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Definition

Let F be a function space and let & C F,

Let f € F

Find ¢ € ®, so

||f — || is minimal, ¢ is an approximation
Where ||-]| is a semi-norm on F.

For Lagrange interpolation on {xp...x,} C [a, b] define

1]l = Z|f k)|

If =0l =0 = fx) = o(x«)
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Existence and uniqueness

Let f : [a,b] — R and
{x0...xn} C [a, b] with Vi # j = x; # x;, then
AP, € N, with Yk € 0..n Pp(xx) = f(xx)

n

Pn = Z aka

k=0
Then
1 X0 Xé' a0 f(Xo)
1 xp xt| [a| _ [f(x1)
1 x ... x3| [an f(xn)
det (W)= [[ (-x)#0
0<i<j<n
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Fundamental polynomials

Lagrange fundamental polynomials:
l; €, so /,'(Xj) = 5,’j

Let

> ki =0=> arh(x)=0,Vi=0.n=3;=0,Vi=0.n
k=0 k=0

{li|i = 0..n} linearly independent = {/;|i = 0..n} base in I,

Pa(x) =D F(xk)lk(x)
k=0
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Important nodes

Equispaced nodes: xg = a, h = ?, X = Xg + kh

2
Fekete nodes: Maximize H,# |xj — x;j| "+

Fekete-Leja nodes: Approximation to Fekete nodes.
Greedy algorithm, start with xp.
Add x, to maximize HJ'-’:_OI IXj — Xnl

Fejer nodes: Let D C C = {e'|t € [0, 27|}
¢:[a,bl €D, {zx} €D, xx = 1(zk)

Chebyshev nodes: Particular Fejer nodes
z) equispaced in the Riemmanian metric on D
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Chebyshev nodes

Chebyshev points:
. 1 -1
zy € D equispaced = xx = R(zx) = E(Zk +z.7)

k
Xk = cos(—w)
n

Chebyshev polynomials:

Th(x) = arccos (ncos(x))

To(x) =1, Ti(x) = x, Tpt1(x) =2xTp(x) — Th—1(x)

Chebyshev nodes are maxima and minima for Chebyshev
polynomials.
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Properties:

Tl S 1 o) = 3 gk = 3 =27
k=0

Orthogonality:

/1 de:o Vn# m

1 V1-x2
Chebyshev series:
VfeSCL-1,1], f Zaka
where
ao:i/_ll\/%dx, ak:i/_ll-,:k/(liif)(()dx Vk € N*
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Interpolation on Chebyshev nodes

F(x) = axTu(x)
k=0

Chebyshev truncation:

f(x) =) 2 Ti(x)
k=0
Let xx be Chebyshev nodes and P, € T, so Pp(xx) = f(xx)
n
Pa(x) = cTi(x)
k=0

Ti(xk) = Tojn—i(xk) = Tojnti(xk)

[e.o]

(o9} o0
C = E a2jn, Cn = E a@2j+1)ns Ck = ak T E (32jn—k + a2jn+k)
i—0 i—0 i—0
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Barycentric form for Chebyshev nodes

Barycentric form:

HfZOJ;ék(X )
H},:O,j;ék(xk = X))

I(x) =

n

I(x) = T] (x=x)
i=0,i

I(x)
I'(xk ) (x — xk)

n

f(Xk
Pa(x) = Z I (xi)( x—xk)

/k(X) =
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Second barycentric form:

ko (X ) > ro XX);\:
f(xK)A
Zk 0 xkxkk

k=0 X—Xk
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Chebyshev barycentric form
Recall:

Tn—l(xk) - 7_2n7(n71)(xk)
To+1 — Th-1(xk) = 0= 1(xx)
/(X) = 2—n n+1 — Tn_l(X)

T1,1+1(Xk) - Trg—l(xk) = 4”(_1)k7 k € {07 n}
Top1(xk) = Tho1(x) = 2n(=1)", k ¢ {0, n}

2n1
)\k—#k¢{0 n}
f(—1 F(1)( nlfx 1
2(E<+1)) + (2(x 1) -+ i)(xk)

P.(x) =

(=1)k
(x+1)+2x 1)+Zk 1 x Xk
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Divided differences
Define: f[x] = f(x;) and f[x;...x1k] = f[xiﬂmxiiﬂk_j[zimxﬁk_l]
Newton form of the polynomial:

n k—1
Pa(x) = Z ok H(X - Xj)
k=0 i=0
With:

Qy = f[Xo . .Xk]

flxo...xn] =

1 t1 th—1
:/ / / F7(x0 + t1(x1 = X0) + - -+ tn(Xn — Xo_1))dtn - . . dt:
0 0 0

ARG

3¢ € [x0, xn] = f[x0...%xn] = .
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Equispaced nodes

Equispaced nodes: xx411—xk = h, x =xp+sh = x—xx = (s—k)h

k=o)X Caf(x)
nlh"

flxo...xn] =
Forward formula:
n k—1
Pn(X) = f[Xo] + Z (f[Xo .. .Xk] (H(S — I)) hk+1)
k=1 i=0
Backward formula:

n k—1
Pa(x) = flxal + ) (f[x,, e Xnk] (H(s —n+ /)) hk+1>
k=1

i=0
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Central differences form: Let x_p,...X_1,X0, X1 ... Xn
x € [x_1,x1]

Stirling's formula:

n k—1
Pany1(x) = f[Xo]JrZ (f[x_k Cee X0 XK (H(S2 _ i2)> h2k+1> n
k=1

i=0

nd k—1
Z (f[xk...xo...ka]erf[xk1...X0...xk]$ (H(S2 B i2)> h2k>

k=0 i=1
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Let M = {xp,x1...xn} C [a, b]

Then

Pum(x)

Neville's method

_ Phngooy 00 = %) = P o) (X)(x = )

Xj = Xi

f(x0) (x—x0)—f(x1)(x—x1)

X1—X0

Pt eon 00) (X =50) ~ Pty Con) )

Xn—X0
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Remainder term
Let Ry(x) = f(x) — P(x)
Construct:
(t—x0)(t—x1)...(t— xn)
(x —x0)(x = x1) ... (x — xn)

g(t) = (£(t) = Pa(t)) — Ra(x)

g(t) has n+ 2 zeros, Rolle's theorem implies

3¢ € [x0, xa), g"H(E) =0

(n+1)!

(D) () = FOHD) (1) — R.(x
g () = ) = R =) =)

B f(n—&-l)(g) n
N DY

(x — xx)
k=0
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Alternative forms of the remainder

n k—1
Pn(x) = fxo] + (Zf[xo...xk] (H X — Xj )) —|—rH X — Xj)
k=1 Jj=0

r = f[x, xo, . .. Xn]

f(X) — Pn(X) = f[X,Xo, .. -Xn] H(X - XJ)
j=0
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Integral form of the remainder

1
f(x) = f(xo0) + f(x) — f(x0) = f[xo] +/0 f'(x0 + t1(x — x0))dt1(x — xo)

1
= f[Xg] + /0 f/(Xo + t1(X1 — Xo)) + f/(Xo + tl(X — Xo))—

—f(x0+ t1 (31 — x0))dta(x — x0) = . .

1 rty th—1
Rn(X):/ / / f(xo + t1(x1 — x0) + - ..
0 Jo 0

+ tp(Xn — Xp—1))dtn ... dt1(x — x0)(x — x1) ... (X — Xn)



Hermite's formula

(x = x0)(x —x1) ... (x — xn)
z—x0)(z—x1)...(z = xk-1)(z2 — Xkx1) - - - (z — xn)(x — 2)

gk(z) = (

From Cauchy's integral formula:

1 gx(2)
gk(xk) C2mi 72 Z — Xk dz

I(x) 1 I(x) ,
I(x)(x — xi)  2mi fi—k I(z)(x — z) d
I
I(z)(x — 2) d

f(xk)gk(xk) = f(xi)k(x) = ! ?{

~2mi



Let " enclose all x, but not x

f(2)I(x)
I(z)(x — 2)

h has singularities enclosed by " at x,x Yk =0...n

h(z) =

n

h(z )dz = Z Res(h, x) Z f(xk) gk (xk)
k=0 =

Pol) = 57 e

27i z)(x — z)

o7i
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Hermite's remainder

Let [ enclose all xx and x

i. h(z)dz = Res(h, x) + i Res(h, x)
27 r i—o
1 _ f(x)I(x)
i P h(z)dz = — 1) + Pn(x)

L1,
Rol) = i f e
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First convergence result
Let S = {z € C|dist(z,[-1,1] < 2)}
fanalytcon K2 SandTCK, TNS=10
xe[-1,1] = |x — x| <2

zel = |z— x| >2

X — Xk

I(2)
1 AR [y
2mi jgr I(z)(x — z)d ‘ 2mi
lim Pp(x) = f(x)

n—oo

<7 =

Elfy<1,'

[Rn(X)| =

IN

@) 4| o
fen*]
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Welerstrass' theorem

Let f € C[—1,1] then Ve > 0 Ip € N with ||f — p|lec <€
Consider f an extension on R with compact support for f

ou  0%u

ot ox?
u(x,0) = f(x)

u(x,t) dy

-7l

b E € = | To(x) = ulx, oo < 5. 1F(x) = ux, )]oo < 5

ITa(x) = F(X)lloc <€
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Equioscillation

feC[-1,1] = 3lp* € N, so ||f — p*|| is minimal and Ix, for
k =0..n+ 1 with f(xx) — p*(xx) = ||f — p*| and
(F(xi) = P (a))(F (k1) = P (xk41)) <0

Suppose p* equioscillates on x, and dg € 1, with
1= bl > I — gl then (5" — Q)(xi)(p" — q)(xks1) < 0 ==

Suppose p* is the best approximation and it equioscillates at
xk k =0..i, i < n Construct 6(x) = (x — xp)(x — x1) ... (x — xk)

If = p*l| <[If = p" +€df

for small e =<«
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Pessimistic Result
Let f(x) = g(6) = f(cos(0))
Let S, be the truncation of the Fourier series of g(6)

Sn(9 lk9 1 / fiktbd(b

(Losinsky—KharshiIadze)

2 1
15al] > cIn(n) = [|Pal] > —5In(n—1) =3

If x, is an uniform mesh then
[|Pnl| > 2"

For every sequence of nodes x, there is a f € C[—1,1] with P,f
divergent
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Rate of convergence

Let f be a function so f(¥) € BV[-1,1], V,f(x) = v and x; be
Chebyshev nodes, then for n > k

v
wk(n — k)k

Let f be analytic in a Bernstein ellipse E, with |f(z)] < M

If = Palloo <

4Mp=—"
-1

If = Palloc <
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Lebesgue's constant

A= sup [|Pn(f)lle
[flloo=1

The Lebesgue function:

n

A) = Sl = A= sup A(x)

k—0 x€[—1,1]

If = Pall < (A+1)[If = p7]

If P, is an interpolant on Chebyshev nodes

If = Pall < (2+ ZIn(n+ 1)) If = p*|
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Runge's phenomenon

Runge function interpol of order 10
Runge function
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Runge function interpol of order 20

\ Runge function
I interpolation
errar
r 20
b —pre—o—0—07 TS e—t—a=d ¢ o
\/ \J
-1 08 06 04 -02 0 0.2 0.4 0.6 0.8 1
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Runge function interpol of order 10

Runge function
interpolation
errar
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Gibbs's phenomenon

Step function interpol of order 10

Step function
interpolation
e P
/ error

04 02 0 02 04 06 0.8 1
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Step function interpol of order 20

A
Step function || ‘II
/ interpolation || |
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