O METODA PENTRU CONSTRUIREA DE FORMULE DE
CUBATURA PENTRU FUNCTIILE DE DOUA VARIABILE
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il
I '? Comunicare prezentatd la Sesiunea Filialei Cluj a Academiei R.P.R., din 17 aprilie 1957
' fn aceasta lucrare vom extinde la doud variabile o metodd pentru construirea

de formule de integrare numericd pe care am expus-o in principiu, in cazul unei

in prima parte a lucrdrii vom extinde la doud vari

| _\,‘
I
‘ g 4 singure variabile, in lucrarea [1].
abile formula de interpolare
a lui Lagrange-Hermite *).

/
3 § 1. Asupra unei formule generale de interpolare

13
- 1. Si considerdm o retea dreptunghiulard de noduri, care se obtin prin inter-

| lr
i
| |
: JJ = sectia dintre dreptele paralele cu axa Oy
| (i | X = X, Oy = L), x =y, (v = 1,0), M
| m - x=ap(p=1,p) @)
si dreptele paralele cu axa Ox
y=y, =1, m),y=Puls=15%, (€)
(4)

i
I' E = —
' y = by (g=1,0).
: Prin intersectia acestor drepte se obtin (n + i+ o) (m+ k + o) noduri. Despre
upune ca sint toate distincte, adici numerele reale Xy,

il
L |
‘ | . 3 dreptele (1) si (3) vom pres
E dy, §1 Y, 5 By, sint respectiv distincte. Dreptele celelalte pot sd nu fie distincte. in
E mod precis vom presupune cd printre dreptele (2) existd ry drepte confundate in

x = ag (o = 1, 5), iar printre dreptele (4) vom presupune ca exista sp drepte con-
fundate in y = bp (B =1, r). Pe baza notatiilor precedente avem
Lrt...+rs=p, s +8+...+s5 =0 (5)

|
| |
| |

|
e 1) Formulei de interpolare a lui Lagrange-Hermite, din cazul unei variabile, i-am consacrat ‘

recent lucrarea [2].
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in felul acesta se i

ok obtine o refea My, y i

L tea duv, p cu (N+1) (M 4 1) noduri, nu toate
et Nf=n+f+p—l, M=m-+k+t+o—1 (6)

< del'l:val;)illgiglaa gzllgterpolare relativid la reteaua &y, §i o functie f(x,y) definita

§1 0 part e un numar suficient de ori pe un ¢ i caro-centle

durile acestei rtetele, se prezintd sub forma oHhpe i doments care oSu LSS

Fx 1) = La ar (x ;
aile SO0 9) = Ly (5, 9) + Rovaa (f 3, 9), @)
T 2
- —— e,
LN_,]H(X,_])):L Xl;-..,«\malg--.;Cii,ﬂl,,“,gl,“_,as’__.,as X
']1""J-J?;}L,BI""’ﬁf{’blﬂ‘"ibl7---,])),,__ b ﬂf JJ (8)
S — el T
& S

;?;in%?:?-g;:ﬁi clie }nterpol;ze de doud variabile de gradul (N, M) al lui Lagrange
: ‘ a functia f(x, y) si noduril i i )
restul Hacgstel formule de illterpoiarf:. e S 7
54 introducem urmitoarele notatii:
n i i

h(x) = [[ (Ee=oa).u () — E (x — o), 4 (x) = f[ r—a) (o -£0)

v=1

v=1
B — h (x) e (x) e A (9)
i T (x—ay)™’

n

k J
gy = ,E[l =y (¥) = E(y —Bu), B(») = BE (v — by)’*,

a0=ED ) -0 gy B0V 19
D R L B
entru poli > . . o
L i 7 n(:':ﬁ“:l)de aorael L g?slt urmatoarea expresie
N - ) — 1 ; 1 n A
war ()= 3 3 @0 Gy + 3 3100 o) ()f (v ) +
i T E 3 “%1 p=1 gt
+ Yy ."\(.2) Nty ik o .
;_1 ué (x) oy, (J)f(fzvajm) + % MZ:; /v} () G)Ef] () f (o, B.) -+
s J‘r-l—i. m -
+ 2 3 3 hn@ol () 9 f(@i,pe) |
=1 v=0 p=1 Ox“x
L £ sjl =1 L.
2 2 ot 7 w
» Z 2 2 p )(x) Wy, () LAPACTR) +
v=1 ;=1 11,=0 d pa (1)

Tlr— kMY

+ 33 3y el i%{ﬁ Y

hH=1 yw=0 p=2 o
; o=t @) (9U
2 th .
+ Z Z 2 !v (J_) mjn!h (y) —M _i—
S 0 pt
L r~€l —1 r sjl =t \’. L
N7 1 My .
+ i Z ]jl' V1 (x) Gjihl"] (J})a——&M 3
=1 v=0 j=0 u,=0 P a_j,u,
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B
unde
16 — hy (x) u (x) A (x) D ()= h(x) uy (x) A (x) : a2)
hy (39) 1 (xy) A (xy) h(ow) uy (o) A (o)
it (y—g M [ (x—ai )Y (1 ¥
Lo ()= e e Gy, &), 13
s (Y) 72:‘0 V1[ [ Y! & (x))ﬁjl] & e
o () = gu(y)(») BY) Lo () = g NBG) (14)
gy (J’u-) B(yw) g (Bl)-) Y (BIL) B (BIL)
Sj M -1 (_]))bj )p_l (y_ bj )8 | (8)
ity A Y Lt | e e = Dj, (»), 15
e o b e L
iar
Ci, (x)=h(x)u(x)Ai, (x), Dy, (1)=g(1)(y)By, (»)- (16)

Restul formulei de interpolare (7) se poate exprima cu ajutorul diferentelor
divizate partiale, astfel

Ry (fx.9) =h(xX)u (x)FAH (%) [X, Xiseers Xy Ogseess Oy Gipeses Appeeey doseessls Sk
+ g(_]’) }’(J))B(y) [.]’s.])l"'w.]"m’ ?’1:"'1 ﬁks b]!"': bla"'sbh-"bbl'; f] &

ety : 1)
Xy XpperesXits Oorees Oty Apsvens Apyeersllsyens, A5 | o
L7

@ u@A@ 0B ) [

J’,J“],...,J"m5-..,ﬁ1,..., Eh, bl,..., bl""’ br,..., r

mi remarcabild in ipoteza cd f(x,y) admite

3. Acest rest se poate pune sub o for
pe cel

derivatele partiale de ordinele N+1 in raport cu x i M1 in raport cu y,
mai mic dreptunghi care contine nodurile retelei Ry,ar.

Ne vom folosi de citeva formule de suprapunere si de medie referitoare la
diferentele divizate partiale de care ne-am ocupat in lucrarile [3], [4]. Avem succesiv

Ao ass f1

Ry (f3%,9) =h(x)u () A (%) [X, Xpperes Xy Ggperes Ly Appeeey Grpenes
4 2 () O) B 0) [ Prseres Jons Brvesss Bl Byerss Bipeves brovoss By f1 =
— ) ) A gD YD) B (3) [ Prvees Vs Brovess Bis Brovess ey brseves b
_hueA@ 0" YE.

[xs xlﬂ-"sx'b&"l,“'s O’.i,ﬂl,...,ﬂ'l,..., ”S:---:“-\';J]] TN
(N+1)! ge™

+g()’) V(J})E(J’) [y:y]a-"aymﬁie]_:-'-aﬁfhbls'-‘sb]_!-")br:"':bi'; f] =

o h(x)u(x) A (g vy B 6] P’ Pissers Vi Boseees Bres o Bsioisbrssiv br,;
(N+1)1.

1) Fie P, (f) un polinom de gradlli efectiv m; prin Fm (r) vom infelege produsul dintre o

m
constanti C si P,, (r) astfel incit CP,, (1) si aiba coeficientul lui t"™ egal cu 1.

23 — ¢. 70
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TUEN ] h@ue A () NTYE, )
» 2T R D
g (N+1)! gENt

+ g (y) v (-V)E(y) [y’ -]) pAimey ym’ Bl""’ ﬂlx‘; bl!---.- bl:"' bi‘ §oiey br : f(xi y) t

_iwﬂﬁmﬂffiéﬂyﬂwﬂﬂmﬂﬁﬁiﬁﬂ
(N+1)! 6EN+1 (N+1)! aEN+1

+

ﬂﬂﬂﬂiﬂ(ﬁii@m_hmM@zm ﬁ“”%mm}
(M+1)! aqul'f-g-[ (N+l)! ()Ef\url M1

In felul acesta am obtinut pentru restul formulei de interpolare (7) urmitoarea
expresie

h(x)u (@A) HFE ) L ED O B8 ()
(N+1)! g N+ (M+1) & MHT

Ry,m (f5x,) =
(18)

_h@u®A®e ) ) B )M E )
(N4+D! (M+1)! D ENTL § M1 >

unde £ si  sint valori din cele mai mici intervale care ii contin respectiv pe

Xy XpsevosXnsOyyun,0isly, ... ds §1 p, Piiia e 5 Ko By B,,(, 1,...,1)r

Subliniem ca valorile £ si 1 care intervin mai sus sint aceleasi in toti termenii
restului.

Rezultatele precedente se pot extinde fird nici o greutate la trei si mai multe
variabile.’

§ 2. Formule de integrare numerici de grad inalt de exactitate

4. Folosind formula de interpoldle (7) vom construi o formuli generald de
cubaturd pentru calculul numeric al integralei duble

1={r s avar (19)
D
unde D este dreptunghiul definit de inegalititile
a=x=5b e=y=<d (20)

iar p(x,y) e o functie dati, nenegativa si integrabild in D.
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Formula de cubaturd care se obfine este

T

JE== JZ:; “i: A u.f(xv Jﬁll-) + ; U-Z‘ B"-I—'-f(\’\h I-'-) -

i m

=t Z Z Cyp f("va)hn) o Z Z Dv,\xf(o'w Bu) i

n=

v=1 =
s r; k Vi .

i L = 'u‘f(o'\,, bh _ N FE: M _I_ (2])

._|_ Z: = \ E;,j“u.l T a ];Pll 'Z,; VZ Z: Uiy Yoy a Pad 3
S PR Hy= ! &
7 55— “ f (%, Bi)

Bl —t 8™ f (ai,, Yu) S 071 G0 B1) i

+ Z Giu Vi b S A Z; Z:l Z Vol ta

d x" d yv-l

u, =0

rpo— Vr"l-’-x ! ] y
Ly 1 f(ﬂ!“ bh) + P[/]’

s G

=1 w»w=0 =

i arei e i : rmulelor
expresiile coeficientilor careia se pot scrie imediat pe baza form

(7) st (11). iy | _ -
5. Si presupunem cid p(x,y) = pl(x)pz(y)._ Co_nsidermd mai general c¢d drept
unghiul D poate fi si infinit, vom presupune ca existd « momentele»

Cp =

ey

d
P (X) &7 dx, do = S.”z () y™ dy

a
Grom — e 15250 o)

sicdcy >0, d, >0,

4 ind i = astfel incit
Vom incerca acum si determindm pe x, (v =1, n) si Py (v =1 , ) ;
in membrul al doilea al formulei (21) si dispard sumele duble: a doua, a treia, a
patra, a cincea si a sasea. In mod precis vom demonstra urmatoarea :

Teorema. Conditia necesard si 5}(ﬁ€f€ntﬁ ca in formula (21), unde i=n,
k=m, sd avem, oricare ar fi oy ,..., %n, Py s.e0s Pons
Buw = 0 (v =1Tn; p=10m), Cyp =0 (v=1Lpn; p = I,m),
Dy =0M=1n;p=10,m), Epjuy, =0 =1n;j; = Lr; g = 0,5,— 1) i (22)

e = Dl = 1__;, Vi =057 — 15 u=1lam),

23*
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esiﬁ' ca x, (v‘: ‘l,n), Yo (b= 1,m) si fie raddcinile reale si distincte, respectiv ale Se stic ci polinoamele A(x) si g(y), care verifici aceste conditii, sint date de
polinoamelor ortogonale . formulele (23) si (24) ale lui Christoffel.
Bt e 1 6. Alegind valorile xy,...,xn i o)y 83 fie respectiv }-édécmlle polinoamelor
()n i1 (X) Do (x) _ g (23) si (24), formula de cubatura (21) se reduce la urmatoarea
D, (Cll) (DrH—l (0'1) G ‘ (Dfl+p ([!1) 1‘ 4
q),,‘ (()’1) (D,'L 1 (ﬁ'l) i (Dv a -:_) A 3 n n
e _ +o (@) SSp(x,y)f(x,J’) dx dy = Z ZAv,u-f(xw)’u) =
F e ee e v 8 & * e ta se se vy , a VZI !121
(r—1 lit= = 2
D, )(‘71) (DEH 11) (ay) 0 (D?(;-'l- 91) (ay) ‘B :
1 ©,(a;) Dy (ay) @ : nor st e e, By
Qu (x) e o . nii(ay ey (az) | s rrlA—l mn r“)“‘f((.‘,‘ S Ti 1f(lu, h)
10 AL b " (23) g = G R - Hyiai——
e LA e 3 l-,Z:1 v%) I; o Ix” g ;Zl MIZ—;O dyt (25)
D, (as)  Dpyq(as) i) ot AL e (ai b
s (s = it ) ¥ ] i 3 o "f(ahb})
, . . YOS iy —————— o[ f].
o, (as) @, (as) Ry (D;z-i—p (as) ¢ % ,é;_ VKZ:1[} i%l U-lZZ’” kg dx™ g p
@l (as) (Df:i?) (as) (I)(r'rl)(a) 4 Pentru coeficientii acestei formule de cubaturd am obtinut urmatoarele expresii
nip & 3
i (») 11‘"m-lri » S b i (») —l j ‘ Avy = Ay By = A, B, = Ay B"’"q’
IFm (bl) l—[}m+1 (bl) S, 1_‘[J'm+a (bl) : Gi“v”p, — Ci,,‘;l .Bu — Cr’l.v. B[:. = Cr'q.v] BE’:’ I (26)
le (bl) le.f’H-’-l (b]) L= 1P'r‘ﬂ+5 (bl) I"‘J'fnu.. == A:. Dfn!:.; — A"; Dfull. 5= A‘;” ‘Df!‘”-l’
ST S e ey LSS S S e e o ‘.' ] jrf'u"ufl-l’-l :C"”"l D"‘””’“
s —1 §— o(8,— !
l} fu ) (bl) \Ffqull) (bl) o) l-{}gzbrc}) (bl) - Ul1d€
ur LAY b E
Rin (y) = B]( ) Rl Foro (by) (24) & :
TALE T e ’ ¥ i i3 : } 2
- ' Iy (x) A (x ; hy (¥)\* A4 (x)
e e L | ;=\ 0 U2 ey =y o (0] 2L
r i Xy Xy 1y (Xy Xy
lP‘m (br) ¥ i (b,) ol | ‘Fm—}-a (br) ( 1 ;{ Ty (Y ) (\ ) a )
Wb Yisi®) e W) 3 JieGrretia G : @)
Tt T AN e S0 '\; LT % Cn—1 -A(A\'\J)Q;i(-\‘v)QH’—I(‘\‘V),
pls—1) () gr(s—1) @) gls—1) o ; 1
r m L ; b J =3 4 tl & j
a’f’ efe=ls L mn4-o ( ’) E {I : T i gu (,"") B (J‘) Iy, B = | (v) &l (ﬁ h—B (l) dy
unde {®@,(x)} este S{stenw! de polinoame ortogonale relative la intervalul (a.b) si 3 B =\r () 2 (1) B ( yl)(}’ e \Pz : gu)) B
ponderea p(x), iar e 1)} este sistemul de polincame ortogonale relative la .r'me;'~ : L- & T | ‘ s '
valul (c,d) si ponderea p,(y). E |
Demonstratia este imediati. Avind in vedere expresiile coeficienti =
& ; £ 5 oel tilor & Al >
(22) se giseste cii este necesar si suficient ca g s £l : Vo= o Oy L I T
b. d P ¢ fﬂdm—l . B () R;ri (J'EL) Rip—1 (yu)
: ’
&Pl (x) A (x) h (x) P (x) dx = 0, 8:72 N B(Mg() Q(»dy =0, b \ (2) e
: : Gio— Spl () L, () dx, Djy, = \: () L () d.
o ¢

unde P(x) si Q(y) sint polinoame oarecare de grad n—1, respectiv m—1.
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Mai sus am folosit si urmatoarele notatii :
1% ¢r e coeficientul Tui x* din polinomul orto

gonal @, (x), iar d. e coeficienty]
lui y* din polinomul ortogonal ¥, (y).

2° Gn e minorul elementului Qnie (x) din determinantul de la (23), iar L8

minorul elementului ¥, (p) din determinantul de la (24).

S

B
L
e

3° ‘ .
b | d
Tn= Spl () @7 (x) dx, By — \pa () W5 () dy.
4°
T u—i1 ey e 1 (o)
LS‘L (X) — (¢ (Iu) [M ( J Ei: (X), E; B =f (x) 4; (x
P;Zz(‘) U]_I- p]_' : E"1 (x))ail Y & ( )’
8 —p—1 : i
: . P =B [ —bp)% ]
S cr,Z:; !—’-1' 0'1! F;". ()J) bj, 4 (']) It (y) g (.J’) h(y)

7. Formula de cubaturi (25) are gradul de exactitate Cn+p—1, 2m+o— 1),

adici p[f] = 0 in cazul cind J(x,) este un polinom de gradul 2n 4+p—1 in raport cu
x st de gradul 2m +6 — 1 in raport cu y.

Pentru a gisi expresia restului formulei (25) vom lva i =n si k = m si vom
considera cazul limita

@) =Su@® =020, 20)=r() = Ra (). (28)
Vom pleca de la formula (17), care in acest caz se scrie
RN,M (2. 0) =r (% p) + ra (X, ¥) — ry(x, ),

unde

1%, = On(x) 4 (x)[x, x;, xy, K20 Xpoe + o3 Xy Xy @y oy Ay, Bsae .y s £

~g ~
I,'2 (x= y) R R"!- (y) B(_J’) [J"i J’p}’pJ’ 1,)"2, LRI )‘Hh J’m, b]_g ey b.l! " vy br, ey br,'f],

~g o= ~y = x,x,x,x..x,....x,,,x,,a seees ey Ugyunny 4
() = B2 A B 0) Bo) [ 1o s Ko Ty 4 il . ;fJ
y’ yl’ yl) J’E'- J"z,--r,J’m_- J"m;h]_:----‘bl,--., bs,...,b

8

en
L
1
.
.

5
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Pe baza unei proprietati de suprapunere a diferentelor divizate partiale, de care
ne-am mai folosit in aceastd lucrare, si unor formule de medie bine cunoscute
putem scrie succesiv

S S P y) [ (e y) — ry (v, )] dedy =

b

d
e sz (y) { Spl (x) @_i (X)A (-X) [x, X1s X1y Xgy Xgoees Xy Xoy Apyeees yyenny Agyennyls ;f(x’ y)_
SRR D BO) [ s oo Yoo Pover P Pins Biseses Bigeres Biyeens B3 f (%, y)]]dx} dy =

d

£ )
== S Py (.]") {[E’a X1s X1s Xos Xoyeens Xy Xny Aiseney Qpyeeny 0'3,...,C?s,f(% ’y)

c

i erln ) E(J’) 73 Y15 P15 Yor Yoseves Yy Y Beees Bppueey broe, b [ y)]] Al} dyp-=5

4 nte o B B
= A PE (y) ] a 2{4(-CH )) = Rm (y) (y) [y: J-’1,_V1, y2) Yaseers Ymy Vms bl""
: @n L)l gEPE (2n + p)!
aZJH»p ) A, B, 62"+9f(zs.fh)
e b,-;f’ d.}’ s ~2nto o
L dEHTe (2n + p)! 0¢&
| N " 1, )
: R ) B(y)[ i -——;]dy,
1 — T | Ve Y Y Yas Vasees Vs Yoy O15e005 g OFyeey O 2n+p
; sz (») 1 + o)l 11 DE
unde
7 d
= Spl @ 029 A v, By = 0) o, (29)

iar £€(a,b) si n€(c,d).
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Cu acestea avem

olf]= B 0 rE

— (271 ﬁ{_ P)! a gZIH—ﬂ} _,_

3

d
+ S’jvz (.y) ﬁ;‘il (J’) B(J’) [J“, yl’ J.’l,-'],é’ J}Z" iy Jlm,ym, bl'!'“s bl,---, br,-“’ br'
.ﬂ

P1(X) S (x, p) dx —

ey

8P £ )

ag?,n-f—p +

a

2n+tp .

o a—%fj—))] dy -i-_ili

(21? - P)1 ()a (2’1 4L P)'
b

S Az [7)’, Y15 Y15 Vas Vaseors Yms Ym, bl""a ])1,_,,] br.) .“’br ’S’Ul (x)f(-\':, Aql) d —

a

Ay PR an
(2i?+ P)' aEerH—;; .

Rezulta cd restul formulei generale de cubaturd (25) se poate pune sub forma

_ B TV, Al

plf]1= Sy I CR)
(2n + p)! FEETR (2m+o) 9 2mte
(30)
= A1 4, gntamtete fEm)
@1t p)l@m+ @) GE et

unde &, €(a, ), 7 €&(c, d), iar alituri de notatiile de |

a (29) am mai folosit si
urmatoarele

a b

A = \ P2 () Ro () B(y) dy, B, — gpl (x) dx. (1)
e a
8. In cazul particular

e=0,0=0 (32)

formula generald de cubatura (25) se reduce la formula de tip Gauss
Sﬂ BB Cap) dedy = D0 D A £ 0o 3) + ol (33)

s U= =
unde
A\Ij,u o onde T —

¢ . i e S el
l )\u Vm (pr.'. (-'\':J) '; H (~]'Eﬁ) (I),‘“] (-“-‘u) ',Lm.‘-j_ (.]'p—)

05 Bl
1 CONSTRUIREA FORMULELOR DE CUBATURX '} |

cu i :
i (S Py (%) >}, (x) dx)) : ( S P (%) (5;3:)1 (x) dx) )
= ({no¥% 0 o) (n0E-0 ¥)-
Pe baza formulei (30), restul formulei (33) are urmdétoarea expresie
A B, " f ) |, A2 B PTG

Sag 2m

@t 28"  @ml (34)
A‘l A’é a'ln-l-lmfﬂ(a’ ’q),

= em!@m)! o ZZH 8'.12""

e () =

unde ]

b
Ai = Sbl (x) B, (x) dx, A= SPZ () U () dy,

i i resiile de la (31) si (29). \
4 % S]lDf:zé j)lz\’e;)pz 1. a—c=—1, b=d=1, formula (33) se reduce la urmitoarea

1t
E S fepdedy =3 34 £ 3 + el (35)
dod e
unde \ 1)’
T i P (%) P (%) Pr(¥m) Pre—i (Pm)
iar
gt m! " fE M |
Pl/1= M1 [+ Dat+2)..mpP oE"
gm+1 m! O™ )
: Qm-—{_] [(m + 1) (m + 2)... 2m]? B'r,\zm
gkt nlm! i 33””’”_/(5, h

5 y . w21 2n
(’ = @n+1)2m + 1) [(n41)(n+2).. 283 ((m-F1)(m+2)...2mP>  9& o

il De aceastd formuld de cubaturd ne-am ocupat si in lucrarea [4].

: i
3 1) Cu P, (t) am notat polinomul lui Legendre:

[ - 1717

20!
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§ 3. Cazuri particulare ale formulei generale de cubaturi

10. Folosi -
uSUTin{, mﬁﬁ??&iﬁ}iﬁ?zu‘éﬁui;gf ggraﬁhll precedent se pot construi efectiv, cu
S are sint simple si au gradul inalt de exactitate.,

_ - @ B i ’ ,
1) =(0—-x"( + %° p,(y) = =" 1+ »* @' 88 >~ _ 1) - (32)
oA () = I Bh=1"91 g ot = L b= — |
§l n=m =1, se obtin valorile

ﬁﬁfz Bl‘fx’

B———— x

sii=
«+B 44" o -84 4

Pentru
e . |
o-=0 = == B = f@ e
- > (33)
s¢ obtine formula de cubatura
ol
T—xd—y) 2
—*—\——_f(xa d‘ d" = = S
LA ) T 3600 | 023/ (— LD+

2 J 9 > + f ], ke
4 J ‘ f( : - I)

= el oo

o ij(a, W G 1 8 sE
256 9 £ 8 256 354374J' &8
11. Daci B
o=, a’:[ﬂ',a:c:—l,b:d:-i—], (35
coordonatele nodurilor formule; de cubaturi (25) se afiz rezolvind ecuatiile
((Zi "o D@02 B ) — (1) (14 2) 059 (1) — o
D@+ m 42 B 0= o+ Dm +2) 2800 — 0 } g

(1:1)
unde cu J,"" (1) am notat polinomul lui Jacobj

JV(IJJ’) (l‘)‘:—l—— g3 —-p dv o 5
Tl NS e,
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In cazul n=m=1 se obtine formula de cubaturd

o' I DI (e++2)T (o' +1) (e’ +2

| § a—ra— ) repsax dy=saovins Caehih ae Hl b

: I'Qa+4)'(20."+4)

=1

-{f(*l,*l) + (=L + /0, —1) +£(L,1) + 4 [+ 1)0,—1) +/©,1) +
@37

+@ + DI L0 + /0] + 16« + D (@ + D00} —

4 T+ )P e+ HTE 1P E )
3 [ I (2« -+ 6) 98

P+ 1P +2)T @ +3)0* f(E,n) 2

& [ 2« + 6) In*
t FTe+2)T(@+3)T @@ +2)T@ + 3)BSE, 'q)J_
3T Qo+ 6)T' 2a + 6) o0& d

De aici, pentru « =o' =0, se obtine formula de integrare numericd a lui

Cavalieri-Simpson pentru doud variabile

e 1

g S 0t ) dx dy = {;{f( D 1) D) Ty

AL 1,00 £, — 1)+ £ (1,0) + 70, D] + 160, 0) } L

¥ 1_[34f(i, ) | /G, LU lﬁsf(i,"fi)],

45|  arr T aqp 180 74 E 8 7

Intr-un caz mai general ne-am ocupat de aceastd formuld in lucrarea [5].

Pentru o« =o' = — ;fformula (37) devine

1

§_

+1
§ s~ D LD =B
=1

L 2[f (= LO) 4+ /0, — D+£(1,0) + 70, D] +4/0, 0} — (39

_ [0 GE ) | 0L o 1 BfE]
192] o0& = ant 192 9E* Ot




12. In cazul p(x,y) =1, AX)=1—x, B(y)=1 =% H=m=0 35
n = m = 3 se obtin urmitoarele formule de cubatura de grad de exactitate (5 5)
respectiv (7,7)
A1
1
{ S S oD dedy = & {f(ﬁh —D L= L)+ 10— D+ £, 1) +

===}

SR oot gl

. I
-+ . _5] = ks
f( Vs]H( Vs ]”( V) (Vs 1)] i
(G Y AR T TR
[ Vs V5 2 V5 s +fl’5 |5 +f(!/5 V5)lf
- 4 [aﬁf (‘E-’*fh)+ 8‘*f(21,71)+ 1 512f(£: |
23625| 98 ar 23625 089 'a"‘J’
+1 41
S S f(x,y)dxdy:alo—o;m [F-t =04 =0 170, = 1y
ity

/D] 4576 £ (— 1L,0) + £0, — 1 +7(1, 0) + £, 1)] +

4096 /(0,0) + 441 [f(ﬁ Lo V;:)w&f(* Vj = 1)+f(— L V;ﬁ
Ao P Vﬁi_ o

L +fu/z, e

1 (&."f(i, LN S S0 )
1389150 .ok ame 5556600 5586‘7]5
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Dacd n=2 iar m— 3, se obtine formuyla de gradul de exactitate (5 7 i
L]

=
S S f(xy)dxdy—%{ [f( 1= DEEe I)+f(1 — 1) .

bl ool ool il
o 1 P P

+ 64 [f(—1,0) 4 £(1, 0)] + 320 [f(— T 0)-l—f(v—_,' )J+

Pl Vool Pl

5 4 e, B 1 E,, )
+f(l/5 V“)” [23625 PR '1389150i5§5‘7L

1 oM )J'
32818668750 95078

13. Sa presupunem ci A(x) = x2, B(y)*yz n=2p—1, m=2g—1,

Daci p(x,y) = 1, a=c=—1, b=d— 1, iar p=g=1 sau p—g=2, avem formulele

de cubaturd de gradele de exactltate (@3, 3) respectiv (7,7)
+1 +1

S ﬂ S, y) dx a’y——{36f(0 0+ 6]/ 0.0 + /0.0 +f“‘” 0.0} +
)
+ _[64.]['(51 7]1) F‘ 64f(‘=11 7]) o~ ‘1 aaf(ga Q)J
30| o ot 120 8t ot
+1 1 i
i cdy = - i d o W2
S Sj(x,y)d.\dJ — o {207936j(0,0)+67032[f( : V7)+
ey

o= Y5+ o ) AVF o) 200 - JZ- 3+
o=V V35 - V2 AYE )3
+ 9120 [ £ (0,0) + £7: (0,0)] + 2940 [f (0, - V%Hg (o, [/ J+
+ /i (— V§0)+f( ]/;oﬂﬂoofé‘i’y(o,m} mmo[a 658 )
A () NS W L) J
a8 4445280 oE8 9.8 |

“‘Jiu‘l +
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14. Incazul A(x)=x4 B() =), n=m=3, a=c=—1, b=d=1,
p (x,y) = 1, se obtine formula de cubaturd de gradul de exactitate (9,9) urmitoare
+1+1

S Sf(x, ») dx dy =

‘ljrf(— V; 0) +f(0, Q) +f{Vj= 0)] i ”9574225[1"(_1{31’ _@+

+f(— V; V—j)ﬂ’(? ~K;Z) +f[y_77, 132)] + 175560000 [/5: (0, 0) +

+ £ 0, 0)] + 2457840 [£12 (0,0) + f(D (0, 0)] + 12250000/, (0. 0) +
+ 171500 [ £, (0, 0) + £, (0, 0] + 2401 /), 0, 0) +

1

. T
—————— 12516025600 f (0, 0) + 548499600 l'_/ (O, = V— , #If
1297080225 3

Eoid xiy? a
. 7 ,, T, i 7 (V7
-+ 38272500 [fa,,(o, *VT] + 1, (0, VT) L (_ Vy, ) + /5 (T , 0)] +

3
/7 7 I7 7
+ 535815[,{9} (o, U) + @ (o, M;) + /4 (— 1—7, 0) S (g 0)” 4

3
I M f (s ) 2 Of ) 1 & fE, '0)]
202078800[ il émto 808315200 ¢EY gto |
15. Presupunind ci A (x) = x%, B() =3, n=m=3, p(x, y)=e =V,
a=c¢= —®, b =d= 4 o0, se ajunge la formula de cubaturd de gradul de exac-
titate (9, 9) urmatoare
+w +to»

S g eV f(x, y) dx dy =

;Izmmse 7 (0, 0) - 5667840 [f (0, =
271063296

—w —w

7 ? 7 7_ | it
Vi Vb ) A i o

+ f (0, 0)] + 2314368 [ £2 (0, 0) + 7% (0, 0)] + 1028160 (f;;(o, = 1) —

S (o, Vg) +f;,l( V;,o) +f},}=( Vg,OHT* 52920[1‘.23.’ (0, = VZ) +

+sY (0, V%J +f§ﬁ’( — VZ 0)+f§}’.)([/§. 0]] -+ 8156736 /4 (0, 0) +

; i
+ 419832 [ (0, 0) + 5 {0, 0)] + 21609 78 (0, 0) + 129600 [_f ( 1 VE )

7 7 17 17 e T Tl
*VE)”(— Vi’ Va]”“/?‘VE}f I3 150+
™ [31°.f €n) , BfG.n 1. HFE 'n.)]'

552960 | @£ 8 720 552960 & E10 @710

:3
v
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16. Tncazul p(x, ) =1, A(¥) =x", B()) =y n=m=3, s

¢ obtine urmz.-
toarea formula de cubaturd de gradul de exactitate (7, 9) et

setde]

X, ) dxdy = —— ] 22872960 £(0.0) - 4986360 17
S Sf( y)dx dy 13505625{ f(0,0) [f(o,. T)+
o

+f(0, V; J o= 7373520[_/'(— E 0) —|~f”/~§, o) -+

S L R I L

= V5 ;
-f“f( V"Sl ; %7” -+ 1003200 f2: (0, 0) + 1596000 £ (0,0) + 2]8700[f;. ((),

£ Q)Tf (o, g]h 514500 [f;{_ V% 0) +f;z( Vig 0)] +

+ 70000/, (0,0) + 22344 /1 (0,0) + 7203 [.fg;f’ (— V—S, 0] +

bl Vi 7'

+ £l ( ]/7 0]] + 980 /13, (0’0)} F i A

1 MfE 1 2o fEn)
202078800 o110 186810534187200 &8 av'0

17. Formulele de cubaturd de la aliniatele 13—16 sint de tip Gauss, in sensul
cd ele folosesc un numar minim de noduri, De pilda ultima formul, care are gradul
de exactitate (7.9), are 20 de termeni, in timp ce formula corespunzitoare a lui
Cotes, de acelasi grad de exactitate, contine £0 de termeni.

Institutul de calcul al Academiei R.P.R., Filiala Cluj

METOI ITOCTPOEHHA KVYBATYPHBIX ©OPMYJII IJISI OYHKIIMIL
AOBYVX TTEPEMEHHBIX

KPATKOE COIEPXXAHWE

ABTOp pPacnpoCTpaHser Ha ciayuail ABYX MepeMEHHBIX METO HOCTPOEHUA
Ky0aTypHBIX (OpMyT, U3JI0KEHHBI UM B pabore [1].

B § I pacnpocrpanena Ha ciyuaii ABYX II€pEeMEHHBIX HHTEpIIoIsIpHas (hopmysia
Jlarpamxa — Opmura; momyuera Qopmyna (7),) B KOTOpoi HHTEPIIOIAPHBIH
mHOroqneH Ly, m (x y) mmeer Belpakeuue (11), a ocraTousbni wien dopmyner
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npusefer B (17); A 9TOrO OCTATOYHOrO HJICHa MNPUBEACHA raryke (hopmyma
(18), roe sHAYEHHA £ | 1) O[MHAKOBBI BO BCEX UJICHAX.

B § 2 npuMCHEHHEM HHTEPIONAPHOE (QOpMYIIBI (7) pJis UHUCIICHHOTO OIpe-
nesenns gBoitnoro uarerpana (13), momyucna KyGarypras dopmyna (21). Bribopom

B KAUECTBE SHAYEHHH Xi, Xg ..., Xn U V1, Vas. -+ VYm, KOPHH ODTOHODMMDOBAH-
Hpix MHorowreHoB (23) m (24) xyGarypmas Qopmyiia (21) mpHBOAATCA K BUIY
(25), upu MOOBIX MAPAMETPAX Oy 5. -« %Ki Bise s Prs THE i< n k< m Jna pac-

yera KooduIEHTOR 510 (POPMYJNIBI NPHBEICHEI dopmyier (26). Baas i =n
i k — m U paccMaTpuBas Tpe/eiBHbIN ciryuaif (28) mowasbIBaeTCs, YTO OCTa-
rounpIil wieH KybarypHoit opmyssl (25) morker OBIThH BBIPAKEH dopmyJioit (30).

B § 3 crposrcsa (DAKTHYECKH HECKOIIBKO Ky6aTypHbIX (POPMYT, MCXOAA M3
oGuieit Qopmynnl (25). OTmMeTHM, B YaCTHOCTH, ryOarypHbie QOPMYJIBL, TPHBE-
neHHple B OyHKTax 13—I16, 06aaoIe MAKCHMAIIBHON CTCMEHDBIO TOYEOCTH;
OHU COJIEpPYKAT BUETBEPO MEHBUIC YJIEHOB, MCM (popMyJIbl OIMHAKOBOH CTEIIEHH
TOUHOCTH C CAyJAifHO PACHpee/ICHHBIMI y3/IaMi.

UNE METHODE DE CONSTRUCTION DES FORMULES DE CUBATURE
POUR LES FONCTIONS DE DEUX VARIABLES

RESUME

L’auteur étend au cas de deux variables une méthode de construction des
formules de quadrature qu’il a exposée dans son travail [1]. Dans le § I, la for-
mule d’interpolation de Lagrange-Hermite est étendue a deux variables; on a obtenu
la formule (7), ot le polynéme d’interpolation Ly, (X, y) est donné en (11), tandis
que le reste de la formule est donné en (17); pour ce reste la formule (18) est
encore donnée ot les valeurs £ et n sont les mémes dans tous les termes.

Dans le § 2, a I’aide de la formule d’interpolation (7) pour le calcul numé-
rique de lintégrale double (19), I"auteur obtient la formule de cubature (21). En
prenant les racines des polyndmes orthogonaux (23) et (24), pour valeurs x;, Xg,. . . »
Xn et Vi, Vas+--»Vm, la formule de cubature (21) se réduit & la formule (25),
quels que soient les paramétres oy,..., %, Bis ..oy Brs O i< 0, ko m. Pour
le calcul des coefficients de cette formule, les formules (26) sont données. I est
démontré que, en prenant i =n et k =m et en considérant le cas limite (28), le
reste de la formule de cubature (25) peut étre exprimé par la formule (30).

Dans le § 3, lauteur construit effectivement plusieurs formules de cubature,
en partant de la formule générale (25). 11 faut surtout mentionner les formules de
cubature des alinéas n° 13 4 16, qui présentent un degré d’exactitude maximum
clles contiennent quatre fois moins de termes que les formules d’un méme degré
d’exactitude, mais avec des neeuds pris au hasard.
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