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Abstract

The usual method in nonequilibrium statistical mechanics allows the derivation of the
balance equations only for the collision invariants (mass. momentum, energy) and only by
a complete knowledge of the microscopic structure. In this paper the existence of the balance
equation for an arbitrary physical quantity is proved for any corpuscular system satisfying the
local equilibrium assumption, if the microscopic components obey the classical mechanics
principles and can be generated or destroyed as a result of some instantaneous processes. We
discuss the fundamental equations of the continuum mechanics for mass and momentum.
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1. Introduction

The balance equations are postulated relations for fundamental physical quantities
(mass, momentum, energy, entropy, etc.) valid for all continuous media [1]. We take
over the differential expression of the balance equations from Ref. [2]. Let ¥ be an
additive physical quantity associated to a continuous medium. That is, there exists
a function ¥ of space (r) and time (¢), called the volume density of ¥, such that, for any
volume V, the integral fV‘Pdr represents the amount of ¥ contained in V. The
differential form of the balance equation at a regular point (i.e. without shocks or
other discontinuities) is

3
W+ Y 2Dy + WV, —(p+3)=0, (1)
x=1
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where 0, is the temporal derivative, ¢, is the derivative with respect to the « component
of r, @, is the « component of the flux density of ¥, v, is the & component of the
velocity, p is the production density of ¥ due to interior processes and s is the supply
density of ¥ controlled from the exterior of V. The quantities &, p and s are expressed
by the constitutive equations characterizing the considered material.

The statistical method of derivation of the balance equations for a macroscopic
physical system from its microscopic structure was initiated by Boltzmann [3-5]. We
shall consider only the classical nonequilibrium statistical mechanics. This method
relies on the evolution equation of the probability density in the phase space for the
system consisting of all the microscopic components of the physical system (Liouville
equation). Even for the simple case of the ideal gas, because of mathematical difficul-
ties, the derivation of the balance equations and constitutive equations is possible only
using certain hypotheses, approximations and simplifications [6]. So far, these results
have been extended to hard sphere fluids, also a very idealized molecular model [7].
For a more complicated microscopic structure, the existence of the balance equations
is implicitly postulated and the problem of the statistical mechanics is reduced to the
calculation of the constitutive equations.

In this paper we show that the balance equations can be derived in three successive
stages. First we prove that for an arbitrary finite number of material points,
a space-time average satisfying a mathematical relation of the form (1) can be defined.
The corpuscular structure of a physical system ensures the existence of mathematical
relations of the balance equations even if the space~time averages have discontinuous
first order partial derivatives. In the second stage we obtain the smoothness specific to
the continuous fields if the physical system verifies the local equilibrium assumption.
Thus, balance equation (1) follows only from two hypotheses: the corpuscular struc-
ture and the local equilibrium assumption. In the third stage, the information on the
microscopic structure is used to derive the constitutive equations.

The usual statistical approach does not allow the separation of these three stages,
all of them being simultaneously implied in the Liouville equation. The mathematical
form specific to balance equations is implicitly contained in the Liouville equation
which is a probability conservation law in phase space. The smoothness characteristic
to continuous fields is introduced by the probability density in phase space which is
defined as a continuous field. The Liouville equation can be written only if the
interaction forces of the microscopic components are known, i.e. the model of the
microscopic structure of the physical system has to be completely described.

A finite number of particles satisfying the classical mechanics principles is the
physical system with corpuscular structure considered in the following. The particles
are modelled as material points, i.c. all the physical quantities necessary to describe
the structure of the particles are assigned to mathematical points defining the position
of the particles. The particles can appear or disappear as a result of some instan-
taneous processes (e.g. chemical reactions). We assume that the evolution of any
physical quantity chacterizing the particles is given by an analytic function of time.
Under these circumstances we shall prove that a space-time average of an arbitrary
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physical quantity has a.e. continuous partial derivatives. Although these averages
preserve the discontinuities associated to the particles as discontinuity surfaces, they
satisfy a relation of the form (1). In the following, such a relation will be called “the
discrete analogue” of a similar relation in continuum mechanics.

At the end, the balance equation for an arbitrary physical quantity is obtained using
the local equilibrium assumption. As an example, we prove the existence of the
balance equations for mass and momentum. These equations have the same form as in
continuum mechanics if the following hypotheses on the microscopic structure are
used: there is a single type of microscopic components and the interaction of the
particles has a spherical symmetry. The general problem of the derivation of the
constitutive equations from the microscopic structure is briefly discussed. It will be the
subject of future articles on physical systems with complex microscopic structure.

2. The discrete analogue of continuous fields

We study the evolution during the temporal interval I = [0, T ] < R of a discrete
system consisting on N particles obeying the principles of classical mechanics. We
denote by I, = [t;",t;7 ] = I the existence interval of the ith particle (1 <i < N). Let
n(t) be the number of the particles existing at the moment ¢ € I. The variations of n(r)
occur when some particles are generated or destroyed. It is obvious that a(t) < N for
eachtel,and n(ty = N forallte I onlyif I, = I for each i < N, i.e. if no particles are
generated or destroyed over the interval .

Let ¢ be an arbitrary physical quantity. The values of ¢ characterizing the ith
particie are given by a function ¢;: [ - R. If I; # I, then ¢;(t) = O forall t e I I;. We
assume that the restriction ¢;|I; can be represented as a Taylor series, i.e., it is an
analytic function. In the interval I; the quantity ¢; may take any real value, including
zero (e.g., the velocity components of a motionless particle). Hence ¢; is discontinuous
at t;7 and ;7 if @;(t;") # 0 and @;(t;) # 0, respectively. Similarly, the derivatives of
@; at 1; and t; may be continuous or discontinuous.

We assign to each particle a mathematical point indicating its position. The choice
of the particle mass center is always possible; other options may be also adopted
under the restriction that the mathematical point should be uniquely defined. To these
mathematical points we assign the microscopic quantities ¢; describing the evolution
of the particles. The number and the type of these quantities depend on the properties
and the complexity of the particles. Thus the discrete system is modelled as a finite set
of material points. The « components of the radius vector r;, x,;: I » R (2 = 1.2.3).
and of the velocity &;, &, [ = R (a2 = 1,2,3) may be treated as particular cases of
functions ¢;. The functions x,; and £,; supply a kinematic description of the motion of
the discrete system. The assumption that each particle obeys the principles of classical
mechanics is necessary to ensure the uniqueness of the discrete system evolution and
thus, the existence of the functions ¢,. The moments when the solutions of Hamilton’s
equations are not analytic may be considered moments when new particles are
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generated. For example, an instantaneous perfectly elastic collision does not change
the type of the particles, but the velocity discontinuity may be associated with the
generation of new particles of the same type as the old ones with different velocities.
We assume that the instantaneous discontinuous processes are of finite number over
the interval I = [0, T ].

We intend to characterize the mean distribution of ¢ about the point of radius
vector r at the moment ¢. Therefore we average the values ¢; corresponding to the
particles lying in the open sphere of center r and radius a denoted S(r,a), over the
interval (t — 7,t + 7). Here © < T and a are arbitrary positive real parameters. We
define the mean distribution of ¢ as a function D,: R* x (¢, T — 1} > R with

D,(r,1)

IIMz

tr
1 , 2y 4

=%, f —(r(t") —r)7)dr’, 2
where V = 4ra®/3 is the volume of S(r,a) and H" is the left continuous Heaviside
function. Since H * (a® — (r;(t') — r)?) vanishes if the ith particle is located outside the
sphere S(r,a) and ¢,(¢") vanishes if ' € I'\ I;, then a nonvanishing contribution to D, is
due only to particles which lie in S(r,a) over the interval (t — 7,t + 1).

The function H* (a* — (r;(t) — r)?) in (2) takes only the values 0 and 1. The jumps
occur when the ith particle enters or leaves the open sphere S(r, a). These moments are
among the solutions u; of the equation

hi(r,u;) = (ri(uy) — ")2 —a*=0, (3)

where |h(r,t)|'/? is the distance at the moment t between the ith particle and the
surface 0S(r, a) of the sphere S(r, a). Since x,;, and hence h;, are analytic functions with
respect to u;, and I; is closed interval, then either Eq. (3) has a finite number of
solutions or h; vanishes identically [8].

In the latter case the particle moves along the surface of S(r, a) and does not enter
the sphere, hence H " (a? — (r{t) — r)?) is identically zero and has no jumps. Since
r;(u;) is a known function, then the isolated zeros of (3) are implicit functions u;(r). The
implicit function theorem can be applied only at interior points and it does not ensure
the existence of u;(r) for u; = t7, ie. re dS(ri(t;"),a). This case will be discussed
separately. For u; e (t;,¢t), if

ohi/ou; = 2(ri(u;) — r)- &i(u;) # 0, (4)

then the function u,(r) exists in a neighborhood of r and has the derivatives

ai ah 6h ~ai\Hi) T Ay
o _ / Yailt) — X ¥ =123, (5)

0x, n 5 Ou; ("i(ui) —r)-&ilu;) '

where x, are the components of r. According to (4), the function u;(r) is not differenti-
able at the points of the discriminant surface of the family {0S(r(t),a); t € I,}.
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We denote the moments when the ith particle enters (leaves) the sphere S(r,a) by
< uly <ulp < o <y <ti (7 <uly <up < - <upe <t;). Since the sphere
S(r,a)is open, H* (a®> — (r:(t) — r)*) as a function of t is left (right) continuous when the
particle enters (leaves). Hence for t € I;, we have

H* (@ = (r(t) — r)*) = H" (@ ~ (ri(t/) — 1)?)
+ Y H'(t—uy)— Y, H (t—uj), (61
k=1 k"=1

where H ™ is the right continuous Heaviside jump function. The first term in the
right-hand side of (6) vanishes if the ith particle is generated in the exterior of S(r,a)
and equals 1 otherwise. If u; = t;", then the particle can only enter the sphere after its
generation, hence u}, = t;” and relation (6) holds. If u; = t;", then the particle could
only leave the sphere before its disappearance, hence uj,~ = t; and relation (6) holds
again. So (6) contains all the possible situations if we take t;” < uj; and u},» < t; . The
following notation will be used:

’ — ’ ! I ” —_— " " " )
Ui={u. iy, ... Ui}, Ui = {uly ufs, .. oty (7

To study the differentiability of D,,, we consider the function g;: R3x(e. T —1)—>R

t+t

gilr,1) = j @itV H™ (a® — (r(t)) — r)?)dr’. (8)

For a fixed r, the integrand
Gi(r,t) = @i(t)H™ (a*> — (ri(t) — 1)) 9)

is a continuous function, except a finite number of jump discontinuities
{t; .17 LuU;LUY. Hence G, is Riemann integrable and g; has partial derivative with
respect to ¢ a.e. in (r, T — 1), equal to

&qir ) = Gir,t + 1) — Gr,t — 1) (10)

The discontinuities of 6,g; with respect to (r,t) are related to those of G;. From (9) it
follows that G, is discontinuous when g; is discontinuous and H" nonvanishing, or
conversely, when H™ is discontinuous and ¢; nonvanishing. In the first case the ith
particle appears or disappears in S(r,a), ie. t =t and re S(r{t;").a), and in the
second case the ith particle lies in the surface of S(r.a), i.c. re I, and r e &S(r(1).a).
Hence the derivative (10) is not continuous over

Q= {(rolte{tf —ttF +1}n(t, T —1) and re S(ri(t").a)}
ulrn|telti + 0,67 £ 1N, T — 1) and re dS(ri(t F 1),a)]. (11)

The set ) has null Lebesgue measure in R* x (t, T — 1), hence d,g; is a.e. continuous.
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Although (6) holds only for ¢ € I, it may be substituted in (8) because ¢; vanishes for
t € I\I;. The obtained expression allows the study of the differentiability with respect
to r of the functlon g:- There exist three possible situations, namely: 2t <t; —t;",
T<t; —t; <2tandt; —t; < 1. Foreach of them the discussion, although elemen-
tary, is rather long and involved [9]. Here we give only the result. The set where the
function g; is not differentiable with respect to r is

Q= {(rnlte( .t + 1101, T — 1) and re 8S(r,(t]" ), a)}
u{n)ltelti —tti + (1, T —1) and r € 8S(ri(t ), a)}
u{n)te(t) £ 1,1, 21N, T — 1) and re dS(r(t F 1),a)}
ui{lrt)|te(r,T — 1), exists t' € (t — 1,¢ + 1)~ I, such that

redS(r(t'),a) and (r(t') — r)- &(t') = 0}, (12)

and it is of null Lebesgue measure in R* x (z, T — ). The derivative of g; with respect
to x,, denoted by d,g;, is

ai(u) — Xy
Ougilr, 1) il 20 e
= 2w —n-ew
where U; = (U;uU YNt — 1,t + 7).
Using definition (2) and relations (10)—(13), it follows the a.e. continuity of the
partial derivatives of D,,, given by

(13)

1
2tV

”MZ

0D, (r,1) = [G,-(r,t +1)— Glr,t — 1)], (14)

i

for (r,tye R®x(r, T — 1)\ U¥., Q}, and

_ 1 ul xai(u) — Xq
PR 8% e gl "

for (n)e R®x (7, T — 0)\UN~ 1 82{. The ae. continuity of the partial derivatives en-
sures the continuity of D, with respect to (r,t)e R3x(r, T — 1) and then D, 1s
a continuous field.

3. The discrete analogue of the balance equation

In the following we shall derive the relation satisfied by D,. We use a theorem
stating that every function with bounded variation may be uniquely split into a sum of
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two functions: one continuous and a jump function [10]. We apply this theorem to
G; given by (9) considered as a function of t. But except a finite number of jump
discontinuities, G; is analytic on I and then its continuous part G; is also absolutely
continuous. Hence we may write G; = G; + G;, where G/ is the jump function.
Replacing this relation in (14), it follows that é,D,, can also be written as a two-term
sum

8ID1(1 = (G,Dw)’ + (ath;)N- (16)

According to the Lebesgue theorem, the absolutely continuous part of G, is equal to
the integral of the derivative of G,

t+rt

3G,
Gilrt + 1) — Gi(r,t — 1) = f Lt dt

-~

ot

t—r

t+rt

J<¢3.~(t')H+(a2 = (r(t") —r)?)dr'. (17)

t—t

Dividing (17) by 27V, summing up with respect to i, taking into account (9), (14) and
(2) we obtain the part of ,D,, resulting from G;,

(¢,D,) =D,. (18)

From (14), the discontinuous part of é,D, can be written as
1 N
(@D,) (r —V Z rt+1)—Gl(rit—1)] (19)

It contains the discontinuous variations of G; during the temporal interval
[t — 1, + 7]. As proved in the preceding section, ¢, D, exists if G; is not discontinuous
att + rand t — 1 (see expression (11)), therefore we consider only the jumps occurring
at the interior points of [t — 7,t + 7], 1.e.in(t — 7,t + 7). From (9) it follows that such
a variation can take place if the particle is generated inside the sphere S(r, a) during the
temporal interval (t — 7, + 7). Hence the jump of G; is equal to

ANG=(tNHH (@ — (it —r)HH (t+1—t7)—H (t—1—1])).
Similarly, the discontinuous variation of G; related to the distruction of a particle is

ANG=—o(tT)H (> —(r(t7) - DY H t+1—t7)—H (t —1—1)).
The function G; also has discontinuous variations when the particle enters or leaves

the sphere S(r,a),

Girt+ 1) = Gi(rt — D) =A"G;+ A G + Y ¢iw)— )Y oiw), (20)

ueW; ueW;
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where W; = Uin(t —1,t + 1) and W = U{n(t — 1,t + 7). The sign of ¢;(u) is posi-
tive (negative) if the particle enters (leaves) the sphere S(r, a), and it is given by the sign
of the expression — (r;(u} — r)- &(u) which is proportional to the interior normal
component of &; to the surface of S(#, a) at the moment u. Hence we may use a single
sum in (20) if we denote, as in (13), U; = W;uW/. Replacing (20} in (19) we obtain

| - ri(u) —r)-&i(u
@D,y =@D), ~ 5 X o k= ell
where
1 N
(@.D,), = 7 iz (A"G; + A™G)). (22)

1

Relation (15) for the physical quantity ¢,;&,; reads
1 il xai(u) — Xu
04D e, = — i) EniU) T
1% ;;1 Zu ¢ |(ri(u) — r)- &i(w)]

Comparing this relation with (21) we obtain

3
(0.D,)" = — ) 0,D,¢, +(0,D,),. (23)

a=1

From (16), (18) and (23) follows the relation

3
D, + Y 0,D,.. =D, +(0,D,),. (24)
a=1
This relation holds only when the derivatives (14) and (15) exist.

In contrast to balance equation (1), relation (24) does not contain a quantity
equivalent to the velocity v. The velocity is not a volume density, but an average
quantity. To define a discrete analogue, we must divide D, by the number of the
particles contributing to D,,. Let D, be the density D, corresponding to ¢;(t) = 1 for
all t e I; and i < N. Since D, characterizes the average number of particles per unit
volume, the discrete average of ¢ is defined as

(ﬁ(r’t) =Dtp(r’t)/D1(r:[) (25)
if Dy(r,t)#0, and it vanishes if D;(r,t)=0. It is easy to show that ¢ = ¢,
@1 + @2 = @; + ¢, and Ap = i@, where 4 is a real function of r and t.

The mean motion of the particles is given by the discrete average of the velocity
& with the components &,. To introduce &, in (24), we write
Dye, = Dyiz,+(e,- 51 = EuDy + (@),

where @, is the discrete analogue of the kinetic part of the flux density
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e, being the unit vectors in ordinary three-dimensional space. Then (22) becomes
é.D, + V-(D,&) + V-, =D, + (&,D,),. (26)

This is the discrete analogue of the balance equation (1).

4. The continuous modelling

The discrete analogues of continuous fields (2) and of balance equations (26) have
an intermediate status between the microscopic discrete description of a physical
system and its macroscopic description by means of continuous fields, having charac-
teristics in common with both.

As in the microscopic discrete description, we imposed no limits on the number of
particles, whereas it is known that the continuous modelling is possible only for
a large number of particles. Then, the complete knowledge of the function D, given by
(2) (including the points where it is not differentiable) is equivalent to the knowledge of
the evolution of the microscopic state for all the N particles. On the contrary, the
macroscopic continuous fields are characterized by smearing out the discontinuities of
microscopic nature.

The main similarities between our results and the macroscopic continuous descrip-
tion are the following. Using only microscopic physical quantities, we have construc-
ted a physical quantity satisfying relation (26), formally identical with the macroscopic
balance equation (1). Moreover, relation (26) has the same generality as its macro-
scopic correspondent, being valid for any physical quantity and for any physical
system with corpuscular structure.

In order to obtain the balance equation (1), we have to eliminate from (26} the
discontinuities specific to the microscopic scale. In statistical physics these discon-
tinuities are eliminated from the very beginning, since the probability density in phase
space has the smoothness properties of a continuous field. The usual statistical
average may be applied to relation (26) and the balance equation (1) is obtained for
7—0 and ¢ — 0. In this article we do not present this approach, but a shorter and
more intuitive one, although less rigorous.

The linear thermodynamics of irreversible processes can be applied to far-from-
equilibrium states if the local equilibrium assumption is satisfied [11]. Then at any
time and for any point there exists a microscopic part of the macroscopic body acting
as a near-equilibrium thermodynamic system. In our case we choose the parameters
a and t such that over the interval (t — t,¢ + ) the particles in the sphere S(r, ¢) should
form the near-equilibrium thermodynamic system. It is obvious that the space—time
average (2) and the discrete average (25) become the corresponding continuous fields
and the relation (26) becomes a balance equation. The local equilibrium assumption
eliminates the microscopic discontinuities due to the large number of particles
contributing to the value of D,,. This condition was also used by Murdoch [12] to



90 C. Vamos et al. | Physica A 227 (1996) 81-92

smooth the microscopic discontinuities by a space—time averaging. The main differ-
ence is that in our approach the smoothing is made after a relation of the form (1) was
obtained. Similarly to the usual statistical method, Murdoch obtains at the same time
both the mathematical form of the balance equation and the smoothness character-
istic to macroscopic continuous fields.

On the other hand, the parameters a and t must be smaller than the spatial and
temporal characteristic magnitude of the considered physical process. Otherwise the
modelled process is distorted. For example, in the case of a plane wave, the
wavelength and the period must be much larger than a and 7, respectively.

Thus the existence of the balance equation for any physical quantity has been
proved, but its explicit form depends on the microscopic structure of the physical
system. As an example, in the following we derive the fundamental equations of
continuum mechanics, the balance equation for mass and momentum, in the simple
case of identical particles. Otherwise the equations would become much more in-
volved because of additional diffusive terms. Since there is only one type of particles,
processes like chemical reactions are excluded. Thus the appearance or disappearance
of the particles may be related only to the discontinuous variations of certain physical
quantities as velocity, momentum, etc. This situation occurs, for example, if the
collisions of the particles can be modelled as instantaneous processes of discontinuous
variations of the momentum or if the particles interact instantaneously with exterior
fields (e.g., photons in the Compton effect).

First, for each microscopic component we must uniquely define the mathematical
point determining its position and the physical quantities necessary to describe its
state. The relation (26) can be written for each of these physical quantities. Whatever
the structure of the microscopic components, their mass and position are always
uniquely defined, and hence their momentum too. Thus the balance equations for
mass and momentum exist for any corpuscular physical system.

The relation (26) for mass is obtained if ;(t) = mforall t € I, and i < N, where m is
the mass of the particles. Then D, = D,, = mD, is the discrete analogue of the mass
density. Since there is only one type of particles, the appearance or disappearance of
the particles does not imply mass variations, hence (6,D,,), = 0. Moreover, ¢ = m,
@, =0, ¢; =0 and (26) becomes

0Dy + V+(D,&E) =0. (27)

This is the discrete analogue of the continuity equation.

For the « component of momentum we have ¢;=p, =mé,; and D, =
D, = D,.&,. The discrete analogue of the kinetic part of the flux density takes the
form of a symmetric tensor

t+t

j (Eailt’) — Ea)(fﬁi(t') - f_/f)

x H* (a® — (rit') — r)?)dt’. (28)

N

’ ’ m
ap =(¢pa)ﬂ = v Z

i=1



C. Vamos et al. | Physica A 227 (1996) 81-92 91

The derivative ¢; is the « component of the force f; acting on the ith particle and
relation (26) becomes

3 3
al(Dméz) + z aﬁ(Dméaéﬂ) - Z a’ﬂTf/zl} = Df, + (ale,)g . (29)
=1 p=1

This relation takes a form identical with the balance equation for momentum in
continuum mechanics only if additional hypotheses on the microscopic structure are
made.

As discussed above, the parameters a and 7 are chosen so that the local equilibrium
assumption should hold and space—time average (2) should not distort the modelled
process. Then the space-time averages D, and D,, become the concentration c(r, t} and
the mass density p(r,t), respectively, which are continuous fields and the discrete
average of the velocity & becomes the continuous field of velocity v(r, 7). Then from
relation (27) we obtain the continuity equation

cp+ Ve(pr)=0. (30

The symmetric tensor (28) becomes the kinetic contribution to stress tensor a,; [13].
The force term in (29) is the sum of the contributions due to the external potential
U(r,1) and interaction forces between the particles. Since the values of a and t were
chosen so that the variation of U in the sphere S(r,a) over the interval (t — 7.t + 7)
should be negligible, the first contribution equals — ¢ VU. Then relation (29) becomes

3 3
C(pvy) + Z Cpl po,vg) — Z 0p0np — cFy= —cc,U + P, (31
p=1 g=1

where F(r, t) is the continuous field representing the mean force acting at the moment ¢
on a particle placed at r due to the interaction with the other particles, and P(r, 1) is the
momentum production at the time ¢ and the point r.

The number of the continuous fields in the balance equations (30) and (31) can be
decreased if further hypotheses on the microscopic structure are introduced. For
example, if the interaction potential is a continuous function, then the momentum
variations of the particles are continuous and P = 0. If, in addition, the interparticle
forces have spherical symmetry, then the term ¢F in (31) is the divergence of a symmet-
ric tensor [13] and (31) becomes the usual momentum balance equation of continuum
mechanics.

5. Conclusion

The existence of balance equations has been proved for corpuscular physical
systems satisfying the local equilibrium assumption. We have obtained this result
under circumstances similar to the most general ones in continuum mechanics: the
microscopic components can be generated or destroyed as a result of some instan-
taneous processes (chemical reactions, collisions, etc.) and the balance equation is
derived for an arbitrary physical quantity.
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As in kinetic theory, we have assumed that the microscopic components obey the
classical mechanics principles, but in kinetic theory the balance equations are derived
under more restrictive conditions [3-5]. The derivation of the Boltzmann equation
from the Liouville equation requires a series of assumptions: the molecular chaos
hypothesis, biparticle collisions, central interaction forces, ctc. Besides, the balance
equations can be obtained only for the collision invariants (mass, momentum, energy).
We avoided these limitations since not all the information on the microscopic
structure was introduced from the very beginning. In the first stage we have showed
that for a finite number of material points the space-time average (2) satisfies
a mathematical relation of the same form as the balance equations. In the second stage
we have used the local equilibrium assumption which ensures the necessary smooth-
ness for the continuous fields. Only in the last stage the particular microscopic
structure of the physical system has been taken into account. In this article the
microscopic structure has been specified only as far as to obtain the fundamental
momentum balance equation of the continuum mechanics, i.e. we have considered
only one type of particles with spherical symmetry.

The method exposed above may present a supplementary interest in the case of
a complex microscopic structure. The more complex the microscopic structure, the
more numerous are the simplifications and approximations necessary to obtain the
constitutive equations. The discrete analogue of the balance equation (26) is a frame
for the verification of the compatibility and the completeness of these approximations.
This problem will be the subject of one of our future papers.
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