () + AT () S 39) ]| =

e e i AH J(-T’ Y ):l(xz:yl) + A1 J( Y1, "’):j( Y )} B

n n a
== el jr=d [AO q(”z’)’ ) 0 (‘w 3 = A q( Vo, 3’1)a_i(x2, _’\’1)J -

[ o= n- ad ]
S G B 3(961: W) :_f (%, y1) + A 3(“"1’}'1) a‘_{, (%1, ) l +

+ (—1)" AT (%, ya) f (%, 32) —
(—1)" A0 (20, yo) f (21, 32) —
- (1) AT (%, 90) [ (%, 31)
+ (—1)"7 A (&, 30 f (%, 1) +
+ \ ol ) Tt (13, 9) dy — HZT(LZ, 9+ 2 (s, v)} " i 9) dy o+
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g - \ .
P o - n—2
F o y 89, 89, /. "%
+ \ oulrn) L (ryadar— \ |2t (o) + 22 (,30) | (3, 0) i
v) ay"~ L oax ay ay"
,1'1 ,"]
+ . 4

7 7—1 n—1 n—1
+ (—1p- mq’ (o Tt G+ % ) |, )i —

o n—lf .r an—Z]f
Scpn()" i, ) = (."Y, :\’1) d-":—'_ S l ¥ (t s ) + % ('\ M )] n—2 (Y Y ) d“+
) o ax ay 18y
+ - 8
¢ " ]°P1 N ]fPﬂ BHQL‘P:L
0 N[ ) T et S ()] o g +

+ (—1)"(§ m)i\‘fdxdy- )

k=0 Iy

3. Sa introducem conditii la limitd care sd simplifice formula (10).
Pentru aceasta sd determindm constantele o, o, ..., o, si functiile
eo(%,9), 1%, %), -, @u(x, y) astfel ca in formula (10), in integralele din
membrul al doilea, coeficientii Tui

8l 8L e 8

f ( Ko, V) el ('\71, )’ , T (:L’, )’2):4 (x: J'l)’
8\ ax av d)
sam— 1 dT=0,1,

pentru j = 0,1, .., n—1 si fie nuli.

Prin urmare introducem conditiile la limitd
Po(%g, ¥) =0

999 (9, 9) + 22 (2, y) =0
ax ay

(11)
5“'71({3“ aﬁ*lq}l e”_lq)” i
e VT e, Y ———— {%g, ¥V
axnfl ( 2 ,) r a:lf" 26‘_1’ ( 20 L )+ + 3}-‘”_1 ( ))
9o %1, ¥)
a d
=B (1, 9) 2 (45, )= 0
ax a
1z
a”_IQ) i 8”41@ :
b (0 )b e (i ) e e (R 3)= 0
3.3\—“”—1 ( 1 .y) a;,” 23 ( 1 )+ + 3_1’"—1 { 1 ’y)
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14 T S R il i S
o (%, ¥o)=10
-1 4-—tp" x v, )= 0
i (%, ¥2) -+ v (%, ¥2) (s
B-JHI;) a"ilcp E é)"_lcpH ( )= 0
AP 2 - L Rl o RV - &, yq) = {
,a = (,\’-,'\12)_! ax“ 28" (\;,),_)“i_ Hrll”i‘l Je
o, (%, 31)= 10
dpn—1 X, y — 0
o (%, )‘i’ - ( Ye) 14)
an—] o a" Pa o o /a:cpn ; = 1{
— = (x — X, ) “i” L | n— (f"" )’1)
a1 (% 32)+ ax" %ay (%, 31) ay" !

depinde numai de ¥, aceleagi transformari de
dau formula de fcrma

-+ 4, 1f(p_1}(5'52)+

Daci functia f(x, y)
caleul care au condus la formula (10),

“%WJHMWMx@:AJWJ+AﬁuH

e Bo() B )+ -+ Boaf )+ ()" | 28 f) v

D
s4 se reduci la o formuld a lui N. Obreschlke ff,

Pentru ca aceasti formula
vom alege integrala ecuatiet

de forma

unde p 4 g =

De asemenea daci funcfia f(x, ¥)

“%uw Yy) dx dy= Coglys)+ Cig () + -+ Cpag” () +

depinde numai de y, avem formula

b

e w{ R"‘P,l o - |
b Do) + Dag'(y) + -+ Dy (1) + () .\S_ayT gly)dxdy
D

si pentru ca aceasta <4 se reducd la o fermuld a lui Chreschlke ff, vom alege

integrala ecuafici

de forma

==t (7= )y — va)'- (16)
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Sintem astfel condusi la urmitoarea problemi la limitd :

Sd se inlegreze emrm’ule cu derivate pm'z'mle (7);cu condifiile la limitd
(11), (12), (13), (14) ? tinind seama cdi oo(x, ) §1 a(x, ¥) sint date de formulele
(15 ) s¢ (16).

Constantele «,, oy, ..., o, din ecuatiile (7) se aleg astfel ca aceasta
problema si fie posibild.

Cu aceasta, formula (10) se reduce la urmitoarea formi

n—2

R e e e

a:—’ 8” 2
— AP (0, 99) iy (3 30— Af (00,90 5y (o )+

32-’” 2 }a_j‘j

au—zf n—3 5"'_'3
+ A? (21, 1) 'm (%1 3’1)] == ‘;';n lAa'l (%2, V) Tfay’ (%3, ¥9) —

611—3
~ (%, ¥a) — Aj (%, ¥1) ﬁ (%, 1)+

1 “731
= A i s, W) —
i (%1, Vg) 02" 5y
n—3

| AJ! (x1,3’1)%_‘—" (3‘”'1:_')’1)‘ =R
ax ¥ 4

+ [—1 )" 2[A3 4("2:3’ ) f(%, ¥2) — Aﬁ_z(xl,yg)f(xl,yz) s

- A5t 30 St 30) + 430 000,30+ (1 (S ) § Vs )

D
Vom vedea mai departe in tratarea problemei la limitd pusd mai sus,
ci se intreduc constante pe care le vom determina astfel ca formulele (17)
si se mai simplifice.

§ 3. Cazul »n =3

4. Avem de tratat urmatoarea problema la limitd :
~Sd se determine functiile (%, y), ¢u(x,y) tintegrale ale ecuatislor cu
derivate partiale
8’q, a'p,

- = ity 2
ax%dy : axay? 2 (18)

cu wymdtoarele condifiv la Limitd

de i a ]

£, 5 2 =0, Po P 0, (19)
ax 8y | x=x ax 8y | x=x

g s 8%, a® 3 3 i

Lo ) B0 o =0, Po o7 Pa 0, (20)

RS gxdy 33,2 r=x ax? axdy 5}'2 | x=xq
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a Py + 9y = ). 892 0% —'0 (21)
ax 3y [y=n : ax 8y ly=n
8%, | o + 8%y —0 8%, gy | 0% = (22)
ax? dxay 3y | y=mn ’ ax? axay 3y |y=y, ’
stiind cd
Pol¥, y) = %(/‘ — %)% (4— %), (23)
o
au(%, y) = ‘S‘B (v — 7% (y — 5a)- (24)
19, Avem

z‘l:: - %0 [2(x — x)(x — %) + (¥ — %)7]

si din conditiile la limitd (19), deducem ca

a Xg — #y)E
| g, 7Y R L. o8 (19')
Oy | x=x, Oy | r=xy 6
Sa integrim ecuatia
8 (8
__(i =
ax?\ay

ginind seama de condifiile (19'). Avem

W= — ) (= ) A — 5) o+ A0)
cu functiile 4,(v), Ay(y) arbitrare. Secriind ca condifiile (19') sint satisfa-
cute, avem

Ay(y) =0, — Uy - ; = Ay(y)
si prin urmare
3¢, oy i Nt T
=ty — x) (8 — %) — « X — %), (256)
ay 9 ( 1) ( 2} 0 6 ( 1)

20, Avem
2 "
To. & [2(x — %) + (x — %5)],

ax? 3
a2 X Xy Ky — X
P - 0_1[17_ o a)__ o, 2 1

2 G

dxdy

si condifiile la limitd (20), aratd ca

%y, oy + o 8%, oty + o % 7
% =BT Bl w), = — TA (g, — x). (20
aj’z r=x 2 ay* | x=x, &
54 integrdm ecuatia
2
i(w) = vy
ax\ 8y
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cu conditiile la limita (20'). Avem

2
B — ay(x — x) + By(y) (26)
ay

si scriind cd condifiile la limita (20') sint satisficute, avem

o + o
Bt (4, — 1) = By(y),
i (.""_tﬂ (% — %) = By(y) + oy, — ),

de unde rezultd cd intre o, o, o, trebuie si existe relatia
%+ og A o =0 (27)

si ecuafia (26) devine, finind seama de aceasta

a%p, Oy
= oo (X — %) — =2 (23— %1),
g o 1) 5 (g 1)
sau
9 %0, ( % + ¥ :
=t gl & — ———=]« 28
= ) (28)

30, Sa finem seama de formulele (24) si sd integram din nou ecuafiile
(18) cu condifiile 1a limitd (21), (22).
Avem

f;'ﬁ - %[2 (¥ =)y —3a) + (¥ — )]
¥ )

si condifiile (21) arata cid

ap, | 3@
ksl =0, P2
8% |y=w ax |y=

Integrim ecuafia

tinind seama de conditiile (29). Vom avea

% - %2(“ — ¥y — ) + @(®)(y — 31) + ag(x).

Conditiile 1a limitd (29) aratd cid
a(x) =0, = % (2 — 31) = & (%),

astfel ca

3

=S 2y — gl ==t — 58y = o
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Integram aceasta $i deducem
9u(#,y) =22 (x — ) (y — 3} (¥ —32) — (0 — 30 (¥ — %)y — ) + F(y),

unde F(y) este o funcfie arbitraid. Derivind de doud ori in raport cu y
tinind seama de ecuafia (28), trebuie si avem

Si

ol — ) + () = oqf 5 — %),
de unde rezultd ca
F"(,'V) == %2(-"‘2 — X)
Integrind, gasim
Fly) = — 2

vy — %) (¥ — ) (v — ) + Paly — 1) + P
unde P, si P, sint doud constante arbitrare.
Rezulta cid

o (¥, -)’) 5 %‘! (% — %) (¥ — y) (¥ — ¥a) =

- (%s — 2)(y — vy — Ya) —

f%’()’z — ) (x — %) (y — ) + Pi(y —y) + Py,
sau
X ; ¥ +ox
Pa(%, ¥) = Z‘( = ‘-‘73] (v =) (¥ = »2) —
' (30)
= %i(f)’z — ) (x — =) (y — y1) + Pily — ) + P,
40, Avem
o By — ) + (v — 2l
ay? 3
O G o N
i g |} 5 } . (y2 — )

Conditiile la limitd (22) aratd ci

5 : 3%q, | Uy + O :
Eh|  =ft%(y, — ), Ah e B e (8]
8x? |y=mn 2 9x2 |y=y, 2
Si integrim acum ecuafia

8 ;6%
P R g
ay i 34’2J

4 — Sludii si cercetdri de malemalicii nr,
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finind seama de- conditiile (31). Avem
| 6‘3‘?1*0 Agl o Cigd +b() 49
== (Y. — ) 1 (82)
ax
si scriind cd conditiile (31) sint satisfacute, avem
oy + o

3 2 (¥ — 1) = by(x),

o *{ye — 3) =

= by(%) + o(y2 — M),
de unde rezultd cd intre oy, «,, oy trebuie sd existe relafia

u + oy +

oty =0 (33)
si ecuafia (32) devine
%,y = 8%
a2 2
Sa integram aceastd ecuatie. Vom avea
. O . U ) Y T ;
alw 3) = 2y =22 (5 — w)lx — 1) + GO)x — ) + Gl
unde G,(y) si Gy(y) sint functii arbitrare.
- Scriind cd derivata in raport cu v, coincide cu membrul al doilea al
formulei (25), avem
o ~ . ’
(5 — g)(x — ;)4 CL(3)(x — x) + Gly)=
!

(2 — 2) (¥ — x5)— 2 (%3 — ) (2 — x),

6
de unde deducem ca
A o
Gi(y) = l—" Yy — X)),
8

si integrind avem

Gi(y) = —

jéz (% — %) (v — 1) ‘1‘_ @
Go(y) = Qo

unde @, si @, sint constante arbitrare. Vom avea deci
. P _|_ iy = L 3 ~
n(9) = %[y =2 (r— m)x— m) =2 (— ) — ) +
)
+Qu(x — xy) +Qz-w

(34)

1/1962
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Astfel s-a ficut integrarea ecuatiilor cu derivate parfiale (18) cu conditiile
la limitd (19), (26), (21), (22), obfinindu-se formulele (30), (34) si conditiile

(27), (33) care aratd cid trebuie si ludm oy = .

5. Formula de cubaturd corespunzatoare este

Y ot A
SS {% o T 9429y + o 9x0y? T de dy=
D

= A8, 30) L (x, ) + A3, 30) 7 (5 3) —
— A1, 33) 5L (31, ya) — A% ) o (30, ) —
— 480 202 (50 30) — 43 (5 22)T (3. 3) +
+ A8 ) 2 () + A 99 S (0 30) —
= Ay (e, yo)f (%, ¥a) -+ A} (%1, ¥a)f (%1, ¥2)+ Af(%a, ¥1)f (%2, y1) —

— Ag(% y)f (%1, 31) —(og + o + @5 + ) SSfdx‘iys

D
unde
A5 3)= n(my), Alxy) = @5 5), Aolw, 5)= 2+ 2.
Tinind seama de formulele (30) si (34) avem
Ao(xg, 35) = — ‘? (%, — %) %(ye — y1) + Qu(% — %) + Qo

Ao(%1, y2) = Qo
Ag(%, 1) = Qu(#e — %1) + Qa,
Ao(xy, 31) = Qu,
Al(xg, 31) = — % (¥2—1)% (¥2—21) + Pi(ya—y1) + Ps

A?(xl»yz) = Py(y, — 1) + P
A(I)(«"z: yl) = P2l
A‘ll(xp Y1) = Py

si tinind seamd cd a; + oy = —oy = —o5, avem

Aé(xz, Vo) = — % (% — %) (¥ — 1) + P1 + Cu
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Ao(#1, ya) = % (¥ — %) (¥a— 1) + P1 + Qo

Aé(%, Y = :[_; (%2 — 21)(¥2— 1)+ P1 + 01,

3oy

Aé(xl: ¥) = — E (%2 = %) (ye — 1) + P1 + Qs

Vom alege

. 1 1
0.0:1,011:—;,(:/.2:‘—-5, G"ﬁ:l (36)

si cu aceasta, formula de cubaturid (35) se scrie

(§7ax dy = | Lt — )00 —30) — Py — Q| Slra ) +

55 G — m0n =30 -+ Pyt @1 | [t
+ i('xl — %) (%~ ) + Py + Ql‘ (%, y1)+
= % (%, — £)(y2 — 1) — Py — QIJ Sy, 1) +
+|— %(f’ﬁz — %) 2(¥: — 1) + Qulwe— )+ QzJ (%, ) — Qz;l:: (%, ¥2) —

— [Q1 (%5 — %) 4 Qd]:—i (%2, ¥1) + 02% (%1, 1) + {_ l-(-"’rl"’ %) (Ya— y1) % +

[y

+erm+q§wwwﬁPwmm+Pyma)&ﬂuwmA

o} Pzg(xl,yl)—l-gg{r— %(x* ) Y% — %) a—;"—q{—’ ; (2 — ) (% — x,)

[ =252 g = W = )y — 50 — Gulr—w)— Q4] ;7]

aan\)

¥ H (v — ) (y—yz)[x— ”—‘Tz +%(;va_ Y (= %) (y— y1) —
=Py (y=m) — P}af;;g _%(y — ) (y-»y,,) }a"xdy (37)

In aceastid formuld intrd constantele arbitrare P, P,, Q,, Q,, insi se
constatd ugor cd coeficientii lor sint nuli. :

Se poate profita de aceasta pentru ca formula (37) sd ia diferite forme.
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Se pot impune conditiile

1'1{:(271,“)"2) i U, Ag(xz: _')’1) p=a O! )
(38)

Alll(xlsﬁ’z) =0, A?(ﬂ;zr Yi) =

care conduc la Py = P, = @, = (@, = 0, si se ajunge la formula de cubatura

| 3 Ko — X7) (Ve — ¥ :
| (7 dx ay = Eam 20002 740, 3a) o+ fla, 33) + w30 + 30 30) 1
D

“Eilﬂ&;@“wfmﬁuﬁﬂﬁ+bhfméuﬁdﬂr*
# ax ay

6

i SS( + Lt gt @saaud:\: dy, (39)

' axta J axgy® ay

D
in care

; Po(¥, ¥) = ({: (x = %)%z — %),

) = — e = (e m) [y ) L s — sl
(39")
9al%,9) = — (¥ =)y — ) (4= 22| 0n — 2 & — Ay — 30,

@, 3) = — (¥ — 2%y — 3a).

Se poate ciuta formula de forma (37), unde in membrul al doilea si
nu figureze termeni in nodul (x,, ¥,). Vom lua atunci

Pl 90) + Pa= = (5 — %) (35— 3",

Qi(xe — %) + Q= %(VE — %)%y — 1),

P+ Q= { — %) (Y2 — 1)

1\.‘||‘1

si vom mai adauga

By = Q] = 0.
Aceasta conduce la
7
P,=0Q,= 2__’( ) (e — 1)
si
P, = “’g(‘z %) (ve— 1), Qy = "?(Lz )2y — y1)
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Ajungem astfel la formula de cubaturi

“ﬁwmﬂ”“f%@“@Dmﬁwa+wuym—ﬂuwnw
' D

kr(‘l‘ ,))— =L [3 )’*i_f("z:h)*g'/(lr\’)
Xy Yo=—=3 ) a l’
_{_QL__’%LS:E—H‘ —‘1;{("1’%)4“5 J((5"2; yl)tj;(hlrjl)}'_'
3 3 a
SS ‘CPu Lt + 'l“ - ik + 4 %) dx d_% (40)
ax axay? ay
D
in care
1 9
pol%, y) = — (¥ — %) 3% — x3),
e i
plx, ¥)= — % (¥ — %) (x— x,) [J" - ‘l_j: "EJ e (%2 — %)(x — x)(y — w)+
¥ i ; . ; L - N8
ot :[(12 - o) (e — (% — %) — % (%2 — %) %(y2— W),
: (407
1 x +25) 1 i .
ol )= — o = 3 = 33 (¥ = 2 — (3 — 30 — pidla— )+
1 i !
=t ,;* (%a— %) (¥2— ¥ (¥ — 91) — wy (%2 — %) (v — 3) %

&

I .
ea(®, y) = 7(:\' — )3y — ¥2).

)
Se observi cd dacid functia f(x, v) depinde numai de », atit formula
(39) cit si formula (40) se reduc la formula lui N. Obreschkoft.
6. Fste important si observim ci in formulele (39'), functiile g.(x, v),
ou(x, ), @a(x, v), @s(x, v) sint toate negative in dreptunghiul D.

Pentru a dovedi aceasta, sd facem schimbarea de variabile

PO Lk L X, g = ‘Y-L———; By

2

si sd notam

jos B e
5 2
Vom avea
(%, ) = -—%(X ) (X — ) — ’? (X - ) (¥ + k) =




D. V. IONESCU 20

= ._é’;rTh[gY(X — )+ 4B(Y +B) ] =

- ff—;g—" [3(XY + hE) + BT + £)].
Insi in dreptunghiul D, avem X + £k >0, ¥ + k>0, |XV|< hk
si prin urmare ¢,(x,y) < 0.

Ta fel se aratid ci

ool 9) = — T BXY 4 BR) + k(X + )]

si deci gu(x,y) << 0 in dreptunghiul D.

7. Proprietatea precedenti a functiilor ¢q(x, ), .. ., p3(x, ¥) ne permite
sd evaludm restul din formula de cubatura (39).
Fie My, My, M, M,, marginile superioare ale valorilor absolute ale

*f ° 2% @/

mi &L, ——, , == 1in dreptunghiul D, adici
o’ oy orayt oy
a4 , | &% ’ o'f | 8%
o< M :axzw‘@um} ‘awz < My, !—ngm. (41)

Se deduce cid vem avea

| R < — My - E Po dx dy — An‘leg S ¢y dx dy — My S KCPE dx d)-’*MoaSS Padxdy.

D n D D
Tnsi
(o dxdy=— "% (o drdym " (o dxdy— 1% ({0 dydye _ W0
.\.\Pnrh dy = - S\ oy AX dy= - ,SScpz dx dy= = S.\%d“\' dy = =
D D D D
Deducem ca
IR| < ."qif (Mgoh® + 3M, 2%k + 3Mohk? -+ M,k3). (42)

§ 4. Cazul »n =4

8. Avem de tratat urmitoarea problemi la limita :
Sd se determine functiile o,(x, v), oo, ), py(x, v) integrale ale ecuatiilor

cit devivate pariiale
6“’?1 = e, —ry ajg; o (4))

= = 0Oy, = Ug, 2]

1 Z 2
353y 920y dxay®

cie wrmdtoarele condifti la limitd

9% 4 On| _go S du|l _

(44)
dx Yy |a =1, ax oy r=ay
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Py | 81 i 9% = 0, o, o1 2 9%¢s =0, (45)
ax? axdy ? |i=n ox? dxay AVa |v=1,
Poo | Py P On| o Py e | O g Tm|
Ax® ax?dy oxgy® OV? r=x ax® A%y 0xdy* Oy? |v=x, (46)
O 4 Opa|l o Om 0% _ (47)
ax oY ly=n o 0y ly=w
e | 3% O g, O 8% Bl g (48)
gxt  Axdy  OY? ly=n ax*  dxdy Oy ly=w
Py O | O Pu| g Ouy S | O dul g
Ax®  gatdy  oxdy® 97" l=n 0+ ax%y 0%yt OV |y=w (49)
stiind cd
2ol 3) =2 (v — 27 (x — 7). B
eu(2, y) = :_; (y — )% (y — ¥2). (51)
10, Avem
0% %o e 2f 2 -\ e
I — 3 — ) ¥x — %) + (¥ %1)%]
ar 2 4[ ( ) & 2) ( 1
si din condifiile la limitd (44), deducem ci
onl g, G| = _f(y g (52)
(':)',V r=1xq Y |i=x 24
S4 integrdm ecuatfia
2 (00) —,
d+*\ dy

cu conditiile (52). Vom avea

'j;f’ =% (s —m) (5 — 2) (2 = 2T2) + ATO) (- ) (5 — ) +

+ Ay(v)(x — %) +4a(y),

unde A7(y) este o functie arbitrard, iar A,(y), As(y) sint functii care se
determina prin conditiile (52). Vom avea

A5(y) =0, Ay(y) = — ;*3 (22 — x9)2,

si prin urmare

1%, i v _ it e _x EE —a
':% = (% — %) (¥ — %) (,\ ; ) + Ay (v) (2 — x) (% — x3) i
— 2 (1, — 1)x — %), |
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2°, Avem
9 %o %ref.. . — . \2
ox 7 [( — x) (¥ — x5) + (% — 2)2],
2%, Oy ( 5 # + )2 oy
oL Ay AT By — x)(x — %
axdy 3 2 ] T 6 ( ) (% — %) +
a A% N x4 ¥ Oy (., o
Ahdﬂﬂm~#;ﬂﬂﬁhufWﬂ
Conditiile la limitd (45) aratd ci
0%, = A . e N AN e o 2
8y | v=s, [12 (3 — ) Ax(y) (s — =) 24 (4 — ) J i
& N T N o : .
Ayt ,;.. . li e — )* + 12 (45— )+ A1 (5} (8 — ) —
T o‘l A oAb Y
4 (% — %)2 |,
adicd
g, oy — 20 2 %
= = ——"1 (2 — x)2+ A1 () (%, — %
Ay lr-—-\] 21 (% 1)+ A (9) (% — %), (54)
A%, g — 2oy g e i\ . Oy ¢ A
i y—hrwJ—quh_m;fmuhw
Sa integrim acum ecuatia
9% [(3%p,
— (|| = o,
axt ( a_vﬂ] B
cu conditiile (54). Vem avea
3%, Oa: i . . ;
P % (1 — ) (x — 35) - Bu3)(x — 1) + Buly)

si functiile B(y), By(y) sint determinate de ecuatiile

— x)® 4+ A (¥) (%2 — %) = By(),

si prin urmare

ﬁﬁz?u_mumm_ﬁumam+m4mucmu

Ayt 2
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adica
2 174 f X,
?&:ﬁ(x——.z\a) (v — \2)—2‘4[(31)[1 xl+A2J -
ay? 2 L 2 i
(35)
—9
4 2R (i, — )% — 22 (% — ) (% — xy).
24 4
39 Avem
AT ) k
— L =2 [3(x — &) + (¥ — x,) ],
dxd o [ { l.) E‘( 2)J
3%y A St g
— = gy [ — 22 24, (v),
2 1 ( 5 ) + 24, (v)
3 g i &
_5 Oy - 052(."6 o ry |-41:_.) o 2/11 (\,) % (:,\:2 — _-\f]),
dxdy? 2 5 1
Conditiile (46) aratd ca
5"({’3_’ oy + oy + oy (’\ ==
1‘1_‘.’3 r=1x 2 - ’ =
(56)
A%py oy + oy + oy
Sl = Ko — X
I e sl
Sa integram ecuatia
3
,QPQ o
av | ay®
cu conditiile (h6). Vom avea
83
92— ayx — )+ Co(y)
Conditiile (h6) aratda ca
e il L (22 — x1) = Cy(y).
a® + 2 J
E 0,: * (22 — 1) = o5(% — 1) + Cy(w).

Functia C,(y) este astfel determinati. In plus se stabileste intre «,

o, oy, oy relatia

si vom avea

adica

] 7|‘ ¥ ‘_f— Oy + Oy = 0 (57-)

mm—_%ug%

i“?: - %( .11;'-7.;2]_ ' (o)
(?‘\" o
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49, S finem seama acum de formula (51). si sd integrim din nou ecua-
fifle (43) cu condifiile (47), (48), (49).
Avem

01 — B 3(y — y) ¥y —32) + (¥ — 9)%].
ay 24

Condifiile (47) aratd cé

%i = n} ..a_.i?ﬁ — E:i.()lz p— Jul)a' (59)
ax |y=y, ax |y=y 24
Ecuatia
a:i a ;
ﬁ(i) = gy
3)’3 ax
se integreazd cu conditiile (59) si avem
LU (). uw)
ax 6 "

Foar (9 — )y — 32) + @@y — 1) + as),

unde a, (x) este o funcfie arbitrard, iar ay(%), as(x) sint functii care se de-
termind cu conditiile (59). Vom avea

ay(x) = 0, ag(x) = — ﬂ (¥ — )%

;‘1 dECi
iﬁF _‘C: S 1] .} u s
,B_J(u\;}(ji )}( J—i

N ("‘1"(1“)(3" — YJ (¥ — 1) — ET( ¥s — ¥1)2 (¥ — ) (60)
Integram in raport cu x, pentru a obfine pe ¢4(x, y). Vom avea

oo, 9) = 2y = 3y — 39y — 237 (e—m)+ (D — ) (3= 30—

&

(3, — ¥)2(y — 2 (¥ — %) + F(p), (g1
94 7 :

unde F(y) este o functie arbitrard, care se determinid scriind cd gg(x, y)
verificd ecuafia (58). Vom avea

wg(x— %) + Fm( ) = og (‘ . ’r"_li'rz)
si deci ‘
FW(‘\:’) = gy fﬁlﬂz -

.4 2
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Se deduce ci:

F(y) = —%(1’ — %) (y— 3) (¥ — 32) (JJ QJJIT-H’Q] +

+ Py — y)(y — ¥2) + Pa(y — 31)+ P,

unde P,, P,, P; sint constanfe arbitrare.
Purtind pe F(y) in formula (61), vom avea

P3(¥, ¥) = % (3 — y0)(y — o) [96 = __3’1; 'VEJ( 4y — ﬂ—g}’zJ 4+

+ a; (%) (y — 3y — 32) — ﬁ (¥2 — 30 %x — %) (y— y)+ (62)
+ Py — v)(y — 52) + Po(y — 31) + Ps.

50 Avem

o ? (y — ) (¥ — 33) + (v — 31)2],

ay2

&

2, o Al wXR " R
i&:ﬁ{j!-i) +?(J"_}’)( —"\’)—}"Qﬂl (::)(J,_yl'}‘yg)_

axay 3 2 92
0y 2
sz (s o 7
. (2 — 24)

si conditiile (48) ne dau

i%v —_— %3 i e S | o — 4 )2
e SR [12 (32 = 31— & (%) (32— 31) — 2 (92 — 1) J
ik Y0 (OG8N v s 5. SOV SIS Y SRy
o y_%* [12 (=) 2 a, (%) (va— 1) = (y2 — 31)% 4 T (ve = vy)
adici
8%, — 2 "
Tor| =Py )it a)(2) (52— ),
B (63)
A%, | __oy— 2y, i - oy s XD
| (y2— )2 —a (%) (y2— y1) — - (¥2— )%

Integrind ecuatia

cu condifiile (63), avem
T2 — oy (9 — 3 (v — 32) + by() (v — 1) + by (),

ax?
unde functiile b(x), by(x) sint determinate de ecuatiile

M (e 202 4 (93— 30) = By ()

24
Ly Ly — 20 2 1
— & () By 93)2— ) (93— ) = by (W) (3= 2+ By (x),
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de unde rezulta cd
- E(l’l (¥s— ¥1) — 2a; (%) = by (x).
Vom avea deci
o (g y)(y — 1) — [ 2 0a— 3+ 20 ()] (v - 3 +
— 20 5 0
+ 14—,;7@ (yo— )2+ a (D) (y: — 3,
sat
32, o )1+ 3 |
ooy y(y — ) — 2070 3~ 25) ¢
' ) (64)
) : ’
G T;‘% (Wa— = %4' (y2 — y)(y— ).
24 ;

Pentru a obtine pe wy(x,y) integram de doud ori in raport cu v si
obfinem
% (x — x)(x — m)(y — 2y — 99 — 2 () [y =21 +

P, V) =

4
A ”*17_4839}-‘_« (yg — Vi) 3% — x) (% — %) — (65)
-3 (v — iy — y)(x — ) (¥ — %) + Gi(¥) (v — xq) + Ga(y),

8
unde G;(v) si Gy(v) sint functii arbitrare care se determina scriind ca derivata
3%, . . = - s =
9°%2  coincide cu membrul al doilea al formulei (55). Vom avea
ay?

% (x — wm)(x — x) + G () (v — ) + Gi () =2 (x — m)(x — x3)

— 24 (V) | % — % — -'-"3: 2

oy — 20t . o,
‘ﬂz_—[(‘z ) e Tn (x5 — x)(¥ — ),

de unde rezulta ca
Gi ()= —24: (3),
Ge (y) = Ay (%) (%2 — %) + ——— (%

Integrind avem

Gi(v) = —24,(y) + Quly — ) + Qs

Goly) = Ay (¥) (32 — %) + *F{!'Ti;{m—‘ (xp — 2)2% (v — Yy — ¥s) —

) :ﬂ (%5 — %) (% — (9 — ,,"1)(_?' — ) + Q:s(_" = oyl + Qm

unde @y, Q,, @y, Q, sint constante arbitrare.
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fnlocuind pe Gy(v) si pe Gy(v) in formula (65), obfinem
?gan:?uwva-@u—nm~ﬂw—mmﬂ»f“?“—
¥y 4 & o 2
— 24y(3) (% = 2LB) + 2220 n — )t (5 — W) — )
)
— —H;a‘] (g — 22) 2 (¥ — 1) (v — ¥e) — % (va—2) (¥ —3) (x— ) (¥ —25)
o
% (g — ) (¥ — 2 (y — W) —22) +
+ Qulx — w)(y — ) + Qaly — 2) + Qaly — ) + Ca (66)
69 Avem
all
B =By — ) + (v — )l
av? 4
3y Y1+ Yy Y
i I PO - Dok | IR TG T
axay? 3[" 2 )+ @’ (%),
3%, YT e & %4
13— V' — = B X =y 228, IR,
axtay 7( 2 ) 2ay (%) =7 (e =)
Irin ccnditiile (19) rezulta ca
s | Mt e,
ard |y 2 (2 =),
G 1 ; 67
a9 | :;-uzlﬂ‘ﬂ“ (4\,_)7\,) (H)
3% |yey, 2 SRR L
Integrind ecuatia
d 'a"'fﬁ —
ar \ aa?
cu conditiile (67), obfinem
S ey oY e
L= ay(y — ) +al¥), (65)

unde conditiile (67) determind funcfia ¢,(x) si stabilesc o relajic intre =,
oo, Oy, o, YOI avea
g+ Oy + Uy (

9 Yo — V1) =& (%),

.Gl i Ol (_-\_I?. == )11) — 0[](:),- = :.\’1) + &5 (.‘-U),

de unde rezulti ci
(69)

oy + og A+ oy + wy = 0.
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Tinind seama de aceasta, vom avea

re 9

&

Pentru a obtine pe ¢,(x, v) integrim de trei ori in raport cu x i vom avea

R s | R I

+ Hy(y) (% — %) (% — %) + Ha(9)(¥ — %) + Hy(y),
unde H,(y), Hy(y), Hs(y) sint funcfii arbitrare care se determind scriind

cd 2 coincide cu membrul al doilea al formulei (53).

(71)

ay
Vom avea
6 (% — ) (% — x,) [ # == %) + Hi (y)(x — %) (v — )fz) +
+MMu—w+MM(yn%m—q(_%ﬂ+
+ AT () (x — ) (8 — x) — 22w — 1) (% — #),

de unde rezultd ecuafiile

si deci

H3(y) . 'RB'

unde R;, R, R, sint constante arbitrare.
Purtind pe H,(y), Hy(v), Hy(y) in formula (71), vom avea

o = et x5y

-z A;(J’) (x — 2 (¥ — xp) — %(xz — %) 2 (% — x%)(y — ) + (72)

+ Ry(x — %) (¥ — %) + Ry(x — %) + R,

9. Functiile ¢,(x, v), 9y(x,¥), ¢s(x, v) au fost determinate. Vom fixa
acum constantele wy, o, y, oy, o, astfel ca condifiile (57), (69) si fie indepli-
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nite si ca formula (66) care determind pe gq(x, y) sd fie mai simpld. Vom
alege
=1 e 1 | =]
%g = - 011'—?: 2 R ek Sy == (

0w
I
!
bo

73)
si cu aceastd alegere vom avea

ol ) = L (v — w)lox — ) [ — 215 (5 — 222

— L (1 — ) (2 — ) (9 —30) + AN — 1) (r — m) +
+ Ry — m)(x — x) + Ralx — m) + Ry
walx,y) = — 5 (r — m)(x — W)y — 1)y — 3) —
— = (1 — m) (v — =)y — ) (¥ =) —
— < (=) (y =) (x — ) (¥ — ) — (74)
— 24, () ( x— ”T*’) — 94, (%) (_.,, A y,ﬁ_‘} L

+ Qu(x — 2)(y — 1) + Qalr — %) + Qaly —31) + O
1 " 4. + 4
95(, 3) = (¥ — 1)y — ) [ % — %ﬁ] (y — )‘—Zﬂ] —
1 :
— =l =M=y 4 (v =00 %) +
+ Py (y—31), (¥ — 32) + Po(y — 1) + Ps.
Ramine si introducem mnoi condifii care si determine constantele
P, P, P;, Q1, Qs, 03, Qy, Ry, Ry, Ry sl sd vedem rclul functiilor arbitrare

A,(v) si a(x) In aceste formule.

10. Formula de cubaturd (17) se scrie in cazul # = 4 sub forma

([ aY 8" 8% a'f 5
ay VA dx dy =
SS ((PO 9t gl o axtay e 8 x%ay? s dxdy® T a; ’4) -

D

= A8, 0) L j (v, 99) + AVt 35) 2 (e 30) -+ A3, 90 T (0 30)

== Aﬂ('ﬁ: .Vz) ( %1, V2) — Acl'(xp Va) i%y (%1, ¥2) Az(”l:yz) (’51' V) —

— A3, 1) EL (1) — AT, ) L (s, 30) — A3, ) T () +
ax dxay d)

8 42
-+ Au(xla yl) 21 (xv ) + A} (%1, y1) 'I) (%1, 1) + -Ag(xli ) ;j;(xl!_"h) e
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= ‘41]"(-‘:2&’2) i (%2, ¥) — A:(*fz»)"z) ':{ (%0,38) +

BF b wid Lp.
= (1, ¥2)

B

A 'l’("'lv Va) :;%I (1, va) A:(“'ﬁa)’z)

d

+ Ao(%, ¥y) o (32, 91) + Ai(%s, 1) o (%9, 31) —
dx ay
<] 8

— Ao, 302 (5,30 — A0 523

+ Aoy, ¥5) J(xa, v5) + Ad(%, 3) S, 32)

-+ A%, y1) f(%a, 31) - Ab(2, 1) f(H, ») -+ S Sfﬂiﬂf dy, (75)
D
unde

Jf,'(\ V) = @(x, v), A[.'(.\f,y) = gy (%, V), Ag(;\:, V) = @q(x, y),
Aj(x,y) =284 B giy ) =2 30 (76)
ox anv ax ay

9 a2 82 ! 92
A, ) =213 4 T Ty
ax? Axady ay?
Introducem noi conditii la limits

Ao(xy, 99) =0, AY(%y,v5) =0, A%y, y5) =0,

0 a 0 (77)
Ao(xg, 31) = 0, Ai(%, ;) = 0, As(x,, y,) = 0.
"‘1'!'("‘7]’_4"’2) - U, A:('Y]':\JE) = ”v
(77°)
Ao(xy, ¥1) =0, A%, 95) = 0.
it o) = 0,
(77")

As(%s, 1) = 0.
~ Vom vedea mai departe cid aceste conditii determini constantele
Py, Py, Py, Qy, @y, O3, Qi By, Ry, Ry
Heuatiile (75) ne dau
. Re=10, Ry=0, Py=0, F;=10 (78)
si .
Ay(ya) (%0 — 27) — ay(x1) (y2 — 34) + a(ys — 1) + Qa=0 | (79)
— A1) (% — ) 4 a(%) (vo—31) + Qolry — %) + Q=0 f

Avem

aq, 1 [ ¥ + 7,) 2 Mt L s ; Vi Vs
= [y — 2172 |y LR — (v — ) (% — % | [
= 2y =22 4 e m e — ) [y — 2 )

F4
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o i(xzi.xl)i(y“yl) + 2 4.(y) ( —x fﬁ_;i-_ﬁ) + 2R, (‘b == -x%v“] ,

M =l — il SR [y Sy ST gy A
1 ' .
—g(j’z_yl) (% — %) (% — x5) —

—24ily) (¥ — 1) = 201 () + Qulx — ) + 0o

Rezultad ca primele doud ecuatii (76) sint

1 ; !
~ (22 — 21)2(y, "_J’l) —2a,(%;) + Q3 — Ry(¥, — %) = 0
(80)
é (%5 — %1)* (V2 — ¥1) — 2a; (%5) + Qs+ Ry(% — %1) + Qi — %) =0
De asemenea avem
1T ¥ 1
:__ctz = — (¥ — 3}y — ) [x o {_;r_"“) =y (22— %) (¥ — 1) (¥ — 3) —
I SRV . b
p (¥ — ¥ (¥ — 3) (x : )
— 24,(y) — 2“1(’5) (3’ 7= j_ﬁ%) + Quly —y1) + Qs
Ay _ L, _ntkmP(, mEm) 1y ( _LJ_
it (J . J (x 5 ) = 12(3’ ) (y — ) | 5
— a0 = 20* (v — =) + 2ai() [y — 2T 2P [y — " TH),
24 2 2
de unde rezulti ci celelalte ecuafii (76) sint
fé(“’% — %) (¥s — )= 24,(yy) + Pi(y — v1) + @+ Ql(j’z- — ) =0
: ' (81)

— (5 — =) (0 — 2! = 24(3) — Py (5 — 1) + Qs = 0.

in fine avem

L TON ) (m ik ’fx_“z) (y J’I;f_yﬂ} L 24i(y) + 2R,

axt 2 2
3%, 9 ¥y + % N+ o ( N+ 9
— T = — X — —- ) — ] — — Xy — X = [
2oy [ z )(3 y J 1 (€A )3 ” )

— 5 a =) (% — 212 1 241(y) — 20i(x) + @,

b — Studii §i cerceldri de malematici nr. 1/1962
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3py 1 ( %+ ”zJ ( 2+ 9% ¢ ;
w08 — ol ST SR bl 2a4(x) - 2P
Py 5 e Yy 5 J + 2a:(x) 1

de unde rezultd cd ecuatiile (77) se reduc la una singurd

(% — "Vl}‘fj’u = 3’1) + 2P1 + Q] _]__ 2R1 =0. (82)

Ramine si rezolviim ecuatiile (79), (80), (81), (82), in rapcrt cu Py, Q,,
s, Qs, Q4 Ry. Vom vedea ci acest sistem este compatibil.

11. Din ecuatiile (79) se deduce

Qs = — Ay (y) 2= g, () — B0,
Ya'= Iy Ya—=% (83)
0s = Ay(y) — my(m) 20— G|
Ay — My Hp— X

Din ecuatiile (80), se deduce finind seami de prima ecuatie (83)

1 . A
Ry= — — (% — %) (s — ) — R S | T ;
48 Hg—d  Je— (%3 — %) (ya — ) (84)
1 2a4 (4 24, (v, 20
O = — 5 (= m)(ms —yy) 42000 2000 B0
12 ¥— X Vy— N (w7 — ) vy — 94)
A doua ecuafie (81) ne da
1 ay (%) Ay () Q =
Prm o — (g i)y — B Al L. {85
¢ 48 (%2 1)(y2 )’1) ¥—% Ya—h (ry = 29) (00 — ) 189

Prima ecuatie (81) se reduce la o identitate in baza formulelor (83), (84), (85).
In fine ecuatia (82) di _

_ (% — )P —m)?
Ou= ”

Purtind pe @, in formulele (83), (84), (85), avem

— [ay(%) (2 —21) + Aa(yy) (% — %1)]- (86)

0, = 2 @)= @) | oAb = Aoy

Xy — & Hae—ils
(%3 — 7)) (yp — 2)® Ya = ¥
Qz = — '—T— -+ 214-1(_']/1) + [611(961) - al(x2)] ;—x'
2 — %
Qs = — CZIEII) 1 90(as) + [Ailyn) — Aale)] 252, (87)
Y=
P (-_*'a— %) (ya — ) (%) — aqy(%)
! 16 Xy — X i

Wo— ) (¥g — 1) Ay(ys) — Ai(w) .
16 4 .y

Rl_-;.;,
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67

I2. Tinind seamd de formulele (86) si (87), forma definitiva a functiilor

(%), <92(x,y), cpg(x,y) este

Pl ) = 5 (6 — ) (5 — 3) [ —

2

— (= ) (5 — ) (¥ — ) —

gumv_hi%_

— 2 (g — 55 (3 — 39) (— ) (% — %) +

24
16
uE A;(},) Ay(ys) — A1(p1) |
Yo — N
1
Pr(ty ) = — o (% — %) (v — %) (¥
1
Sl (%, <. %) (2—2) (v

—~ = (% — )y — ) (#

[+

(% — 2y) (% — )
=) —i3) —
—y)(y —2) —

— %) (% — x5) —

——(Ya—21)® (% — %) (& — ;) —

— = (% — x7)2 (32 — )

1
24

(y —3) +

?

+ (% — %)% (¥ — )% — 2441(_‘3’)(:\' i __""1*2‘”2) T

— 2 (x)(y 5 J%) + 2. 1(3’1)(*’“ = h%) =

+ 20 () y =7

) ay (%) _{"’].(Ll) (9.7 _
Xy — ¥y

wal 3) = 12 (v =) (y =25 —

ik .3’2] 40 Ay () — Ay (91) ('\’

S T

2

%1)( y MET ) = jl"z] |

¥t Y+
2 J(y 2

)__

Yy —3) (y — ) +

1 ;

T i(}’z — )2 (% — %) (y — 1) —
1

16 (%2 — 1) (¥2 — 2) (

L all (x) o ay(x) — ay(wy)

Fg — Xy

JU%—%My—yﬂ

_.'"l)(-'"' =

{

. ]
A *"2) &

(38)
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13. Tinind seama de formulele (88), formula de cubaturs (76) devine

(( gy Fa— m)(y — ) g 8%
) Jawdy = Eammn) [y e O (e ) 4
) ,

ey 8% : o
+ (%3 — x7) (¥ — ) a3y (%2,79) + (¥a — )2 _;fz (%5, 1‘1’2)7’ =
_ =) (0 — ) @Y -
Tl (41, 1) — (89)

_ Gy [ o '
“H_Z'—l [(Jbz — %) P (%2, ¥2) + (¥, — ) ':T{ (¥, --"2}' +

(2 = 1) (v — 3 1
4 ﬁﬂ;;i) [3/(%2 ¥5) + fl#1, )] + R,

unde restul R este dat de formula

R = [l aif, a'f a‘f o' a4 s o
SS ( ¥ dat + 1 axday + 8 dxtay? + s axay? + 5 ;y_“] w d\ (90)

Se verifici ugor cd dacd f(x, y) este o functie numai de x, formula
(89) se reduce la formula lui N. Obreschkoff.

14 Pentru a vedea rolul functiei Ay(y) care figureazi in expresiile
lui @(%, ¥), oo(¥, ¥), @4(x, y) si calculim integrala dubli

— g Ay(vg) — Ay(vy) 31
1= {f i — A=)y 2

D

—2 (| Aily) - Ay - MDA ()11 st 81,
o Y ¥

Aceasta se mai scrie

Yy Xy
= : A(vs) — Ay{y) a 3%
I =\Ay(y) —22— V0 g, b 9 - X — 2 —
ij) pad L4 e CRE N ICEPAR
Yo
2
—@xﬁ%-wg;;+agﬂ¢x—zﬂAmuﬁAmuﬁ
M
_ Ax(ya) — A3(94) (y — ) l dy g A8 “J X, ﬂ";,“f‘k’z) o . ﬂJ dx,
=N l ) ax 2 dxay? a2
sau h
¥
toon Ay — Ay _ 9* : '
;:_Hmm—L%T@Hm—mbgmw+§$mmp
Ya—n % ¥

541
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| o
S

— 2;‘%&. V) T :7;{—-‘71:.'3’)]}-43’ = JﬂAl(J’) — Ay(3h) —

_ Ay (yg) — Ay(11)

7{(%—%)[7 B (g, ) a“j’ o 3’)} B

h—n axayt axdy?

8% N ;

2 [ (e 9) = 2L (30, 9)| b

Notind -
Wﬂ:AM%ﬂMM—ﬁ%;%@@f%
- R & |
a a2 i o I af
v(y) = (%2 — %) 'ax;’ (%2, ) + ax;y (J"]sl")J =5 ['{;(*2 ¥ — = (%1 9|,

integrala I se mai scrie sub forma
b ]
1 — — () = — u(m) o(3a) + () v(0)
¥1
si se vede cd avem / = 0, oricare ar fi funcfia A;(y), deoarece u(y,) =0,
#(ys) = 0. ' '
De asemenea functia a;(¥) nu are nici un rol in expresia restului R
din formula (89), cici dacid se calculeazi partea din R in care figureazi
a,(x), se constati cd aceastd parte este nula.
De aceea putem lua pe A,(y) =0 si ay(x) =0, ceea ce simplificd
formulele (88),

15. Sd reluim problema la limita de la nr. 8, adicd integrarea ecua-
tiillor cu derivate partiale (43) cu condifiile la limitd (44)— (49), presu-
punind insd ca

Po(¥, ¥) = E:‘i (¥ — x) (¥ — xp)?, (91)
Pul%, 3) = 2 (v — ) (¥ — 9% (92)
1¢. Avem
8% __ O g, o Nifias - T B
;;—F)‘(-" — ) (¥ — -"2)(" 2 )
si conditiile la limitid (44) arati ci

d; ! =0, 69y 0 (93)
ay L'z.\', AV |e=xy

Integrind ecuatia

3
£l (3&) =
axd | ay
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cu condifiile (93), se giseste
op o , o - o
o =0 ) (i) (o — 278 4 4(y) EoME=m) gy
unde A;I(y) este o functie arbitrari.
2°. Avem

T o o (x_xl)(x"“xz);

9 _ % 5 == tH 2_|_°‘0
ax? 3 6

ichl_ — %l ¥y + ¥y 12 o re o
azal ;{("‘ =g ] + 2 (x—) (% — %) + 41 (j’)(y N : .}3)‘

Conditiile la limitd (45) arati ci

|t ey 40)

T 1 (=it —5 (a—2x)

20 _mbe e AVO) (95)
571'2 r=x3 ik }E (-1-2 —L]) - 2 ('1'2 = xl) .

Integrim acum ecuatia

3% (a2
L
ax? . ay?

cu conditiile (95). Se giseste

62"9 e o A " = i o -+ & (¥ ¥ + ”
::‘2_ = 722 (,L—*-‘\-j)()\' —,\'2) == 01_;_ 1 (;\.‘72—:\11)2 ——‘Al (y) }x — %L] ; (0(‘,)

3° Avem

= gzt )+ 4i0),

ax*ay )
30, XA Ny ik
=y ¥ ———=2)— A4, (y
axayt 2( 9 ) 1 ()
si conditiile (46) arati ci
oy | _ st it 99; | G e ) )7
5}’3 I.|'=.|] 9 .‘LE'*_’L]), ay" :\J:J:‘ —— e = (,'bz—,fl). (91)

Sd integram ecuatia

Avem
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si conditiile (97) determinid funcfia C,(y) si stabileste o legdturi intre
oy, 0, Oy, Og- VOM avea

Ci(y) = L i (%3 — x7)

2
si
oy + oy + oty + oy = 0. (98)
Rezultd ci putem scrie
,ajﬁ. - ( Tt 99
o o Lx = ) - (99)

40, Si revenim la ecuatiile cu derivate parfiale (43) si sa le integram
tinind seama de condifiile (47), (48), (49) si formula (92). Avem

0 L Bin o (.V_M)
oy 5 T aly | . |
de unde rezultd datoritd condifiilor (47) ca
Ml =, LY - (100)
X |y=m ¥ |y=y,

Integram ecuatia

cu condifiile (100). Se gaseste

. =By —nill sy~ o Sy — i) (y — y), (101)
GRS 6 2 2

unde a’’;(x) este o functie arbitrara.
Integram in raport cu x si obfinem

o (,9) =20y — ) (v fy-a)[ i (s L —)—J &

+ %x) (v — 32) (v — 22) + F()

8%0;

unde F(v) este o functie care se determind scriind cd —° este dat de
) o'
formula (99).
Vem avea
. ¥y +4y) 1 ( X+ Xy
ol — 221+ F (y) = og|x ——F1,
3( B J (%) 3 5 J

adica o
F(y)=0

si prin urmare

F(y) = Py(y—y)(y—22) + Pa(y—1) + Ps,
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unde Py, P,, P, sint constante arbitrare.

Avem deci

o = ) i gy g L +
%(x,:v)=;(y~y1)(y—y)(x—x12 )(Jf—y y”)+

2

&

’

a(#)

- (¥ —3)(y — 22) + Po(y — 3)(v — 3) + Pyy —¥) 4 Py - (102)

5" Avem

%y _ o ) T
a—y::‘;?i(,'_ 12 a) _I_Eﬂl(y_..yl)(y "';i'}’z)'

a'«!q) o, ¥+ )2 o - Y +
Pl e s R A AR A PR

si conditiile (48) arati ci

qu)g g } oy 2 Va i1
e = Mg —Y ay (x
840 e 12 ( ] 1) + 1 ( ) 9 ’
3%, oy oy . 2 Gl
————— T TR LB e 103
o V=1 12 (j : & 1) ! ( ) 2 ( )

cu condifiile (103), avem

_82_‘?27_ﬁ, o o . Yat oy E W T i h3'1+j'3 5
o = 3 0 ) by =) = T, — )t —al'() [y — 222 164y

&

Integrind de deud ori in raport cu x, obtinem

0o, V) = e (=% (% —x,) (v *J’l)(y_yz) — (Ve— y1) (% —m) (x—1x,) —

4 24

W) [y ~ &J 1 Gy () (m "L} +-Gols), (105)

. A . H [ e - 2 )
unde G,(y) si Gy(y) sint functii care se determini scriind ci 2% este dat
ay?

de formula (96). Vom avea

X+ Xy

) 4G )= 2 ) )

Ly

— (w-— 2 (v~ x,)+ G’l’(y) (x i

7 4

2
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de unde rezultd ecuatiile

i "

Gl () = — 47 (),
L e i - 7T ol 0
G0 = — 2By e

. - Rezulti ci

9

F4

Gi(y) = — Ay(y) + O, (y = y_li?_"_zJ £ 0,
®Uﬂ:~—%§§iufﬂnﬁ@—yﬂ@*yJ+%wa&%1ﬂ4,@

si purtind acestea in formula (105), vom avea

wal®3) = 2 (14— 1) (x— ) (y— 31) (y—95) —

—he (¥ — )% (% — %)) (v — ) — B (%2 — 21)*(y— y)(y =gl

24 24
=2 -5 - 585 )
+ Qz( x— At ] + 0, (y - Ugi) + Qs ~ (106)

unde @y, Q,, @5, @, sint constante arbitrare.

6°. Avem
» .
Ly T P (;V*— if&],
ays 2

&

8% ! Yot o o
= = ma(y— = 3]+a1 (%),

dxay*
3%y Y1t ve '
=y — 2 o ()
axtay 2
Conditiile (49) ne arati ci
a%m, | o, o o . EE olgt 0l |+ o
_‘Pl_i N (J!z._jhl)r P1 o 2 3 1 (;"2_ Vi) (167
ax® |y—y, 2 ar? |y=y, 2
Integrala ecuatiei
' a [a“rpl]
— = 0Ky
ay\ aa®
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si conditiile (107) determind functia ¢,(x) si o relatie intre o, o, o «,.

Avem
oy + Ga + &

ofn) =Bt at o, )

si
o + g+ oy 4 oy =0, (108)

de unde se deduce ci

3%, [ Y1+ ¥ )

4 ) — ==,

Bt 1\3 2

Integrind de trei ori in raport cu x, deducem
i) = % (1 ) (s — 2 1 — 152 (y 5]
HH (y) (%= 2) (x— %) -+ Hy(y)(x—2x)) + Hy(y), (109)
3

unde functiile H,(y), Hy(y), H,(v) se determini scriind i % este dat de
ay

formula (94). Avem

Tlr— ) (r— ) (v = 5] 4 Hy) - ) — v) +
Haly) (¢ — ) + Haly) = (s — ) (5~ ) (5 — 222) 4

G 9

+ A (J’) (x—— xl)z(x Xs) :

Rezulta ca
’ 1 Ve
Hy(y) = 3 A ().

H;(_’y) = ()

Hy(y) =0,
de unde

I
Hl(;\-’)zfz Ai(y) + Ry, Hy(y) = R,, Hy(y) = Ry,

unde R,, R,, R, sint constante arbitrare.
Purtind pe H,(y), Hy(y), Hy(y) in formula (109), vom avea

o (%,y) = % (x—xq) (v — x3) (m - 1—‘";_&) (y 2L &QJ C

2

Aj(y
s i) (¥— %) (%= x5) + Ry(5—1) (x—2) + Ry (v—2,) + R, (110)

9
~
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Sd observam ca daca introducem funcfiile

Aq(y) _ % + Vs =

== T B (y a ] Ay(y),
(%) L e )

g + By [x g ) (%)

si constanta

N=2P + Qi + 2R,
formulele (110), (106), (102) se mai scriu sub forma

9y (%,v) = o;l (. — %) (x — x) [;\, — Ll?ﬂ} {J-’ = 3'1j 3’2J+

+ Aa(y)(x— m) (¥ — %) + Ry(x — x) + Ry,

%Ly

pa(%, ) = = (% — 2) (% — w)(y —91) (¥ — y2)—

- %‘)L_i%(jramyl)‘z(x— %) (2— %) — .01‘3,1;7'11 (g— 27)2 (¥ — vy (39— vy) —
(111)
[ =) g [ 2B, e BBy

R e R e R/

Wohleg) = g —m) by —a) (= BB [y BTR 4

Fax(®) (v — 32) (v = 30) + Poly —31) + Py
si se vede cd aceste formule depind de functiile arbitrare a,(+), Ay(y) sl
de constantele arbitrare R,, R,, Py, Py, &, Qs Q5 0,

16. Sé fixdm constantele oy, o, oy, o, oy astfel ca formulele (111) si fie
mai simple. Tinind seami de formulele (98) si (108) vom alege

g =1, oty =—1, ag=1, ogg= —1, a;=1
si atunci formulele (111) devin
1 6+ A, 1+ Vs
w(3) = =g (5= m) (= xg) (= 2F B [y L2 4

+ A5(y) (% — %) (¥ — %) + Ry (¥ — x)+ Ry
0 (%,5) = (xam~mwﬁmwﬁwﬂmmp—¥?yu

-
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= ?"Ag(;\’)(_’\f— Xy _2|_i2) __l_ )1[‘%; ¥y :‘; E](\,_ﬁib] + 0]

i Qz(x h %EJ + 0 (3’ - %EH 0. (112)
wa(m9) = (=) &y — 90} (5= T2 [ 5220

+ ax(%) (y —31) (v — 30) + Po(y —30) + Ps.
Ramine si introducem noi condifii care si determine constantele

Ry, Ry, N, @y O3, Qu Py, Py sisd vedem rolul functiilor ay(x), A,(v) in for-
mula de cubatura.

17. Vom introduce urmatoarele condifii la limita :

Pi(¥1,75)= 0 Po(¥1,¥2) = 0 Pa(%y, ¥5)= 0 (113)
0y(%2,94) = 0 0y(%a, 1) = 0 Py ¥, 94) = 0.
L TN ) [, 9%z 4 9%s -0
ax ay -J‘j;"- 1 ax av | ;-::p'
' (114)
B B gy, g3 0.
ax Ay [¥=32 ax Ay |y=r2
7=, y=n
Conditiile @y(%;,%) = 0, @ (%5,94) = 0 aratd ci Ry = 0, Ry = 0.
Conditiile gg(%;,5;) = 0, o5(#5,;) = 0, aratd cd P,= 0, Py= 0.
Avem
) A
2o Hp,¥e) =— an(%y) (Ya— 31) + Ay(¥s) (%2 — 27) — _11 {(%g— %) (32— 3)—
Qa2 - Q
- (22— %)+ f (Ya—3) + Q4 = 0, (115)
A
0 (¥ d1) = aa(%) (2 1) — Aa(¥1) (%2 — %) — I] (%= 1) (yo— 1) +
Qo . 0,
+ e (¥p— %) — f,d (ye— 1)+ Q= 0.
Avem
995 - 1/, %At % i MY l _w L Vit v
ax 4(\ 2 ) (d‘ 2 ) 6(1 '\1)(‘7‘2)(17 2")‘{_

%

o
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Primele conditii (114) dau deci ecuatiile

1 ) 7y
=i (%g— %1)% (¥2 — 1) — 24y (%) — EI (25— %) + @y =0,

i . (116)
: (22— %) 2 (Yo — 31) — 28, (%) + jl (%= %) + Q3= 0.
Avem -
29 2 (y— ) by = 3a) (5 = ) — 2aile) [y = B2 —244(09) +
ax 2 I 2 2
n(y—2E8 g,
ad 1 X+ # _er:Z 1 . # 4+ %
oo (A kR T () (xm SEE) 4
- 2&5(,1:) (y = 21__42'_1'3) .
Celelalte condifii (114) dau ecuatiile
1 % .
o1 (% — %) (¥2—91)% — 245(5) + El (¥2 — ) + @a=0,
(117)

1 : A

~ (22— %) (Yo — 31)2 — 244(31) — _)1 (Y2 — 1)+ Qs=0.
Adunind membru cu membru ecuatiile (116) si apoi ecuafiile (117),

obtinem .

QB = “2(5“2) + “Z(xl)’ 3 h (118)
Qs = As(vs) + Aa(21)- '

Scizind membru cu membru ecuafiile (116) si apoi ecuafiile (117),
obtinem
1
12 (%2 — %)% (Y2 — 1) — 2 [Ba (%) — @5 (%)) ] 2 (%3 — ) =0,
1

T (#a— %)% (va—y1) — 2[4, (y2) — 45 (y)]4+2(ye—m) = 0,

de unde rezulti o conditie de compatibilitate

Aylys) — Ay(yy) - ay(#) — ag(#) (119)
Ya— Wy ¥g— % B
si
N=— (%g — 1) (('/”2 —91) +2 ag(%g) — ay(#) A (1 20)
12 Xy — Xy

Tinind seamd de ecuatiile (118) si (120), ecuatiile (115) se reduc la una
singuri care da

o (% — 79)% (ya — 7)® . Aglyg) — Aylia) 4

Qu= p 5L (%

(121)

— %) 5
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18. 54 calculdm acum coelicientii din formula de cubaturd (75).

Avem
Pi(¥s, ¥2) = 0,  @g(¥p,3) = 0,
@ (¥,04) = 0, 03(%1,91) = 0, (122)
122
{ = - — 2
ali ) = — EZ IO () — Ay (9)] (3 ),
(22— #)% (y2 — 3)*
Cpg(xl,yl} == '—%2%“&“ a [AZ(J"J) — Ay(y1)] (%p— %,).
De asemenea avem
dp: | g 1 e
SR X = — — (X — X -
as - o — 12( 2 )2 (¥e—y1),
- 123
R N AT U -
ax gy =t 12 e
¥=0
a dog 1
67,: + 6_q; = S (%2 — 1) (¥2 — 1) %
i (124)
99: | 995 = ket - i
an | ay e iy (%3 — %) (y2— y1) %
J=M1
Pentru calculul lui A§(x,y) avem
8% A e b ’
f“l = = (,\ — H—Q—ZJ (J’ =5 %—2‘2’ + 24,(y),
0. _ PR e . | 1 OPRINS: i (O L 0 T 7 0 B
v {.« : ]() . ) 2a(x)— 24.(9) + N,
i SO PO ik | | (O ok :
o (,\c g ](j’ - ) + 2a,(s),

de unde rezultid ci

Ag (%2, 30) = — % (%0 — %) (22 — 1) + 2y,
Ab ()= (=) (=30 + 1,
Ag (2, 3) = i‘ (%a— 1) (32 — 1) + M,
Ag (%0, 1) = — % (22— 21) (Da— 1)+ %y

si deoarece trebuie si avem dupa formula (75)

Ag(”zaysz) -+ Ag(xl».')’z) T+ Ag(% »91) + Ag(xl)yl) + (%3 — %) (¥a—1) =0,

Ba110
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rezulti cid in formulele precedente trebuie sd avem
(#3 — 1) (¥2 — 91 '

= —
\1 4

ceea ce inseamni cd finind seamd de formula (120), trebuie si avem

ay(%,) — ay( ) = (#, — #1) (ya — 1) - : (]'.33)

Xy — ¥y 12
Formulele precedente arati ci vom avea
2 1
Ao(xy, ¥2) = Ag(*""l:.’)’l) = 4 (%2 — %) (¥2 — M),
(126)
Af,(xl,yg) = Aq(%,, y,) = 0.

Formula de cubaturd (75) este in acest caz

(wg — ) (e — )% 8% GO,
SSfd.rriy = — 2 | aesv (%0, ¥2) + — (%1, 31) ] —
— e o= ) W (a 3) (a3 L ) |
12 ax ay
(127)
=t ) 2 ) + e~ L (my) |+
ox ay
_|_ (Xz o J‘l)l)(_lfp_ == 3’1) [f(xz’yz} "l_f(xl: yl)] + R,
unde
[ af atf alyf af a'f y
R=~— a1 . .. 21 4. 55
SS( Yo axt T o axtay T ax2ay? s axay? T ay"] dxd"% f 8)
D
functiile @, @, @3, @3, @, fiind date de urmatoarele formule
1oy L g
o0l 3) = o (% — 5) (¥ — w2, : 1
el ) = = = el o g e STy A
2 2
+ 4z (9)(x — %)(x — x),
- (129)

)y — ) Nt V1tV
B G G o

+ (Xz = W1)2(}'2 — yq)° A8 B{Ag(y) s Ay (.Vz) + Az(yl)J[X-'" %+ 3’2) el
48 2 2
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= [“2(;\?) — GMJ(J, _3’123’2), ]
1 g ‘ ‘
oo ¥) = = (v =y — ) — B[y 2y

1 a;(x)(y = ;3’1)(3’. — ¥a)

1 : 3
Pa(¥, y) = = (v — )2y — 32)%.
Notind
A, .
Aqfy) = dyfy) — T Db
(130)
@y(x) = ay(r) — @)
conditiile (119) si (125) se reduc la
Aa (J"z) - As (1-‘1) = ﬂa(’f’z) "‘a'a(xl) N ("72 —3"])(3’2 e yl) T
¥g —H Xy — ¥y ‘ 12 2 ( )
iar formulele (129) se scriu
) .
Po(x, ¥) = i(‘“ — By — 2R,
1 ¥ 3 ) )
nxy) = — ) (x — %) (¥ — %) ( * — ;1:_5—):2](5’ . Lt“) G i
- Aé(ﬂ’)(x — %) (% — %),
1 5
#a(%9) =+ (5 — m)(x — m)y — (3 — vy) —
)y =) [ _ At Mt
2ol L O
B e BB e} . (129
L (4 "’11“53"3 1) _2Aa(y)(x_'1"z-""2)_4 )
~mm4y~Mﬂy
2
1 .
w(5.9) = =5 (0 =)y —9a) (% — 225y — 2] 4
+ a3 (%) — 3)(y — 39),
1
Palmeyl =2l == gy —1aRe j

Riamine si vedem rolul funcfiilor Ag4(y) si as(x) in expresia restului
formulei de cubaturd (127).
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19. Functia Ag(y) intrd in integrala dubla

/ a'f ‘ i+ K &Y
= — X —Xg % — x dy 2 K== Lxay
b S§ As (y) (% —x1) (% — x,) o dx dy + S§ Aa(y)( ¥ < ) Frs ay,d xdy,

iar ay(x) intrd in integrala dubla

’ elf V - P14+ ¥y aalf :
= —\\ 4 — - ——dxdy 2 -1 2 J
J SS 3 (%) (v — 1) (v — ) i dx dy + S]S as(%x) (y . J pep dxdy.
D ’.

Avem

1=~ 4 dy o L A e P LA
s

ax axtay 2 dxay
Ya e
] 2+ ¥ a3f af
2\ Ax(y)dy \— N il W SR W )
+ S 3(3’) yS Rﬁ[( X 9 ) exa},a a;ﬂ“ >
Vi x)

CEL:) axay
i1 %
=2 (% ra9) = L (mn))| o+ (A b — ) 25 () o+
= adf S 7 5_‘21" AR .a_zf A Iay
r—axayz(xl,y)] ayz(xz,ad ayg(xl,)))Jab,
sau
_ (s o a8 e )
L= ottt |rs — md (00 (aa) + 520 (051 )
af f
Sl e 22 dy
—2( 2w 2) = 30 |}
adica
2 2
I = Ag(y,) [(”‘2 — %) ( :‘_:V (xzfi)’z} + :x;:, (%4, _')’2)] -
— 2 (g(xz:."}’z)—‘ :_j: (%1, ¥a) )] — Ay(y41) (%2 — ) (a‘:;: (%9, ¥1)+

+ 2 (3 ) =2 (2 ) ~ 2w 30 )|

8 — Studii pi cerceldrl de matematicd nr. 1/1962
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Insi dupd formulele (130) avem

= == 2
— Ax(9) = dyy) = — A=A,
astfel ca
(wg — #)*(vs — 90)? [ 8% 8 82f
L= 24 [axay (%, ¥2) + a9y (%1, 39) + Yy (%2, 31) +
& () = L ()
3 | | = x)200 — 92| 3y 7Y T gy
— (xy, ¥ —
+exay(ljl)l+ e [ Py i
af 3
3_ (%2, 94) — a—f (%1, 94)
. 2 . (132)
Xy — %y
In mod analog se giseste ci
S (4 — )%y — 90)? [ 8% 8:f atf
/ e [ ) L () + L (2 +
ﬂr(ﬂr’ V) 2 (¥, 1)
o*f (v — 2% — y)*fax Y "5z M
-+ iy (%1, 21) J 5 == - e 9+
3 ) 7
;{; (71, ¥2) — a_f (%1, 1)
s 4 & , (133)
Pg =i

Formulele (132), (133) aratd ci oricare ar fi functiile A4(y), ay(x), care
verifica conditiile (131), suma I -} J rimine aceeasi si este egald cu suma
membrilor ai doilea din formulele (132) si (133). Putem alege

(g — 1) (yy — 91) Nty
A = — 2 1/\Vg 1 oW "
3(3’) . (y 5 J ,
(134)
(la(;\’.) . (xg. —Aﬁ)(}fz — 91) [x . x4 sz
12 5
si cu aceasta, formulele (129) iau forma definitivi
1 iy .
QPD(“’: _)’) = a(x -_— xl)z(x . xz)_
il ) = = = 5ax =5 — 525y )
¥ (129")

_“—(--12-3-- #1)(ys — 24) (

12 2 — X)) (& — %)

o) = 7= B —ml — 2~
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L PP ¢ RS & PR || (O ek
I 3 (%2 — 29) (92 Jl)[”‘f = )(_\ 5 )+ |
(%3 — 1) ¥y — 31)?
+ 48
1 : 5l .
(%) = =~y — 3 — ) (:\f - {iJ(y = %LJ e

- (% — 5‘1)(3;'2 =) (

r ¥ =3y — )

el ) = o2 (v = 22y — 2% ]

20- F%%Cg‘f'i;?:lfi ‘Po(x:_y): (Pl(x!y)! ‘Pz(x:y)' ‘PS(”:y): <P4(5\"»;\’) daie de fwl'
mulele (129") sint pozitive in dreptunghiul D.

Intr-adevir, punind

A X iy — Jo =
p=ttByx gontagy AmA_, ntn_y

2 2
avem
@il y) = — T2 (XY + 20k),
ea(®, y) = % (X2 —B2)(Y? — &) + ’—3” (XY - ki),
ult 9 = — & . ® (XY 4 2hk)

si deoarece in dreptunghiul D avem
Xt —h2<< 0, Y:—R2<0, |XY|< hi,
rezultd cd in dreptunghiul D avem

(%) >0, (2, ¥) >0,  gy(x, ¥) > 0.

21. Restul in formula de cubaturd (127). Se observa ca

SS (Po(xa ) dx dy = (2 — #1)* (s — 1) ) SS <P1(9¢: y) dx dy 2 (%3 = ) (y5 — 21)? ,

720 72
L D
SS @a(x, V) dx dy = L e z“\'.:éyz —n (135)
b .
(=) (ys — 09! 3 e o (72 — 1) s — 31)°
SS ol y) @ dy = p . SS Pul%, y) dx dy = — :
D D -
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Tinind seamd ci functiile gy(x, y), - .., ,(x, ¥) sint pozitive in drep-
tunghiul D, din formulele (128) si (135) se deduce ci restul formulei de
cubaturd (127) se mai poate scrie sub forma

R _ (-~ X;)zfo'vz — 1) [(xz — 1)t 3“{
8x

(ilr yl) +

+ 1001 — 1) (52 —30) 5L (G, ) +

+ 20(x, — x1)? (5 — 31)? ey (%3, ) + (136)
64
+ 10(%y — %) (v — J’])aax—;;a (Es ma) +
4
+ (a — 34 2L (&, 0],
ay ,

unde (E,:, ni), t =1,2,3,4,5 sint coordonatele unor anumite puncte din
domeniul D. :
Notind in general cuaﬂ:[ ix margini superioare ale valorilor absolute
—, 1+ k=4, deducem din formula (136)
axigyk
urmétoarea evaluare a valorii absolute a restului :

ale derivatelor partiale

o (m = m) e — ‘
1R < A VA [Myo(2, — 2,)5 + 10 Mgy (2, — %1)3(ys — 1) +

720

(137).
+ 20 Mpy(%y—x)* (g — 1) 10 Mg( % — 27) (v, —21) ¥+ Moy(y2—31)"].

OBOBUIEHHWE KBAJIPATYPHOM ®OPMVJIbl H. OBPELIKOBA B
CJIYUAE NBOMHBIX MHTETPAJIOB

KPATKOE COIEPKAHME

B uacrosmenm 1pyne oboGuaercs kaaparypuas dopmyma (1) H, OG-
pemkoa [1] B ciyuae ABOMHBIX HHTErpajoB OTHOCHTENLHO MPSMOYTOJIBHO
obaacty. Hro0bl L0CTHUL 3TOro 0GO06LIEHIST, NMPHAMEHH/H TOT K& METOM, UTO
n B;prﬂc [3] mns oBobmennst kBagpaTypHOIl (hOPMyIBl Tpamemiy, B cayuae
JBOHHBIX HHTEIPAJOB OTHOCHTEILLHO MPSIMOYTOJBHON 06sacTH.

B § 1 naéres npeasapureannast opmyia (6), npusemmas nac K Tpak-
TOBKE B § 2 IPeJe/BHON 3a/aun OTHOCHT@NBHO CHCTEMBI YPABHEHH € yacT-
HBIMH TIPOH3BOAHLIMH (7) NpH BBIFOJHO BHIGPAHHBIX MPEIEJBHBIX YCJOBHSX,
TakHM 0Gpasom, uToObl M3 HpenBapureabHoil Gopmyas (6) Moram BbIBecTH
Ky6aTypryto- dopmyay (17). Tak xak pemlenne 3Toif 3afaud NpencTABJISLIO
TPYAHOCTH, MEI PELUIHIH 3afauy B caydasx Ne. 3 u 4,
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Taxum obpasoM, Aas f=3 Mbl nojayunan xybarypuyw (opmyay (39)
¢ e€ OCTATKOM, TAe (PYHKIHH @ @, @y, @3 Xapaxkrepuaymoowmue 3Ty ¢op-
Myay, nanbl dopmysaamu (39°). Mbl goxasanum uto 3TH (YHKUME OTPHIA-
TEJIbHBl B MPAMOYTOJbHUKe [, uyTO NPHBENO HAC K OlLeHKe abcoMioTHOrO 3Ha-
YeHHs OCTAaTKa NpH MOMOIIH HepaBeHcTBa (42).

B cayuae n=4 Mol jganm e KyGaTypHbix ¢opmyasl, Ilepsag — 3T0
(popmyna (89) ¢ ocratrkom, nauubim (opmysoi (90), a QyHKUHT @, Py, Pa
9, @y Aatorest opmydamu (50), (51), u (88). Bropaa xybarypuas dop-
Myna — 3to opmyaa (127), ocrarok koropoii paéres dopmysoi (128), a
GyHruERE @), ©1, 9, @5, @4 Aatorcsa Gopmyaamu (1297). Mbl noxasanim, uto
Bee aTH  (PYHKUMH  [OJOMKUTENbHEl B MpAMOyrosbHuke [), uTto pano wam
BOBMOXKHOCTh OTEHHTh abCOMOTHOC 3HAUCHHE OCTATKA MPH TMOMOIH Hepa-
peHcTBa (137).

B rpyme Baxkno To, uto 3agaua HaxoMAeHHs KyGarypHOii (popMysbl
Bupa (39), (89), wmam (127) u ocraTRa cBeJack K peUICHHIO TIPEAEIBLHOi
3anavn OTHOCHTENBHO YPABHEHWT ¢ wacTHRIMEH MPOH3BOAHBIMH (7).

LA GENERALISATION DE LA FORMULE DE QUADRATURE DE
N. OBRESCHKOFEF A DES INTEGRALES DOUBLES

RESUME

Dans ce travail on généralise la formule de quadrature (1) de N. Obre-
schkoff [1] &4 des inte; rales doubles relativement & un demaine ' rectangu-
laire. Pour aboutir a4 ces généralisations on a appliqueé la méme méthode
que dans le travail [3] pour généraliser la formule de quadrature du tra-
péze, 4 des intégrales doubles relativement a un domaiue rectangulaire.

Au § 1 este donnée la formule préliminaire (6) qui nous a conduit a
traiter, au § 2, un probléme aux limites relativement au systéme d’équations
aux dérivées partielles (7) aux conditions aux limites convenablement
cheisies, telles qu’on puisse déduire de la formule préliminaire (6) une formule
de cubature de la forme (17). La résolution de ce probléme présentant des
difficultés, nous avons résolu ces problémes dans les cas n=3 et 4.

Ainsi nous avons obtenu pour # = 3 la formule de cubature (39) avec
son reste, oil les fonctions ¢, ¢, ¢,, @5 qui caractérisent cette formule sont
donnes par les formules (39’). Nous avons démontré que ces fonctions sont
négatives dans le rectangle D, ce qui nous a conduit a I'évaluation de la
valeur absolue du reste par l'inégalité (42).

Dans le cas # = 4 nous avons donné deux formules de cubatures.
La premiére est la formule (89) dont le reste est donné par la formule (90)
les foncticns @, @1, ¢y, @3, ¢, étant données par les formules (50), (51) et
(88). La deuxiéme formule de cubature est la formule (127) dont le reste est
donné par la formule (128) et les fonctions @y, ¢;, ¢y, @3, ¢, Par les formules
(129') Nous avons démontré que toutes ces fonctions sont positives dans
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le rectangle D, ce qui nous a permis de donner une évalution de la valeur
absolue du reste par 'inégalité (127).

Ce qui importe d’étre relevé, c'est que, dans ce travail, nous avons
1éduit le probleme consistant 4 trouver une formule de cubature de la forme
(39), (89) ou (127) et du reste & la résolution d’un probléeme aux limites
relatif aux équations aux dérivées partielles (7).
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