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On the chord method

In the paper [I], I.LK. Argyros considers as divided difference of the mapping
f: X1 — Xy, where X7 and X, are Banach spaces, a linear mapping [z, y; f] €
L (X1, X2) which fulfils the following conditions:

(@) [z,y; fl(y —xz) = f(y) — f(x), for every x,y € D, where D C X is
a subset of X7y;

(b) there exist the real constants iy > 0, Iy > 0, I3 > 0 and p € (0, 1] such
that for every z,y,u € D the following inequality holds:

[y, us 1= [y U] < Dl =l + Gl = yllP + I lly — ull-

In [I] the hypothesis that the equation:
(1) f(x)=0

admits a simple solution z* in adopted, and conditions for the convergence of
the sequence (z,,),,>( generated by the chord method:

(2)  Tpp1 =0 — [Tn1, 203 f17 F(zn),  n=1,2,..., zo,71 € Dy

are given.

In a recent paper [2] there is shown that, with the hypotheses considered
in [1], the convergence speed of the sequence generated by and the error
estimation are featured by the inequality:

tn+1
(3) 2" =zl < @ dg

where « is a precised constant, 0 < dy < 1 and ¢; is the positive root of the
equation t? —t — p.

We shall admit further down that the divided difference operator fulfils the
conditions (a) and (b), and search for supplementary conditions in order to
make equation admit a solution z* into a precised domain Dy and the
sequence (&), generated by converge to this solution.
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Observe firstly that the identity:

(4)  p— [T [ (@0) = Tt — [T, Ts £ (B01)

holds for every n = 1,2,... with the hypothesis that the linear mapping
[€n—1, Tn; f] admits an inverse mapping.
The following identity

(5)
[ (@ni1) =f (xn) + [Tn-1, Zn; ] (Tni1 — 20)
+ ([xn; Tn+1s f] - [xn—laxn; f]) (xn-i-l - $n) ) n = 17 27 R

Let B> 0,a> 0,0 <dp <1, and xg,x € X;. Consider the sphere

6) U= {x € X1 : o — ol < f;gg’o,l}
where ¢t; = V1P V21+4p that is, the positive root, the equation:

(7) t2—t—p=0
The following theorem holds:

Theorem 1. If the divided difference |x,y; f] fulfils the conditions (a) and
(b) for every x,y € U and the following hypotheses:

(1) the mapping [x,y; f] admits a bounded inverse mapping for every

xz,y € U, namely there exists a constant B > 0 such that H [z, y; f]_1 H <
B

(i)

_ 1 :
— BOER/P(lyla+3) P

[0
(iii)
|21 = zoll < Bado, ||f (xo)|| < ado, ||f (z1)]| < ady

are also fulfilled, then equation has at least one solution * € U and
the sequence (xr,),,~, generated by converges to x*, the convergence
speed and the error estimation being featured by the inequality:

¢
Bady

0
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Proof. From for n = 1 we deduce:
w2 — 21[| < BI|f (21)]| < Bady
from which, taking also into account iii. it follows

|22 — zol| < [|z2 — 21| + [J21 — 20|
< Bozd,gl + Bady
< Bad (1+dj ")

BOédo
1—dit

from which it results that 2o € U.
Using the fact that xo € U, the identities and , and the inequality
a), we obtain

1f (x2)ll < w2 — 1] (1 |z — ol + I2 1 — 20l” + I3 ][22 — 21||”)
< B|f (@)[| (1 BP || f (wo)||” + 2 [[x1 — xo|” 4+ 13BP || f (21)]”)
< Bady (lyBPaPdh + 1o BPaPdl + I3 BPaPdy)' )
< Bp-i-lap-i-ldgl-f-p (ll + 1+ l3dg(t1—1)>

= B (I 4 + 1) V) dg 7 < adg

since of BPt1 (ll + 19+ lgdg(tlfl)) < aPBPYL(Ip + 1o +13) < 1.
From the above inequality follows therefore:

If (@2)]| < ady

Suppose by induction that:
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(@) xz; €U, i=0,1,...,k;

b)) |If @)l < adt, i=1,2,...,k.

Then, for zjwe have:
@541 — @oll < |@es1 — zill + [|oe — -]l + - .- + [J21 — 2o
< B|f (ze)ll + BIf (xr-1)ll + .. + Bado
< Bad 1 Bad?  + ...+ Bady

— Badp (1 vdh T dg’f-l)

< BOédo (1 + dglfl + d?}(tl—l) 4.+ dlg(m—l)) < I_B:l)glj(ll

from which follows that xp 1 € U. Proceeding now for x1, as in the case of
9, we obtain:

k—1 k—1
IF ()l < BP0 (1 4ty a0 )l
k+1 k+1
< BPHaPtl (1) 41y + 13) dff < adgl

It results therefore that the relations (a’) and (b’) hold for every i € N.
Now we shall show that the sequence (z,,),,~ is fundamental.
Indeed, for every n,s € N we have: a

n+s—1 n+s—1 n+s—1 A
t
Jnss —aall < 3 ot -zl < Y Bllf @l <Ba S df
n+s—1 n—s—1 ben
— Bodlt th—tt _ p ot tr (1)
= Bady Y dy " =Bady Y d
k=n k=n
nn+s_1 (L n nts—l1 n k—n
t t — t1—1 t th(t1—1 -
< Badol E dOI( n)(t1—1) — BOédOl E <d01( 1 ))
k;:n k=n
Bad'l
S — -
T o1-d !

By the last inequality and the fact that 0 < dy < 1 and ¢; > 1 follows that
the sequence (:vn)nzz is fundamental. For s — oo, from the inequality:
tTL
Bad!
[Zn+s — znll < l_dt?%

0
follows the inequality:
Bad']

0

In [I] Argyros showed that if the divided difference [z, y; f] fulfils the condi-
tions (a) and (b) then f is Fréchet differentiable and [z, z; f] = f’ (x). From
this fact follows that the mapping f is continuous on B: hence at limit for
n — oo in the inequality:

If (2n)]| < adf)
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one obtains:

If @) <0

from which results f (z*) = 0. With this the theorem is entirely proved O

Remark 2. In [B], [6] Schmidt imposes in the divided difference conditions
similar to the conditions (a) and (b) given by Argyros in [1], but for p = 1.
The same conditions are reproduced in [2], too.
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