CONTRIBUTII LA INTEGRAREA NUMERICA
A FUNCTIILOR DE MAT MULTE VARIABILE
DE
D. D. STANCU

Comunicare prezenlald la sedinta din 24 seplembrie 1956 a Filialei Cluj a Academviei R.P.R.

§ 1. Considera{iuni generale

I. S4 notdim cu D un domeniu din spatiul euclidian s — dimensional
Es. cu duy un element de volum din D, cu f(M) si K(M) doud functii de
punctul M = M(#, ¢2,...,15), integrabile in domeniul considerat.

Prin formuld de integrare numericd sau formuld de cubaturd se in-

telege o formuld de forma

Y N

‘ ‘ 2o fK(M)f(M)de = glcf,f(ﬂér,-) +p, (1)

c‘ . ‘U = ’
unde numerele ¢; — care se numesc coeficientii formulei — depind numai

de nodurile M; ale formulei de cubaturi, care sint puncte din D;p este

restul acestei formule.
Suma finitd din membrul al doilea

N
Ji) = Zlﬂff(Mf) (2)
=
reprezintd o evaluare aproximativd a functionalei
= [K(M)f(M)de, 3)
h “u

unde functiunea K(M) se presupune cd e aleasd odatd pentru totdeauna
pentru functionala /(f) si cd péstreazd un semn constant in D.

Asadar, o formuld de cubaturi este o formuld care permite si se dea
o0 evaluare aproximativi a unei'integrale definite dintr-o functie /(M), multi-
plicatd cu o functie pondere K(M), printr-o anumitd combinatic liniard a
valorilor functiei /(M) pe un numadr finit de puncte distincte. Avem si formule
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de cubaturd in care intervin si valorile derivatelor partiale ale Iui /(M)
in anumite puncte,

Restul p al formulei (1) reprezinti valoarea, dati de aceasti formuls,
a unei functionale aditive si omogene, pe care, pentru a indica functia
{(M), o vom nota de asemenea cu p(f).

2. Vom spune ci formula (1) are gradul partial de exactitate R
2o Mg) o dlack
a) p(P) =0 pentru orice polinom P(M) de grad (#y Moz 7 Hs),
b) p(£) # 0 pentru cel putin un polinom P(M) de grad (n, + 1,
e + 1, 0., ns 1),

3. Problemele de bazd care se pun acum sint urmitoarele:

a) A construi formulele de ctbaturi, adied a determina coelicientil
¢; si nodurile M;.

b) A da si studia expresia restului acestor formule pentru a putea
evalua eroarea care se comite cind pentru I(f) se ia valoarea apro-
ximativa J(f).

Se stie cd o metodd generald de construire a formulelor de cubaturi
constd in a inlocui functia f(M) prin expresia sa datd de o formuali de inter
polare,

Daca presupunem cd f(M) este dezvoltabild in seria uniform conver-
gentd in /)

f(JI) = T b e (fl)!'\' ' _(#A‘)fs (4)

sl punem
L [ ' f[{(tl. e B) (B9 L. () duy,
i e

restul va fi reprezentat de seria

0 N
P \> ff:,...,-SJf,...,_\,- Zb,(f'}'.)-"y..(l_f)"-v], (b)

A
tgs we vy de =10 J=1

cantitafile intre parantezele drepte fiind toate indepedente de f(M).
Dacd f(M) e un polinom de gradul (ng, n.,..., n), avem

L) = JiH),

oricare ar fi coeficientii a;...i bentru care gp= n(k=1, s).
tady =

Aceasta ne conduce la urmitoarele ecuafii

N ) .
1 AN =0
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4. E firesc sd ciutdm si mdirim precizia formulei de cubaturd despre
care vorbim, cdutind si determinim cele sN necunoscute (8 Boe oo 88),
i =1, N astfel ca si se anuleze, oricare ar fi functia f(M), si cei sN ter-
meni urmitori din seria (5), deducind in acest mod sN ecuatii noi de forma

1

PIL R CHE s T

In felul acesta se obtine in total un sistem de (s + 1)N ecuatii cu tot
atitea necunoscute
gt oL ¥ (¢ =1,N).

Pentru ca problema si fie posibild va trebui ca sistemul liniar care
s¢ obtine sd fie compatibil ¢i sd ne conduci la N puncte M; reale aparti-
nind domeniului D si fird si fie situate pe o hipersuprafati de ordinul
(7, 715, . .,m5) pentru a nu se anula anumiti determinanti care vor inter-
veni la numitorii expresiilor coeficientiilor ¢; .

5. Intr-o lucrare precedenti [37, relativ la sistemul de N — (ny41). ..
. (ng 4+ 1) noduri

ﬂ’[il Sy SN ﬂ’fi, i_;-(l‘;'l 3 f:?;fz’ ariasion; t‘:‘f JS) : (h)
am dat formula de interpolare
f (ﬂ’f) = LJ?,:.'Q... g (,ﬂ/[) = Rs(ﬂﬁr), : (7)
unde
n+1 H -1
N ! 5 s s
]’n, . (M) = E Tt 2 ['E;(tl)' 43 lz‘f sy (i )f(ﬂ’ji,...f's)’ (8)
= B=1
cu K k
k (1.'() o, ey (t)
{ L) = )
&} Iy k I Lk k
t —z’).]. ‘1) i, i 1(t,[ ?k)
"1
k k k k
LR R H ('C- = fi,...z'k)’
f'k:1

e polinomul de interpolare de gradul (i, n,,..., ng) care coincide cu f(M)
pe nodurile (6).
Restul formulei (7) are expresia

s nm+1 n

=33

p=1 ij=1

p—1 p—1, p P
Tiiafand (t )”‘z';...." S-{,...{ ’
p—1 p—1 p-1

1
1
L bl

11}_1: L
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unde
G | 3
P B R & . (tl gres L o { )
‘§i|...ﬂ'p_14[t?t-i',...-ﬂpmlli“‘l fpeee by g fﬂp+1- f AR A R U A
Aiciin membrul drept avem diferenta divizati pe nodmllez’ 15, tigeneiy_y 1705

,ffllg...tp yn,—1 aplicatd variabilei ' a functiei
I .2 p—1 no ol S)
1(t, I AR I A

6. S4 presupunem cd punctele (6) apartin domeniului D. Dacd se
utilizeazi formula (7) se obtine formula de cubatura

-1 i1
ik waf Mydow = D> D Ay M) e, O)
=1 =1

unde coeficientii sint dati de formula

sy ] % s §
; :j'j .jf{ (e ) G, ) L @) at (10)
i

iar restul e dat de

o= SS . S K (M)R, (M)d M. (11)
]
7. Exemplu. Considerind in cazul s = 2 nodurile

M, (— a, —b), Mg(_- 4, — b—jc) M, (—a, c)

M, (o, = Zil“_) M. (0,0), M, (o,b j C) (12)
b

M, (a, —c), M, (a g—c), M, (a, b),

2

formula (7) ne conduce la formula de interpolare

Flo, gl = a~(b1-i— AE ¥ (x— a) ( ;C) (v +8)f(—a,c)—
2 _
~ B rort ¥ Al b - c)f(g a,’ . ) +
b —¢
= = (b:_ o x(x —a)(y—c (3; -+ T) f(—a, —b)

7%(:& By (y+b+c)f(0 b+b)+
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4 : ; (b + ¢)>
—+ ?m (xz—a*) [_\'2 - ]f (0, 0) —
2 . i b+ ¢ b+¢
EErg T (9’ =45 ]ﬂ”‘(" = (13)
1
gt av o=

L)

__(ig(b“—ﬁ)a.x(x{—a)(y—b)(y—}— c)f(a,b;c]—i-

+ ¢

+

(.!T(;—i-—c)zx (x + a) (y — ) (fv’ o

unde restul are expresia

r(x,9) =x(x*—a®[—a,0,a 2;f(x9)] +

A (v —a)(y +b)(y — ¢ (3' -+ 6 ; E:) : [c‘,c _) b, —b,y;f(a, ):)J —

“

i b
(e :’)ﬂv{y*f(bt )[ H“—bgc’i";”(”-")h

—-

s a0

Qc)(y+c) {b,bjc.c,y;fh a,y)J-

(14)
Luind ca domeniu de integrare paralelogramul D de virfuri

M(—a, —b), My(—a,c), M, (a, —c), M, (a, b) (15)
si ficind K(x,y) = 1, formula de cubaturd (9) devine

[fromnanay =g tforse v <o n + a9+
" b H—a, =) + fla, —o)] + 8 (T8 4 b + 76N £ (0,00 - (16)
+16 (202 +bc+2cz)[f( b+c]+f( —;f)+

il e
— f fy(x, y) dx dy. (17)

Formula de cubaturi (16) are gradul partial de exactitate (2,2) si
gradul global de exactitate egal cu 3.

—{—1(0.— +f(

unde
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Daci facem d = ¢ obtinem urmitoarea formuli de cubaturi de grad

partial de exactitate (3,3)

g S f(x, y)dydy =

D

--“—'”{f (@, ) + f(—a, ) + f (—a, —B) + f (a, —) + 4[f(0, b) +

f(—a, 0) 4 (0, —b) +7 (@,0)] +167 (0, o>}+ " h

care este tocmai formula clasicd a lui Cavalieri-Simpson extinsi la doui va-
riabile. Domeniul de integrare D este in acest caz dreptunghiul definit de
inegalititile

—g=x=aq —b=y=0b; (19)

Restul formulei de cubaturd a lui Cavalieri-Simpson e dat de formula

ot R x, dx {-,r‘ o
{ SS” (%,9) dx dy (20)
unde
R (%) = % (@ — ) [—a,0,4 ;] (x9)] +
+y (= 0)05,0,8,55/ (x.9)] — (21)

ol —@, 0, @, %

— x (2 —a?) y (v? - D)—b{} bv;!‘(x:})l

8. In continuare vom cduta sd ddm o evaluare a restulwi (20).
Se observd cd putem scrie

Wl b a b
i S S R(x, ) dx dy = g x (4 — a¥) ( —a, 0,4, % ;S fx,v) dy%
—a¥—b gttt . i '

b

— x(x2 — cﬁ)[_—a,(),a, x g Y (42 — b2 [B,0, — b; f(x, )] dy

—-b

}(i’-n: + (22)

a b
+ S S y (¥ — 0%)[—b,0,b,9;f(x, ) ] dxdy.
—aJd—b

Utilizind formula elementara
A

A
S Fl(u) du = g [F () + F (—t)] dt
4

L ; (23)

vom pufea scrie succesiv

i b
gt S lt(iiﬁaz)[*“oﬂ,l’,.g f(rf,'y)ffy}—
ol ?

b
— § {if% - r{'—‘)f —a, ), a, f'g

kb
—+— ! (t* — a?) [r! 0, —ua,
—b

atll b

” l

— a* {a 0, —a,t; S y) [fj-;
sk
"
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y (v —0%) . [b,0, — b,y f(L,y)] dy ] 3

] |

y (y* — 021D, 0, —b,y af(t, )] (;1\,“ dt 1

&,
|- Y(E—=0"—=b, 0, b, ;[ (v )] dldy = ﬂ; E(P* — a?) ( [ —a, 0, a, t;
Yo

V=g v =b

_ 7 b
\ J (L, y)dy l — ’u,ﬂ, ——ru_i;g (L v) dy

“—b

% 7] ]
b0, —b, v (A ;_u’_f\r} ) ]l Tk

Y—a

Dar in baza formulei de recurentd a diferentelor divizate avem

b T
{ &, 0 G ;g i (/-‘.“')d’,\’y o l(r_, 0, @ —T ;S
J_p ‘ _

b

—-'_’f[r!‘ﬂ,u,/. f.’;g { (L ) dy !
“—b I

<
’ [ q
{——uj 0,a,t ( (et — D) [0, 0, —byif
"i-—-b
b
—' a, O, —a, —1; S
| v—b
: il a
A N T = g vy (¥ —b*)[b,0,—b,y;f(t.y)] d’p}_
—b
Cu acestea vom putea serie in continuare
a | h
o -f-!jg 2 (e — (,2)’ } a, O, @, t, —t: (
Jo ‘ :
g 2 . ‘
—i—a0,a.l —1; S b;\' (v* —02)[b,0, —b,v; [t y)] dy
7 ]
4+ g Y (9 %) —b, 0, by, ;] (x
Vi—g¥—b
(i — Studii §i cercetari

¥ (> — 62 [, 0, =b, 5, f(t y)]dy { 8

It y) dy ' =

—b

) ] dxdy .

)7 LR — a?) (( a,0,a,t;

b

( Y (PE—02) (D, 0, —b, v ; [, v)]dy ’ _ ‘u, 0, —a — z’.;s v (v: — b2).

J_p

S ¥ (F—=0%) [—0,0,b,9 ;[ (x,9)] dxdy.
—b .

h \
[t y) dy

—b

(1‘, 7\') _‘ d\.’J —

i

= dt -+ ‘

—————————
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Deoarece #2 (1* — a*) pidstreazi un semn constant in intervalul de
integrare, putem aplica formula mediei gi gidsim

P=ﬂ[—m&a£2~€;f FE || -e 008 ¥

—b

VmeWWﬂ,th&ﬂhﬂfﬂﬁwﬁ+

0

vﬂﬂ( 2*1(59)

a b ; i ; e L o
+S_as_by P B R IR 1115 Tha 2y
b . E 04/ (& ¥ )
T 2y |50, = gt A L Y
S_by(y )[ L ])
* ; : e’ &) .
_|_S—as_by(jz_bz)[_b,{},b,y,f]d.xd_1f 905 ]
5 b
+;%S y (y: — b)[boby 2%“]h-+
H —b J

b 6776 ml
45 o Ed

*ﬂawlw_

a b
s S S Y (y* — 02)[—b,0,b,y; fldx dy = —
—a ¥ —=b

b a )
+S y (yiébz)[—b,ﬂ,b,y;g f (%, y)a‘uJr 4
=

= fet
Aplicind iarfisi formula (23), primim succesiv
ad b a
0 = @%b g7 (& m) S( [ bOb;,S f(x, 7) dx -
: 45 624 0 | —a
5 ] a 5 a4 (5 )T\
a® '/ (&) T)] T (72 — bg)[b,(), —b, ——7;S f(%,7) da—+ Wit a—lf (QT)J] dr=
90 ¢ E4 —a 90 0 E4
b a
=Wa 5b a1 (E n) +ST ({__b 0,b+ S flx =)dx +
45 0 E4 0 —a
a 5 54 .
+ﬂjw:|_[bn0: b:"T;S f(x, T) dﬂ‘_ﬁ_awzl):l)dp_
90 oE* —a 9N ok ,

i a%b o*f (E,m) +2 Sb 2 (72 — bﬂ)[—b, 0,b,7v,—7; ga f(x, =) dz 4
45 Gl 0 -

3 _‘(1'_5 4](( ) P _ﬂ{’ M 4 2[_5) 0, b, 7}’, *TJI ;Su f (_-1_{) q') (17_-1'+
90 o9&t 45 g E* -
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3 4 il b 5 4 .
fft__a_f(if,)]g 72(12;62)(&:*“ b o* (& m)
90 gt _ip 45 PR
JE L el o) S ot
15 243, ant 15.24 .90 9E gn?
_ @%b ptE ) ekt 5"“!‘(51= n)  a’b® 9°f(& 1)
o 98! 5 ant 902 g £t gyt

Dacd introducem o natatie simbolicd dati de J. F. Steffensen
6] si mai nou utilizata mult de $. E. Mikeladze [1]

apf(ir 7]1)__ DP C‘)t]]’(f—;], 7?) T D'I’ ap-l—q f(E.u TJ) e Dpr.'

aEp = LJE, anq == Ut GEP "'Cq & 4LE (24)
restul (20) se va scrie in definitiv astfel
b 4 fi )
o = 4} a* Di+ b DAy "180 Di Dl (25)

Observatii 1% Restul dat de S. E. Mikeladze la pag. 491

a lucrdrii [1] trebuie rectificat i
L T 180

. . ill
plici derivata D D ,1 ,in formula sa figureazi ) aceastd inexactitate pro-
“4r)

vine din formula mai generald care o precede pe aceasta.

2° Formula (18), cu restul (25) a fost dati in cazul patratului cu
centrul in origine si cu latura unu de citre J. F. Steffensen [6], insi
fard si se arate ci £ si + care intervin mai sus sint aceiasi.

§ 2. Unele formule practice de cubaturid pentru integralele s-uple

9. Pentru formulele pe care le vom da va fi util si introducem un
operator S, definit astfel

Si@(M) =815 (L enn L EF L = (26)
=i, T 0 R T B Aal e B = P
Oricare sint numerele naturale i, &, (i< k;i. kR=s), se stabileste
imediat ¢ avem
Si(SeP)= Sy (S)e) =

A S VU R LT I
o, LT T, R E LR LB @)
+oo(t, . T R AT x" r g—kkt,f’”“, v, Bl
ol en S = AT L Rl
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10. Ne vor i utile dova lene importante,

Lema 1. Relativ la functia /(M) si la nodurile M. .- (t,'l el e Rl
a ciror coordomald de ordinul & par-urge valorile '
o~ Pl sty — i o by By ooty Pl (28)
(= (S 5)
avem formula de interpolarce
T = 7 (==
‘_ S 0 395 [ — o Uf(M,) +
§ [ /‘)' {
—a ;'i i 0 t') 0,i
- ;Y(—l) . N (M)
P, i (bi—1) 1 (B t1) !
1 =1
s—1 Pi i ) f' ;
in ST ik T E (1) — viilf) B /% L
.' o s (ﬁf_f..‘) : (/J,+” ! (ﬁbf f.ﬁ}! (7'7r+v'1)'
t=1 k=2 Ji—=1 =1
(i<k) ()‘l}
Sit ShF f(Mo)
Py « ‘
DD § e et gt
: - (P*h)h i)! (1) L{p.+9,)!
=1 fe=1
CSHLLLSY M) + Riaa(f: M),
unde
(30)
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. N=p+pt .. otpe; (33)
e 2 = K s — s
'\ii l(‘]fu);r([(]l!:¢ ’ un]h :r ,I---/u)_'_"(fl 'l, !{rl_?,]1,|{+!---;fr:)v
Restul are nrmitoarea expresie
i ; .
Ryge s (BM)=—pys. .5 (M)

cu

s

iz - s {j';,1[):: 2> fl;‘_)ﬂ ot ) (F }[ o+ fy, . '~ffij-‘p;’l&f'!£1i il i["‘:J i

b tit Ryt L B - '
e R L SR

B2 R e s e (). a5
ré.f +/zl a,+,b]m f,.ﬂr "

B Ak B
unde )
Fi= 5_1 Sy & 579y o oSy (M)
B —5 ey ST LSRR B )

Hig ot = (V)

Pentru demonstratie se considera formula de interpolare a lui Lagrange
pentru s valabile, cu restul sub forma dati de J. F. Steffensen [6].
Interpolarea se face pe o refea hiperparalelipipedici cu coordonatele nodu-
rilor echidistante. Ci aceasti formuli se poate aduce la forma (29) se
poate demonstra prin induectie completd?).

Lema 2. — Oricare ar fi functia f(M) integrabila in hiperparalelipi-
pedul
to—mh, <<t <<# +m, Al = I_;) (37)
avem formula
i ."1} - my Iy ¢ .‘3 S iy *hits
f(M)dM =hy... h\ ...\ S,...Ssf/(M)dM. (38)
.\ Illl — iy Iy J n": — g g 0 0

Demonstratia se face de asemenca prin inductie completd asupra lui s.

1) Vezi lucrarea [1].
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11. Bazafi pe aceste leme vom putea enunta urmitoarea

TROREMA : Relativ la funciia {(M) si la nodurile pe care le foloseste
formula (29) avem formula de cubaturd

o * » f(} + oy Iy . fg + g hs
\S\ f(M)dM—\ \ 7 (M) dM =
< JD I[il — #iy Iy ) Ig —mg hg

@/

S Pi
=y s oo Bs | AQF (M) - EZ Aj S (M) +

=1 =1 (35)

Pr
ZJ Z Al SYSY £ (1) +

|

=3
1)
==
28 Ps
1;2, .8
+2 EA:&?» ST SEH(M )] +-7s,
7‘1=1 ?v=1
unde
A » Sml S”h U(Uu
98 — = . o @
gsdo=(—1) 0 . P
T (71)1‘“?}' ny s U,
= [. F== " @ TNl rEL T .TxA
g 4, = B! -So B, %, M (40)
3 i (__1)"'—%*5'5- "y ms (..
A = . : : : %y uf AM
28" ik (pt_fs) ! (?5;‘1‘?.-) I (i}ki?k) ! (?%*Fj',,)z So L S(’] Pu- Tk

1 [ s (fl)w—jlf...—y‘s

m n
oy Bt : < . . ! Col vt dM
28 “MwIs T (B —ga) Wiyl L - MBI Sg SD Ui

ay

iy

m,
2 N Y SU 019e-s (f ;M)AM. (41)

o
Relativ Ja rest vom demonstra urmitoarea
TEOREMA: Dacd in domeniul D functia {(M) e continud impreund
cu derivatele sale parfiale de ordinul (2p; +2, 29, + 2,. .., 295+ 2), atunci
pentru vestul (41) se obfine evaluarea

S
l r e EN]I:[ ]lel’f[?b‘ {|__1.. ] B D2PG+)
2.5‘ i

(2p.+2)!
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z im,;hl N ik ORI s RO X DR e
@p+2)! (25.42)!
1=1 k=
(i<k)
L m e (42)
%(*1)371— ol 7]2:“ ‘7' . 2 B D‘);bl—}—’_' Dzibrl‘z
( 7‘)1'4'"*3 -(3?5.-;Jr3) £
unde
Ny =y o Ty Wy 450 W
Nig=m, ... 0 1M q.. Mg_yMpyq.. Mg (43)
N12 = 1
$1
i
Bi=\ epumar. (14)
0

Demonstratia o vom da in cazul s=3; in cazul lui s oarecare se va
proceda exact la fel, tinind numai seama de formula (35) si de lema 2.
In cazul Iui E, restul (35) se scrie explicit astfel

Pralf ;M) = ‘)h’?f)]+2(tl)2u’1(51) [étihillizl: By, -,ttllﬂ: Plkl,t(l] 4 it Fy] (4b)
+ 2P TR (2 0, () [B85 gy B poinds — Bgf?; F]
+ 283732, (%) (83 & by, . B3 L Py by ls 4 By #3; F]

10,0 - By, . . .o S piythhtt

TECYE W ‘ ;
_4 A2Y2,0  (F1Ygy (£ s
AR P (P)6p) | a2 Frgy . o o 13 oo, ok Tot?

12
[t 1 1 1
to,l‘foj: kl!' f .,to :{:plhl,tg - ]lef .
13

2pit2 , 2pyt-2
— 4 T2 (0143201, (£ Yot (23 ;
(3t ]7 ( ) ul(t )@"fﬁ (t ) | tg,tg j: ’123, L ,ng :l: ¢?3h3,f3 :i:kata J

[ B8 & by 85 £ Pl I

2py-2 , 2,12 2
4] 2 ] g f2t3 2 2 3 :
R T E R S S

23

+ 8 h‘flerz k%’bﬂ“ hi‘bﬁ_z (£12%28%)% 07 (1) 05 (£2) 163(23) X
500 <k By, oo B By ToL Tt
X | 348 by, ... 6L poho tet byt Fy g
13,85 & hg, . . . Bo Dl tathot?
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58

unde
Fy =S, Syf (810,83 = [ b5+ ot a4+ hat®) +1(E108— Rl 13+ hgt®) -f (11,124
ot ta—hgt®) + F(EL 8 — Ryt fa—hatd)

Fy = S;S,/(0.,22,6%)

Fy = SySof(11,1%)

Fyy = SR8 = HE 200 + hat®) + FE2,06 — hytd)

Hig = S,f(tL2,18%)

Fag = S5,f(L15,1%)

Figy = f(11,8%,8%).

Sa calculam acum integrala

“"2 -vii.'a

m
s (gl = ]"1]7'2/"38 [S \ o(iL 2 13 drdi2de®. (446
0 Jo Jo

Vom evalua mai intii aceasta integrald pentru primul termen al restu-
lui (45); primim

J?b 4 3 11y ”7, H.E )
=2 Thyh S S S (2 a0y (1) [bobob by, . . . TP Iy byt ;T A0
0 0

9h 13 i, Mg iy
:2]1,1!/31 by Su dt® Su dtsg il ([?‘0,50""]!1»- ) tU + 9, h!,/” + k8 Fy]) 4O, (1),
unde

fl
o) =§ s yar

—HYy

este o funcfie care conform studiului ficut de J. F. Steffeunsen [6]2)
pastreazd un semn constant in intervalul [—m,,0].
Integrmd prin pirti gidsim

0
rh—= —2n? 1_‘“’175217.3 S ritzg dt3 S
0 0

4]
Q)3 4 [ttty . . . o pohy it

—Hty
kit iFy | di
Dar

1 .
[tododhy, . o 2oL Pihy ly 4yt F,] — Yt ([fo,t0+ oy, - . LoFpihy, th+
+hatE ] A [lobod-hy, . dopihth — Byt FL)

astfel ca vom putea scrie in continuare

0

m‘ ﬂlﬂ
=2, SO *dtzgﬂ dt3S QuEN (TSI & hryy . BDL Priy b+

—hy

+ Ry 8,85 + At Fyl+ [0 4 By . et prhyth— gt 8 hott; B det)

®) pag. 155. Vezi de asemcnea §i 8. E. Mikeladze [1], pag 312.

INTEGRAREA NUMERICA A FUNCTIILOR bt

._..
[} ]

Aplicind teorema mediei integralelor triple si tmmd seama ca /(M’J
admite in (D) derivate partiale de ordinul ("p] +2, 20, + 2, 29,
continue, putem scrie

phe it hgff.:,([t},,z—}, 4 Dyt Pihith + Byt + By F], o
0

iy iy
[l & sy phth— itz B e (Cas g ean,

<0 0 —niy

unde
'.",'r3| - “_}? '7’3 / 3,/7 L 2+
= [(Epf0 o to \ 13G1) + HGpto —lgny o + A3 Gy) + f(Ento
1y ’71-' —hs € )+ f( 51-[(1—”13'11't0 hy Gy).
Aplicind acum teorema de medie a diferentelor divizate obtinem %)

0

2 2prt2 :
o ;’fl h, U Thahy 07T (E, q, 0 ny o -
= (2P +2)! d ;’P1 -\“ a gu EHJS_:H, Qu (1) b’

Integrind prin parfi se gaseste ca

0 (U] 0

S AQy (1Y) dit — S (2, (2Y) dt.
—li.'] Ufl 7!.’!]

0

§ e = o,
— iy |

Inlocuind mai sus gdsim in definitiv ca

hi sertd i’z__fzamzm 5

(29,+2) !
La fel se procedeazd la evaluarea integralei triple 7, din urmatorii doi

termeni ai restului (45).
Al patrulea termen al restului este

=k D! +2§ R g (1) i
Y0

; iy *ig "y
r3 = — 4 3P+ papt3 ., \ dt? \ dt? \ (1222 ey, (£1) 0y (£2).
Jo 6 0
' {z[‘,, Wt Pyt i, bt Ryt il
8, B+ Py o, 5+ oy, B3 hper? 22 [0
Tinind seama de propnetatm de suprapunere a diferentelor divizate
definite pe tefele Marchaud, si calculim integrala [

*my s |
Ty = \ (h‘.“\ ()2 g (82) [ 85, 65 & hoye o, 83+ Poiia, 1o + byt ; Fopl dt. ]
J 0

0

Pe baza rezultatelor precedente avem

my

- Pyt ( (£2)2 u, (2) di2.

o0

2my
" epre)!

3 Vezi[4].
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Cu acestea
A Bm, B3T3 p2natiy  cm, h o
rg = — 3(2?5 oyl L . (22)2 u, (£2) zit'“.s_m (£Y)2 4y (22).
(80, B hye ooy 0§ Py dy, B+ Rytt; DEPYE g,

Si acum, folosind iar evaluarea dati la primul termen al restului, se gdseste ca

o R e s
— D P1 D pz+2
BT RATD I 2ht2)! NOR

In mod analog se obtin

1y (11) df? S ()2 w4y (2) dt2.

3 2D,
5  —8pPip pieets

My o op+2 ~ap.ra (™
Yo — D DePs i1 2l i 3 3 %
T EATE @2 t2)! S WOR 2 (1) e § () g 03) s
— 8y hEPt3 pEmt3

6

it
¥3 = L

(22 +2)! (Zﬁ +2)!

Al saptelea si ultimul termen al restului este
2p1+3 7 2pgt3 Y
— 8 1 Pyt ]2Pz+ h%!’s-r-:"gu S
0

B, ot Ry ooy 8% prhy, By £ By 1
G, B by ooy B3+ Dohy, B+ hot?3] | - AR,
| 5, tat Py, B Pyha, by Byt

In baza celor precedente avem

y ms
D2 Dt (™ ()2 uy (1) are 0 92wy 19) a.

ny

(£ 12 £3)2 0ty (£1) a1, (£2) 20, (£9).

0

fitg "
U 2 ) [, Rt by, B pyy, 8yt f]des—
1

my,
e 20502\ 7 r3\e
. = n a2 e 0 a
si
1 mny ) . rms 5. 3
mgo )20y (%) a2\ ()2 g ()83, Bt By, By
1
7 52, D2P3+2 di2 — 20242 2p;+2 ’
L o — B @ 21 O DR X
Iy s
SNGRAG) a2 " ()2, (13) are
Astfel cd
g - T S 2pi42 20,42 1y2mr2 (™
A CATY I EA T EATE e DD @ an

n: My
SNGE a2\ (97 uy a3,
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Asadar in E, restul formulei de cubaturd (39) poate fi exprimat prin
formula
 Bomy g 1" hy g

73:?%_*_"-_’_1; (;)p_’_))' = BID§f1+2+
1
8 1y 1mq by B3T3, 8 11, 1 1y K, th‘
R 1y 2 3 B 021‘1342 i e A Bl Fle — B, D2P3+2
T g2 T Ent2)!

8 mg B3 33 g

T @H+2) ! Cht2)!

2p,+3
Alusd ho hi3 Putt

B; B, D piett

8 11y I (47)

CRA+2)! 28+2)!

2p,+-3 hzﬂ-. +3

B, B, D D t® —

8wyl
(2p42)! 2p+2)!
8 k%p1+3 hgﬁz+3 h%!p;ﬂrii

T a2 28 +2)! 25+2)!

unde

B, B, Di""* D2 4

5) ) 201+2 12pe4-2 y2p5+2
JE’1 sznDE. Dig DEas ’

m,
By :g (#)2 u, () d2'.
Jo

12. O categorie importantd de formule de cubaturd se obtine din (39)
daca se ia mi=H;, =1, s. Asemenea formule le vom numi, impreuni cu
I. F. Steffensen [6]si S E. Mikeladze [1], formule de tip
inchis.

In cazul cind limitele integralei a ¢ —a (¢=1, s) sint in afara interva-
lulwi (fo — i by, fo+ ), cu alte cuvinte mi >pi (F=1, s), obfinem aga
numitele formule de tip deschis.

Si, in sfirsit, daci my; <9, obtinem formulele de cubaturd cu noduri
asezate In afara domeniului de integrare.

§ 3. Cazuri particulare importante ale formulelor de eubaturi precedente

13. Vom considera acum anumite cazuri particulare, care ni se par
mai interesante, ale formulei (39).

In cazul s=1 majoritatea formulelor care se obfin au fost date de
citre I. F. Steffensen [6], S. E. Mikeladze [1], W. E.
Milne [2], etc.

Schimbind putin notatiile, formula (39) in cazul s=1 devine

Xo+mh p
S f(x)dx 1;@[ A3 (%) + 3, 4} S} (xo)}Jr r, =
j=1

X=nnh

P
lAﬂf (%) E ( f (% +7h) + 7 (x ?.k))] i £ B
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unde

1 0 = ijs)Sant e —-
. s =G i B i 1Y
51 . '
1 h2pi 3 9942 m
g "= (3?"_‘{_ 0)*! Di “S” vE (0 —1). .. (%% — $?) da

% aed ce 19 1 (AR R ¥ r
14, Dacd se ia in (48) p=0 se obtine formula de cuadraturd cu un nod

sx,--mh 3
m3 p3

S f (%) dx=2mh flx,) + - o L GEY, {49)
Xg—mh 2

5

iar dacd facem p=1 se giseste formula cu 3 noduri

PRy himE mh
S Flz) dy =—— [9 (3 — m2) f () + w2 f (g + R |+ f (%, - h)J
Xo—nth 3 -
’ (h0)
m? (3 m? — b)
180
Pentru n=1 se obtine o bmgcunoaguta formula de tip inchis : formula
lui Cavalieri-Simpson.
Pentru m=3, p=2 se giseste formula de cuadraturi de tip deschiz

Vs v (2),

*x,+3h

[ el i
S F)dx — (934 f (x,) — 126 [ (xy Fh)F F (2, — h) -
e/ X, ~3h 30 E . .

1 99 __] + /‘ __:_0[ " JTfVDH
L 99 (£ 2R) | [ (a ”]Mm" (&)

de grad de exactitate 5.

5 ‘ : - ;
I5. In cazul :=2 formula de cubaturd (39) se scrie
*Xo+mh AYutnk P
dx - . ] " L Tl R .
S [y dy=hb [ A8 f(xe x0) + N AL S¥1 (10 vy) =
Xg—mh o/ yo—nk i=1

=

(51)

q
e Z Az ('U' (%0, Vo) Z ; A 1,12 - :; : j‘2f (€ ,\’n)] = o

sau mai explicit

Xg+mth Yo+nk
S dx g‘ f(x,v) dy =

x,—nth Yo—nk

U INTEGRAREA NUMERICA A FUNCTIILOR 02
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P

_.me‘_r o 30) + 3 A { [ (g i vo) + f (30 — Th,90) | +

E E . ﬁ “f (%0, Vo T 2) + 1 (%Yo — 1 ff’\) s (52)
i=1

K .
N }: 4”(fu., + ihovy A= 7R) £ [ (% — iR vo 47 R) -

=]

FFlxg b, vy — k) + (g — i, vy —1k) ]‘ Lty

Nt
1 . 7( L) emeon e _
CAY e r)ﬂg.. gn wle) vy dxds
1 (— [)"’ " moen )
! o(v) ai(x) dxdy 53
CN T T g ) b \, 7)) dxds (63)
| g (7—],)“"’ 7 N s ot
LT gD G+ rS S, (%) bily) dx ax
1 : (— 1) i1 i ‘ .
L2 — =+ gl An Y S LT
| Ayt7 = RN S U E ey e TS“ Su i (%) bi(y) da
iar
il lf
i (x) == 11 (a i), o(y) = 1L (v2—2)
= j=1

Restul are urmatoarea expresie
mh kPR
(2g+2)!

) 1
I)ZP" DZ(" 2 SU X2 () dx g[] yio (y) dy.

if Hl".’.' ) n"f’ m
- £ = 2p--2 - N L
Pl = (2 p 19! Dk g” A% u(x)dy H
J2P 43 g2t
26+ 2: 1 (29g+4+2)!

16. Daca in (H2) seia p= g = (0 se obfine urmatoarea formula de cuba-
turi de tip deschis de grad de exactitate (1,1)

. I
2 +2 2 5 ool ol
2 S” V2o (V) dy —

(55)

xXp+mh V= k
5‘ ((‘.\'s flaydy =4 mn bk | (x0) = p.

x,—nml yi—nk

unde

2 : 2 ; L e [
p=5 md o b ke Dy - 5 e R Dﬁ =5 m® ik DE D3
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Se obtine o formuld de cubaturd importanti dac seia p = A==l

Xo-+mh Vo+k .
S d;\:s flxy)dy =

Xy—inh Vo—nk

nmhk
— [4 (m* — 3) (1% — 3) f (xp,5) — 2m2 (n® —3) .

9

: ( f(xo =} h’:'yn) T ]l(xu = k!.\’n)) — 2n? '\mz _"3)(]!(3:01.3’0 s k) +f(x0",‘"u i ]")] =5
+ m? n? (]’ (g + Ay, + &)

+1(%o—hyo+E) + /(% + by, —k) 4 f(xuh':}'uAkH +p
unde restul are expresia

_ WokmPn(3mf—5) | i ik Pmand(3n2—5)

90 = 90 Dy
PR m3n3(3m2 —5) (3n2—5
_ B b))
144

Féacind mai sus m = n =1 se ajunge la formula de cubaturd a lui
Cavalieri-Simpson pentru doud variahile

#,~h Vot
{7 M) dy=
y,—k

xo—N

hk
= % [F(%o+h.yo+R) + [(xg—hye+k) + H(%+-h,y0—F) + Hxo—h,vy—R)

+4(f(x0‘|*h:’}"n) + H(xe—h.30) + f(x0,30+k) + _f(.\-},,_\'(,_k)) i Eir s e,

unde
o —]Lk BADY L papt —] 14 4_
= — fh, » 5 e I G
f 5 11D +4-k4D, 180 hik DgD,,J

Am regasit astfel pe altd cale expresia (25) a restului formulei lui
Cavalieri-Simpson.
Pentru #m—=—n=2 avem

¥o20 Vot 2k
S dx S _fxy) dy=

r,—2h

B lhkk

{f %,¥0) —2[[(x+1ye) +F (%p— h,vo) +1 (%0,501+%) ) HH (%o v0—R)] +
44 ff(,.u+/f.,;\.0+k + vy —hvy k) +H %o+ vy —R +flxg—h,y,—R) Y +oa,

cu

56 | .
p:j—ﬁk“k D;+ ]fe DJ—&]% 5 DD}

INTEGRAREA NUMERICA A FUNCTIILOR 95

Pentru p=g=2 formula (52) devine, luind pentru simplificare xy=y,=0

il *nk

J—mh ) —nk

— o {cn.]f(o,owcm 010, 0) +1(—1,0) 14+ Can [£21,0) +(—28,0)]  (56)

+Cot [1(0, B)4-£(0,— k) 14+ Coal F(0,28) 10, —2k) |+ Coy [l 1) +f(—h, )
1, —R) - f(—h,—h }1+cm (100, 28) -+ H(—h 2 - f (b, —2R) -+ (— I, —2) )
- Con[F(2I, B)+-H(— 20 )+ (2, — ) - — 2, — R) 1+ Can T/(2h, 28)

+ H(—2h, 2k)+}(2h, —2k)+ H(—2h,—2R) ] }+o.

unde
__ nmhk ” 6 e
> = 3780 [ARS Dg+ B k8Dy — CheRSDe D]
Coo=36 (3m*—25 m®+60)(3n1—25n%+60)
Cro=—24m2%(3 m2—20)(2n*—25 n2160)
Cop==6 m?(3m>—>)(3n?—2b5 n2-}-60)
Cop=—24 n2(3n%—20)(3m*—25 m24-60)
Cpa=06 n%(3 #>—5)(3 m*—25 n24-60)
Ciy=16 m*n?(3m2—20)(3n?—20)
Cio=—4m*n2(3m*—20) (312 —b)
Coy==—4m2n2(3m?—5)(3n2—20)
Cop=m*n?(3m?>—b)(3n*—5)
iar

A=m?(3m*—21 m>|28)
B=n?(3n*—21 n*>428)

fli '
(_,‘ — 2472 “% ,'1_2 2 &) Ipnl_9 2 2, ]
£ 15100 (3 1m? + 28)(3n 1n*+28)

Daci in (56) se face n=m=2 se obfine urmitoarea formuli de cuba-
turd de tip inchis, care are gradul partial de exactitate (3,5) :

S o g " i) dv dy—= o (144,1(0,0) -+ 384{F(~,0) £ F(1,0)+ 10, B)+1(0,8)]
—2h,) —2k

+84 [f(—24,0)+1(0, —2k) +7(0,2%) +7(2%,0) | +-1024 [{(—h,— k) +F(—h.k) +
+1(h,—k)+[(h.R) | 4224 TH(—2h, — k) +F(— 21, k) +f(—h, —2k) 4+ (—h,2k) 4
1, —2k) +[(h,2F) 41 (2R, — k) + H(2h, B) ] =49 [f(—2h, —2k) +F(—2h,2F)
+/(2h, —2k)+1(20,28) T} +p. -

cu
32 hk LBy 2 6o
o= — W[ Jﬁng kS D + Eft‘h.lﬂh_[)gl)n .
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Pentru m=n=23 se obtine formula de cubaturd de tip deschis

“3h "3k ”!/‘
\ \ e \)(f\tf\*’ {{uhf (0,0)=364[7(7,0) +F{—h,0)-+F(0,k)
ot — 3 Y

+/‘(u —R)T-+286[/(0,28)4/(0, —2&) - /(2h,0) ] 4196 [f(h, &)+

=R,V [ (h,—F) ( h,—R)] -—1»1 [F(R,2B) - F(—h,2k) - f(h, —2k)
f_f(+;’1, —2k) 120, R)H(—2h, R)Y4-7(2h,—R)+F{—20,—R) 1121 [f(2h,2F)
- F(—2h,2R) + f(2h, —2R)+-(—2h,—2F)] +p,

unde 7 . 5
R I T T
W8 Dg kb Dy — 50 /r‘k"[)gl),‘_ T,

&4

123
o= ik

Pentru m=—=n="2 din (56) se obtine o formulid de cubatura cu noduri
in afara domeniului de integrare, care meriti sid fie mentionatd.

17. In cazul s=3 formula de cubaturd (39) se scrie

Aty Vot "" "zt “".‘i"".:
\ dx \ LY \ Flxa,z)de=
oy — gy Jvy—ingh, S ag—mghy t
-(, ] 2
:"hlhih: ‘ Of Yoo Moo =0) ‘\ { \ It Vi Voo c 1= \ 5 f( Vi Vo)
’1*1 /2= :'

/ I
Hu 3y \‘ I 1,2 gu 1 0,2 s e '
1 0.9y %0) T f (X0, Vor20) —

'|§/

/ ﬁ
1 i _f] To=1
b
2 2 ,;J, il gbid \ 3 U2 us
]{( \” \n || b \ :l] ;( 4! ("l?‘\” “)
=1 j,=I ;_k] 1:.:1
{ | i‘ i
N NVN
! (Ul 0203 :
T > g ,1~4,n;,\ ({20,502 Zo) | +7,
=T ja=1 J5=1
unde
Ol e o P
-‘3“ /(-“nn‘u--*n)*/( r' '{"] No:26) 1 (Xg— “'1 VoiZa) (Ds)
0,2 - ) e i | | = 7 i 7
D JAE T n-*‘-’uj*.f(-\nv.‘ ot Jalta, %) (X0, Vo T2l %0)

c0Bgpnt e : o ’
-5_;':{ F{%0:80,:% :."r("\w.‘ 0r%0t f:;‘,"-":j} +."r(-'“1:vl\ n-""u*,’::’l":_‘.]
iar restul 7, are expresia de la (42) cu modificarea notatiei deja folosita

i oo 2=y, (3~
1 2 3
lp= Xy, lo="y;. fh=2.
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Coeficientii formulei (57) au expresiile

lAu (—1)Putpetpy (s
870 T [y D2(ps !jwb \ 5

Uy () ety (V) uq(2) dx dy d

0 Jo Jo

(_ 1)?"1+?5g +p—

Al ik iy (“hg (*hiy |
= ) L) T D B ) S[. 50 5{. U () (V)s() dxe dy dz

A2 (*1)?51—?“2’524‘ ?5:-;*]'2 (”1151”2 oy
)

1
8
s
8 T B i R BT BN ) o
1
8
i

Uy (%)03,(v) w4(2) d dz dv

0,0

?51 +p2 +?')3 = ].3 My al, pil,
AB R L ( ) L 1 2 8 3 iy 3 % i i
(P4 _?3) (P2 +]3) ( P11)%(p!)? S S SU hx)aly) v, (2) dx dy d
1,2 it (ﬁl)?j1+1b2+?¢!*‘7'1—?'2
85I (b =) L (Pt TPy —7a) T (o) L (Bal)®

My piity iy 5
: S S S W), (%) 05 () uy(2) dx dy dz

0 0 0

1 1,3 )Zb1+?b2+?"3*
8 it (P *71) (?] +7)! (75_) (B2—12)1(Bs+73 (7:’3‘5"73

: S”llgmzswﬂjl( %) uy(v) v7,(2) dx dy dz

Q 0 ()

14 pt )?51+?5z+?5d_
8 1 (py )2 (pa—10) V(B t+12) ! (2 _73) (?’3'{‘73)

: S”’ls'“zsm 21, (%) vf ) v,,( ) dx dy dz

0 0 0

il (_1)?1*1‘?59*5‘?5-3_]'.1*"'*].-a

1 E,J

— 423
8 il (1—7)! (?"1+71) (Do —72) (Pot72)! (g —7a) (B3 +75) !

my pimg ey P ”
'Sn Sn Sr: V(%) vj(v) vj,(2) dx dy dz.

2,3 {—

18. Ne vom opri acum asupra unor cazuri particulare importante ale
acestei formule,

Pentru py=p,=p;=0 se obfine o formuli de cubaturi care foloseste
un singur nod si are gradul part1al de exactitate (1,1,1)

SSSD H(x, v, 2) dx dy dz=8 mymymyzh,hoh, (%0,90,20) 6, (b9)

- unde D) este paralelipipedul

Bo— Myl =X Kg by, Yo — Mol ="y Sy o+ ohy , 2g— Mghg =27, +mgh; (60 )

lar restul are expresia

7 — Studii si cercetari
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v
Wy Ml fiohly . 3 e
o= 1—-2*%" 23 =-£m?hf]_)§—|— JxmghéDﬁ—}— unﬁng; 2 fH]NLgf.']]?v[) D —
B )
2 5 22,2722 2 3 3,2.2.9.0 }2_322213D2D2D21
=~ mfmﬁhq h3Dg Dy — %‘J"n"l-z'f’]?ghg]’i‘»gDnDt L ()nwnzmalu Moz De DDy 1.

Se observa cd unicul nod pe care e definitd aceastd formula se gaseste
in centrul de greutate al domeniului D, presupus omogen. Aceastd formula
e de tip Gauss, intrucit foloseste minimul de noduri posibil.

19. Ficind in formula (57) p=p,=—p,==1.se obtine formula de cubaturi

SSSDf(J‘7;_\',2) ds dy dz =

— MMS [ —8(mi—3) (3 —3) (m3—3)f(¥o,Vo,20) 4 A1t (miz—3) (mz—3).
"’ = I 2 0
S F (20 30, 20) -4 (5 —3)mia(ma— 3) ST F (%0, V0, %0) HA (it — 3) (mz—3) m.
0.3 y L R T e R Bl (60)
S F(%, V0, %) — 2 mia(m3—3) St St [y, ¥0,%0) — 20 (12 —3) 3.

R
L ST ST? (%0, V0020) —2(m1 — B)mamsSt Sy [ (x0,Vg,20) + 1mmams .

B BB & )
. S? 151 S (x5, 90.20) 110

unde
;1:,1(%1%1— 5) m‘,mqh,h oMa D* o m;(%mg— D)msh ]12]53 D
0= A5 45
e Jrzl1;1:1:123(3;.;z3— )h]kzhg Dt m](.&m]—;3}7:32(3m2f7:{)ﬂ, i3 lz“f'k. n Df,

J— b e 16200
J(B3m2—5)mgm3 (3m3—5 5 1 1L (%m — ))1113(‘%11;— D)
iy (3m—D)mgm3 (3mz—>) .5, 500 My (M2 i
T 16200 — M haDs D 16200

B @itod
" (.)ml L»)mz(dmg— ) inz(3mz— ) IS0 Di Dé |
H832000

Din aceasta vom obtine imediat urmatoarea formula de cuhqtm;d
care reprezintd extinderea formulei lui Cavalieri-Simpson la trei variabile

Yn+""1 Vot it
dy flxy,2)ide—
— 2=y

$H(xa TRy, yo o2y Fha) A%y, vo Ry 2o — By) (20— Py v P2 o+s)

b3 WD D + -

f'blkzk3

('Lu*hl:'.\’o—‘—hz:zo' —hg) 1 (%0 Ry, Vo—ho, 2y Tig) 41 (9 Ry, 04 g,z — M)
+ /(%0 — Ry, Yo—haZo+1tg) A1 (%g— Py, Yo — g, 2 - ~hg) A4 [f (20,504 Ias 2 +113) +
+ (%Yo~ o, 20— hs) 1%, 6 — Pas2o ) +1 (%0, — Fro 20— hia) + ]
+ (%010, ¥0,20+ ) H1{(Ho D5, 20— e s) /(%o —P1,Y0.%0 +h3) + (61)
+1 (%0 — P1s Vor 20 — Pi3) + (%0 + Py, Yo — T, 20) + f(2g — by, 3y + 113, 2)
+ (%0t Py,¥0 — P, %0) (% 1y, Vo— Dy, %) ] 416 [£(%0,Y0,20+5) +
+ (%0, Y0, b0 — ) Q]((xoﬂ"u‘f*j"z:zu)‘}“f!(xn:yn_’r?’-zﬂu)+f(xn+h]))’nuzu)+
+ (26— 71,0,%0) 1 -+-64 ]‘(-‘Jn-‘}’o:zu)}‘l‘P
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T [')]il DE+ )122D4+9]23Dc + — ]7,1 h:g DgD + s II’L] !73 D4Dt—|—

qo
J:r] k3 h3Ds DYD ]

4t

'I 90 ]’12]?3D D[_: 1()

Daca in formula (60) facem m[fmz_mr,f) se obtine urmitoarea

formuld de cubaturd de tip deschis, care utilizeazi acelasi numir de noduri
ca si formula (61) si are la fel gradul partial de exactltfﬂ:e (3,3,3)

204 2/, 24,
S S S Hx9,2) dx dy de=

—2hy Y20, J—2,
64hyhoh, . 7
= o 1 1(0,0,0)+-2[£(0,0,5) +/(0,0,—hg) +£(0,15,0) + (0, — 1y, 0)

7

- 103,0,0) £ (—1,0,0) 14 [£(0,heyhs) F-F(0, gy — ) (0, — o ) (62)
(O,ﬁ—hz,—lza) + 1 (71,0, 515) +F(71, 0, — Ig) 4 F(— 1y, 0,785) ++F(— 1y, 0, — ) +
110, 5,0) 4 [(— oy, 713,0) ~+ f(ry, — g, 0) + f(— Dy, — 115,0) ] +8 [7( Py, Py, D) -
‘f'f(hvhz: hg) +1(— oo, Bog) - F(— Iy g, — hg) By, — g, o)+ f (g, — ooy — i) +-
- f( gy — oo ) — Dy, — s — ) T,
unde

1792 4 98 puoaiiy oy C g ki
:?hl]ﬂghg [ (l”llD +IT?ZD + /?3])[;) A5 (/1'1 ]BngDq—’—fi-l k3DED§—'—

O

,_.

+ hahis Dy DE) - ——— It b3 iADEDADY .

2025
Alte formule de integrare numericd au fost date in lucrarea [4].

3. 4. Formula de integrare numeried a lui Cavalieri-Simpson in £,

20. In incheiere vom da, sub formi expliciti, doui din formulele de
cubaturd mai importante deduse deja in cazurile s=1, 2 si 3.
Astfel avem formula de cubaturi de grad de exactitate AL - A1)

§5...§ ronane —2om,. . .mgh. . b g0 40,

unde D este hiperparalelipipedul

to—mh, =t'=ty+m,h, (i=1,s)
iar restul are expresia
MyMis. . iighy . . s

-2 mlmz lzI Jzz

p = - [2° =Y} B DR+ +2 12 2D} — - DiDi —
2 mih2_y '
L oy 1’1‘?,_97111’?:; 1.5‘—1 [ D?‘_IDEA {63)
(: —1) ‘
=~ —jgs— i . Comihi. . WADE Dﬂ
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(=n]

100 D. D, STANCU

21. Dacid in formula (39) se face
Pr=Po=. .. =ps=ty=my=. .. =ms=1
se obtine urmitoarea formuld de cubaturi, de grad parfial de exactitate
(3,3,...,3), care reprezintd extinderea formulei lui Cavalieri-Sompson in Ej

SS .. .Sﬂf(M)rf.ﬂf = (64)
% Cs—1 s
£ i . g
X hlh_, a_é {4:sf(MD)+4a—1E S?‘ lf(Mo] +4-R732 ZS?J 59! f(MD)+
3 |;1=] ;=1 1;2:2
(6<ly)

+.oRSYL ST M)} e,
unde restul e dat de formula

S
1 1 Z 5 4 :
— g = Nbhy. .. b hih q... 8D+ (65)
gspﬁ 14 —1 10 a1 ; E
14 i—=1
s—1 s
qi = :
T E ZN;JH. ol B B Kby .. B Dg Dt
f=1r=2 .
(1<k)
+
1 5 54 4 .
= 180" .. kD, ... Dr,

Aici, pentru economie de scris, am folosit notatiile introduse la (29),
(34) si (43).

22, In lucrarea [4] am stabilit mai multe formule de cubaturd de un
grad de exactitate global dat, iar in lucrarea [H] ne-am ocupat Eie formule
de cubaturd cu un numir minim de termeni. Intr-o lucrare urmitoare vom
cauta si extindem aceste ultime rezultate.
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OTHOCHUTE/IBHO YWMCAEHHOIO HHTECPHUPOBAHMS ®YHKIIUH
MHOT'HX [NEPEMEHHBIX

(Kparroe coxepirane)

ITonbaysico HEKOTOPLIMH (DOPMYJIaMH HHTEPIOJSILHIT 115 (PyHKILMIT MHO-
PHX TICPEMECHHBIX, dBTOP CTPOHT HeCKOMbKO (GopMmys s NPHBIHKEHHOTO
BBISHCICHHS KPATHLIX OllpejesieHHbIX HHTerpanoB. JLas Kakioi NPHUBEIEH-
HOH (OpMy.Ibl yCTAHABIHMBAETCS BRIPAKEHHE OCTATOUHORO UJIeHA.

B mepeom naparpadge, mocie OGIIAX CEECHUN OTHOCHTENBHO YHC/ICH-
HOTO HHTErPHPOBAHHS (DYHKUHH MHOIHX HepeMEHHBIX, H3 OAHOrO npejIoxe-
HHd,  aBTOp BBIBOAUT, B 4YaCTHOCTH, (opmyny Kasaabepn CuMICOHA st
ABYX MepeMeHHbIX. B 3ToM cayuae paeress w Tounoe BbIpaxkeHHe oCTAaTOYHOIO
uiaeHa (25) stoii GopmyJIBl.

Bo sropom mnaparpade, crpomrca Kybarypuasi (opmyna (39) pas
S-KpaTHBIX HuTerpajoB. B (42) ycramasiusaercss BhIpa)eHHe ocTaTOYHOrO
HIeHa 3TOH (POpPMYyJIbL.

B Tpetbem maparpade szmo BnBOgMTCH H3 (39) wenmlit pag dopmys
JHCJEHHONO HHTETPHPOBAHHS /ISl NPOCTHIX, JBOHHLIX H TPOHHBIX HHTErPAJIOB.

B nocnequem maparpace naworces KOHKDETHO JABe KybaTypHble (DOpPMYJIEl
AT S- KDATHBIX HHTerpafioB: Qopmyny (62), kotopast ucnoab3yer omun
vseil u qopmyny (64), koropas mpeacraBisier co6ofi 0606IIeH e KBajpa-
Typroil hopmyas Kasansepu-Cummncona,

CONTRIBUTIONS A I'INTEGRATION NUMERIQUE DES FONCTIONS
DE PLUSIEURS VARIABLES

(Résumé)

En utilisant certaines formules d’interpolation pour les fonctions
de plusieurs variables, on construit plusieurs formules pour le calcul
approché des intégrales multiples définies. Pour chaque formule donmée
on établit I’expression du reste.

Dans le premier paragraphe, aprés quelques considérations générales
sur l'intégration numeérique des fonctions de plusieurs variables, on
déduit, en particulier, 1a formule de Cavalieri-Simpson pour deux variables.
A cette occasion on donne aussi une expression précise du reste (25)
de cette formule,

Dans le second paragraphe est construite une formule de cubature
(39) pour les intégrales s-uples. Au (42) on établit 'expression du reste
de cette formule.

Dans le troisiéme paragraphe on déduit sous une forme explicite,

- de (39), une série de formules d'intégration numeérique poiir les intégrales

simple, double et triple.

Dans le dernier paragraphe on donne effectivement deux formules
de cubature pour les intégrales s-uples: la formule (62) qui utilise un
seul noeud et la formule (64) qui représente la généralisation de la for-
mule de quadrature de Cavalieri-Simpson.




