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SUR L’ESTIMATION DES ERREURS EN

CONVERGENCE NUMÉRIQUE DE CERTAINES

MÉTHODES D’ITÉRATION

(English translation)

ON THE ESTIMATION OF ERRORS IN NUMERICAL

CONVERGENCE OF CERTAIN ITERATION METHODS

ION PĂVĂLOIU

Let E be a Banach space and

(1) x = λD (x) + y, D (θ) = θ,

an operatorial equation, where λ ∈ R, D : E → E, x, y ∈ E, and θ is
the null element of the space E.

In order to solve equation (1) we consider the following iterative pro-
cess:

(2) xn+1 = λD (xn) + y, n = 0, 1, . . . , x0 = y.

We denote by S = {x ∈ E : ‖x‖ ≤ ρ} the ball of radius ρ and center θ.
Regarding the convergence of iterations (2) we shall consider the fol-

lowing theorem

Theorem 1. If the application D and the element y from equation (1)
verify the following conditions:

133



134

i. ‖D (x1)−D (x2)‖ ≤ C (ρ) ‖x1 − x2‖ for all x1, x2 ∈ S (θ) , where
C : (0,+∞)→ (0,+∞) is a functional;

ii. γ = |λ|C (ρ) < 1;
iii. ‖y‖ ≤ (1− γ) ρ,

then equation (1) admits a unique solution x̄ ∈ S (θ, ρ) .
This solution is obtained as the limit of the sequence (xn)∞n=0 generated

by method (2), and the following estimation holds:

(3) ‖x̄− xn‖ ≤ γn+1

1−γ ‖y‖ , n = 0, 1, . . . .

Let Dε : E → E be an application which verifies the conditions:

i1. ‖D (x)−Dε (x)‖ ≤ η1 (ε, ρ) ,∀x ∈ B (θ, ρ) , where η1 : [0,+∞)×
[0,+∞) and lim

ε1→0
η1 (ε, ρ) = 0, ∀ρ > 0

ii1. ‖Dε (x1)−Dε (x2)‖ ≤ Cε (ρ) ‖x1 − x2‖ for every x1, x2 ∈ S (θ, ρ)
where Cε : (0,+∞)→ (0,+∞) ;

iii1. |C (ρ)− Cε (ρ)| < η2 (ε) where η2 : [0,+∞) → [0,+∞) and
lim
ε→0

η2 (ε) = 0;

iv1. We consider an element for which ‖y − yε‖ ≤ η3 (ε) where η3 :
[0,+∞)→ [0,+∞) and lim η3 (ε) = 0.

In order to solve equation (1) we consider, instead of iterative method
(2) the following iterative procedure:

(4) ξn+1 = λDε (ξn) + yε, n = 0, 1, . . . , ξ0 = yε.

Regarding the convergence of method (4) we obtain the following theo-
rem:

Theorem 2. If the conditions of Theorem 1 are fulfilled, the operator
Dε and the element yε verify conditions i1–iv1, and if
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(5) δ = (1− γ) ρ− y ‖y‖ > 0,

then there exists an ε̄ > 0, so that for all ε < ε̄ we have

(6) γε = |λ|Cε (ρ) ≤ γ + |λ| η2 (ε) < 1;

and

(7) ‖yε‖ ≤ (1− γε) ρ.

Proof. Indeed, from the fact that γ = |λ|C (ρ) < 1 and lim
ε→0

η2 (ε) = 0 it

follows that there exists a number ε̄1 > 0 so that for ε < ε̄1 we have

γε = |λ|Cε (ρ) ≤ |λ|C (ρ) + |λ| η2 (ε) < 1

and

‖yε‖ ≤ ‖y‖+ η3 (ε) ≤ (1− γ) ρ− δ + η3 (ε)

≤ (1− γε) ρ+ |λ| η2 (ε) ρ+ η3 (ε)− δ ≤ (1− γε) ρ

for ε < ε̄2 because η3 (ε)→ 0 for ε→ 0 and η2 (ε)→ 0 as ε→ 0.
If we take now

ε̄ = min{ε̄1, ε̄2}
then the theorem is proved. �

Relations (6) and (7) assure the convergence of sequence (ξn)∞n=0 de-
termined by method (4).

We show now that in the conditions of Theorem 2 we have the fol-
lowing estimation:

(8) ‖x̄− ξn‖ ≤
|λ|C (ρ) ‖ξn − ξn−1‖+ |λ| η1 (ε, ρ) + η3 (ε)

1− γ
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Indeed, we have

‖x̄− ξn‖ ≤ |λ| ‖D (x̄)−Dε (ξn−1)‖+ ‖y − yε‖
≤ |λ|C (ρ) ‖x̄− ξn‖+ |λ|C (ρ) ‖ξn − ξn−1‖+ |λ| η1 (ε, ρ) + η3 (ε)

so inequality (8) follows. From (8) it results∥∥x̄− ξ∥∥ ≤ |λ| η1 (ε, ρ) + η3 (ε)

1− γ
, as n→∞,

where ξ = lim
n→∞

ξn.
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