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ON THE COMVERGENCY OF A STEFFENSEN - TYPE METHOD
- Ion PEviloiu

1. In the paper [1] I.K.Argyros adopts for the divided

difference of the mapping £: X; = X, where X, and X, ar= Banach

spaces, the followinq dafinit:.on. i
D-!:lnit:l.on. One calls divided difference of the app ion

f on the points X,y € X4 a linear applzcatlon [%,¥i€f] € &{:y,X5)

which fulfils the following conditions:

(a) [x, Y;f](y - x) = £(y) - £(x) for every x,y € D c X;;

- (b) there -exist the real constants 11 >0, 1, >0, 13 > 0,

p € (0,1] such that for every x,y,u € D the following ineguality 7

holds: : A0
liy,u;£] '- [x,¥:£11 s L1x - ul®? + LJx - y|P + 13]u - y|P .
In [4] there are obtnined refinements ot‘ Argyros results
concarnlng the mnnt nathod appl:.ed “to the solution of the

eguation:

(1 ¥t ; £(x) = 0,
Vamre £ X Xy 4

2. We shall study further down the convergency of

Steffensen's method.for the solution of equation (1), namely the

convergency of the sequence (x,),., generated by means of the
tollawil;g' procedure:
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(2) My = %y - D, 90G) LIV R(G) ., xp e Xy, mo= a1, L,

where g: X; - X; is an ope?;tnf having iﬁ least one fixed poipt.f

which coincidés withsfhe"sdlutian cffequatiom (1).

Obviously, the sequenc! {xn)azo can be’ generated hy means of

the procedure (2) if at eaah iteratlnn step there exists the

mapping [x,,g(x,); f]‘1 : : ; TR : ;“"-,

For our purpose observa firstly that the fallowlnq =

identities:

.

(3) %X - [0, 90) 76170 £(2,) = 9(x,) = [%,,9(x,) ;€172 £(g(x,)),

(4) £0Gu) = £(G0G)) + [%,9(X) i£] (Xpey - G7%)) +
*(19(Xn) 1 Xqe1iE) = [%0,9(%p) i£]) (Xpyy - 9(x,))
hold for every n = 0,1,...
Let x; € X; be an element, and consider the nonnegative real
numbers: B, €or Ppre P € (0,1], &, B, @ 2 i, 1, 1, and 1;, where
Po = Ba(1yBP + 1,8P + 1,BPaP |f(x,)|P(a-1)) '
and

€ = pl/ipta-1) I-£ (%) 1

Denote r = max {B,B} and suppose that § ¢ D, where:

: fe
S = { X € X, | fx - Xl = s }

p;/(p*thj (1 - eg"'q.l)

The following theorem holds:

THEOREM. If the constants B, €or Pos P, @, B, q, 1;, 1,, 14,
the mapping f and g, and the initial element x; ¢ X;, as well,
fulfil the conditions:

(I) for every x,y € S there exists {x,y,f] 1, and bix,v:£17Y < B
(II) for every x € S, |f(g(x))| < e £(x)[9;

(III) for every x ¢ s,tﬁx - g(x)] < B“f(x)g;

[

(IV) the divided difference of the mapping f fulfils the
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conditions (a) and (b) specified in the definition given in
Section 1;
(V) € < 1,
then the sequence (x,)..q generated by the procedure (2) is
convergent, and, if we denote X = lim X,, then f(X) = 0 and the
following delimitation helds:

(p+aq) "
rpg

1/(p+g-1) (91 - gP+q-1
) ( . )

Il = %0 <

Proef. Consider x; ¢ X, for which the condition (V) is
fulfiled., Taking into c:ccount the condition (b) and the procedure

(2), from the identities (3) and (4) it results:

Bzé/(E 1) TEg,

x; = Xl < Blf(x) £ ————— [£f(xp)] <

1x1 = %ol < 1/ (pta-1) ” Himari bl g Rl
. Py p

from which follows that x; € S.
Here was used the inequality:

reg

la(xo) - %l < Blf(!oiﬂ * pl/(F*a1) (1 — gB¥a-l)

from which follows that g(xy) € S.
Now, considering the abovg results, we have:
Te0eg) ] < TLg0xg) X7 E] = [%9,9(%) ;£ ° % = g(x)] <
S Ba[1,87 + 1,87 + 138PaP | £(xo) IP(F ) TUE (%) IP*Y = pgl £(x0) | P*T
1‘1;1- inequality leads to: -
pU/ ) ()] 5 (91T J£0x0) 1P

or, using thn nﬂtutlon e, = plltvﬂrd) BE(x ) =
S Vglsgm

fion this ihpQualLty_tollovs that J£(x;)] s I1£(x) 0, and if

Py = Ba(1,BP + 1,8° + 1,8PaP |£(x;)|P!T!)) then p; < pg -
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Suppose now that the following properties hold:

(a) x, € s ;

(B) 1f£(x)l < I£(xp )1 7

(r) &p S ‘ép*q}p' ep = o2/ PN JE(Ry) ], P = 1,2,... k.

From (2) for n = k we obtain:

k
(p+q)
TEey, Teg

Iy = 2l S BIE(x) ] < <
T ® pl/(p*a-1) = p1/(p+a-1)
0 4]

which leads to:
r

2 k
1%, = Xgll € ————— (& + €P*9 4 g(PYD)" 4 | 4 o (PYI}7) <
k41 0 o1/ (pra-1) e, st % x ). =
0

TEp

1/(p+q-1) - gP*tq-1
Py (1 ed )
namely X4, € S.

Here was used the inequality:

k
1 -1
e e, rpl/Pta )“ relP*)
g(x) = Xl < Xl § ——— £ | & ———
. * “ pl/ (p+a-1) el o1/ (p+a-1)
Q o

from which follows immediately:

req

lg(x,) = xl <
) p;flp"'ﬁ.l‘l)(l & gg"'CI‘l)

that is, g(x;) € S.

As to [£(xy,,)] we have:
1£(%Xpe1) ] < Ba(1;BP + 1,8P + 1,aPBP | £(x;) |P(I1)) | £ (x,) | P*T
namely

T£(%e41) 1 < po | £x,) [P*T
which yields: oy 0 2L !

k+l
Pt o p (P+a)
Erel S :k 4 eo .
By virtue of the above proved results follows that the
properties (a) - (y) hold for every p € N.

We prove further down that the sequence (X,)pp 18 2
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fundamental sequence. Indeed, we have:
| Xneg = Xal S 1%qeg = Xpes-1ll + 1%neg-1 = Xnegzl +eoot i%pey ~ %,

BOE (k)| + NE(Xpun) | +ouet 1EOGagoa) 1)

IA

(e>*)3 zép"'q’n:-l..& egp"’q’ma_i, <

S —_—
pllip'*q"l) 0
0

n

(P*q)
Beg o 2 a1
(14 PPl 4 glprm™od o, ¢ (PTI) Ly <

S —
pél (p+q=-1)

(P+q)n
Beg

= 1/(p+q-1) pta-1
Pa (1 - . .)

that is, for every s,n € N the following inequality holds:

n
(p*q)
Beg P

I%pee = %l < 3
- n p;/(rﬁq-l)(l = ggﬂ:—l)

from which, since g5 < 1, it results that the sequence (X,),sg is
fundamental. Since X; is a Banach space, there exists %_ﬂ" X, = X,

and

n
Be é?‘*’q)

Ix = %, <
pL/ (P71 (1 - PPl

which leads, for n = 0, to X € S.

n
+
eép Y , for n » ©, we obtain:

IA

From the inequality e,

£(X) %_En f(x,) =0

and one sees that X is the solution of the equation (1).
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