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Polar Decomposition

Let A be a positive definite n x n matrix

A= QAQ*

i =/

B=QMQ*= Q*BB=A

Let A be a full-rank n x n matrix

P = VA*A, PX,‘ = /\,'X,'

U=[LtAa . tA] [a o )

UPx; = Ax; = A= UP
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Let A be a n X n matrix

det P = H A\ <
k=1

bi =

P = B*B,

()

Hadamard Inequality

aj

l|ail2

PX,' = )\,'X,'

1 noo1 !
<[|[=trP) == I
_(n r ) (n;bkbk>

|det M| < VdetP =1

|det Al < T llacll2

k=1
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Orthogonal Iteration

Use power iteration on multiple vectors

Use orthogonalization to avoid all vectors converging to one
eigenvector

Let A € M™" positive definite

Bo=[b1 ...by]

Bn+1 = AB,

Use Gram-Schmidt to orthogonalize By If x; are the eigenvectors
for k dominating eigenvalues

lim b,‘n = X
n—o00

We compute [A”bl ...A”bk]

6
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Schur's Lemma

Ae M™ g*A= \q
Q*AQ = [

QFAQ: Qqu}
qg*AQ1 g*Aq

TAQL =Ag*Q1 =0, g*Ag=Ag"g =\
0°AQ — [Qfé\ol Q{)\Aq}

B = Q{AQ1, apply the reasoning for an eigenpair of B
A is similar with an upper triangular matrix = proof of Schur's
lemma
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QR Algorithm

The problem with the algorithm: eigenvectors are required
A= QR
Q= [Ql q], g not an eigenvector

A=QR= Q*A=R
@)= 1]
q* *

r*=1000 ... 0 rp)

q* — r*Afl

*

g* is an iteration of the power method for A~ starting from r*
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QR Algorithm

We want to show Ax =~ R upper triangular as k — oo
Assume A has distinct eigenvalues in absolute value € R*

A=A = VAV U T, = Ak = vAkv 1
Up = VAKVTIT L U = TR VARV
A = TR VA VTIALVAF VAT L = TLVAVTIT 1
A= TR VAVIT L = T AT,

ATy = TLA
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Convergence of the QR Algorithm

QNN = @

UcTUTIANF =5 Q

Q = QI the QR factorization of
Uy is orthonormal and T, U~*A~¥ is upper-triangular
Tk, UIAK have positive entries

U = Q

Ac = Ut AU, = Q*AQ = A
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Cholesky Iteration
B positive definite n x n matrix The Cholesky iteration:
By = B, Bx = C;Cy, Byi1 = CC;
B=C*C, B= CC*
Bij = Z Z Cpi Cpj
Bj = Z CpCoi =D CioCip
p=Jj

k n
Bu =2 Cior B = Gt
p=1 p=k
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Cholesky Iteration

k=1 p=k k=1 p=1 i=1 j=1
m m n
5 2
§ Bk — Bik = E E G
p i=1 j=m+1
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k=1

x
Il

1
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tr(B) =tr(Byp) = ... =tr(Bx)
N m. m—1
Bom — Brmm = Y _(Bik — Bi) — D _ (Bik — Bia) > 0
k=1 k=1

(Bk)ii is monotonous and bounded

lim (Bk)ii = (Bo)ii
k—o00

Zépp—Bpp:Z Z Cj2i_>0

p—1 i=1 j=m+1
Cj,' -0, j>i+1

C converges to a diagonal matrix
By converges to a diagonal matrix
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B=A?=A*A
XxZ0=>x"Ax>0= x"Q"AQx > 0= x"Axx >0
A=QR=B=R'Q"QR=R'R
Ao = A, Ak = QkRi, Akt1 = RiQx
A2 = B, = R} R,

Afi1 = AcniAiyr = ReR = Bin

The QR iteration for A is the Cholesky iteration for.B =- converges

16
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Use induction, for k to prove Ax normal and
Ak = Uk QrRx
By definition RxQx = Qx+1Rk+1 = Pk
A1 = Uk QiR = Uy Py

Ue= Q... QUQo. .. Q

Py converges to a diagonal matrix and Uy is a rotation
In a sense Ay oscillates near a diagonal matrix
No true convergence is guaranteed
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QR for Complex Eigenvalues

=11 %]

S Y R P
A= _—01 (1)_
a=) o m=[y ]
=l

Ak has eigenvalues —i, i

Larger matrices get non-convergent 2 X
eigenvalues

2 blocks with conjugate
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More general
a —b
SN
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QR for Complex Eigenvalues

More general
a —b
SN
A (A) = X2(A) = a+ bi

a —b a b
Aok = [b 5 } s Aokl = [b a}
For a general matrix A with distinct eigenvalues the QR Algorithm
converges to a block upper triangular matrix

For a general matrix with eigenvalues a + bi, a — bi the QR
Algorithm goes towards Axk, Aok+1
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—~

A)
)

p(AB 1) < P

<1

&)

(

For a general diagonalizable A, det A
algorithm

3

0 we have from the QR

RN
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Let A, B and Amax(A) < Amin(B)

—~

p(A)

p(AB™1) < <1

(

For a general diagonalizable A, det A
algorithm

=
=z

0 we have from the QR

RN

AR = UkRy, Ary1 = UAU;

A=PNP7!, P71 =1LU, P=QR

With similar argument with the block LU factoriaztion can be used
Convergence is not guaranteed but the eigenvalues of the block
upper triangular matrix converge to the real eigenvalues
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The Explicitly Shifted QR Algorithm
A—ul = QR
A—pul = RQ
Sn-on-[s
r = rnneén
q*(A—pl) = rane;

q" = rane, (A — ul)_l

QR with explicit shifts is equivalent to the Inverse Power method
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QR Decomposition of a Matrix Polynomial
Apply the QR Algorithm with shifts k1, ..., Km

Ao = A, A — kil = QuRik, Akt1 — kk+1l = RieQx
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QR Decomposition of a Matrix Polynomial
Apply the QR Algorithm with shifts k1, ..., kp

Ao = A, A — kil = QuRik, Akt1 — kk+1l = RieQx

Ak — kil = QuRik, Rk = Qf(Ax — Kil)
Ay1 — Frr1 = Qu(Ak — rikl) Qk
Akt1 — kkt1 = (Qo - .. Qk)* (Ao — kol )(Qo - - - Qk)

Qo...QkRk...Roz Qo...Qkfl(Ak—Iik/)kal...RQZ
= (A—Kjol)(Ql...Qkfl)kal...RO = (A— Hol)...(A— Hkl)
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Error Bounds

A=ls
g K

1 is the Rayleigh quotient of e,
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P* e| |B—kl h IR p
* « g wu—=r| |0 r
*h+alp—r)=r
Irl =1f"h+a(p — &) < [F7h] + |allp — & < [[fl2)lAll2 + |1 — &
rl < [IR7Yl2llg N2l All2 + 112 — &l

g=rg" =gl < IR ZlglZlnll2 + IR |l2llgl2ln — ]
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Convergence Rates

— -1
lgkrllz < IR 13 Ik l3l Al + IR Hl2llgkll2l e — ]
Use a Rayleigh quotient shift xy = 1
lgk+1ll2 < o®(lgxll3

For a proof for the bounds of ||[R71||3 and ||hx||3 see [4]
|lgk|| converges at least quadratically
If Ais Hermitean h, = g

lgks1ll2 < o°|lgxll3

|lgk || converges at least cubic
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Practical QR Algorithm

Use Householder transformation to reduce A to Hessenberg form
Use QR with Rayleigh quotient to approximate the last eigenvalue

R = e,’jA,-en
When g is close 0, p is close to an eigenvalue
gl < ellAllF

Use a deflation technique to reduce A to a (n—1) x (n— 1) matrix
If a subdiagonal element is close to 0 deflate
Apply inverse power method to get eigenvectors from eigenvalues
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Wilkinson's Shift

The QR with Rayleigh quotient cannot produce complex
eigenvalues
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Wilkinson's Shift

The QR with Rayleigh quotient cannot produce complex
eigenvalues

Wilkinson's shift introduces complex arithmetic

Denote by By the 2 x 2 matrix A(n—1:n,n—1:n)
Denote ay, Bk the eigenvalues of By

Use as shift the eigenvalue that minimizes

ke = min{|axes Al [BrepAl}

Iterate and deflate as in the Practical QR Algorithm For Hermitean
matrices there can be a loss of cubic convergence
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Implicit Double Shifts

Avoid complex arithmetic
If x is a candidate for a Wilkinson shift, so is & Start with
Hessenberg matrix H

(H — sl)(H —&l) = H?> = 2R(rk)H + |r|?

(H—rl)(H—7l)= QR

A= RQ

Making both shifts at once = Francis’ shift
H? — 2R(k)H + |k|? is hard to compute O(n%)
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Implicit Q Theorem
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modulus, by g1
AQ = QH
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The matrices Q, H from A = QHQ" is determined, up to the
modulus, by g1
AQ = QH

Aqi = qihi1 + gaho1 = hi1 = g1 Aqu

Goho1 = Aqi — h11g1 = ho1 = ||Ag1 — huiqil2

Assume gk, ... gk have been determined

Aqk = hikgr + hakG2 + - . hik Qi + B 1)k Gk+1 = hik = g7 Aq;

Ak+1 = ||Agk — (h1kq1 + hakq2 + - . . hikqi) )2
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Francis' Double Shift

Denote by c the first column of H? — 2R(k)H + |x|?
Use Householder transformation Quoc = ||c||2€e1

Hi = QyHQo

A

Reduce H; to Hessenberg form H

H= Q;H Q

Q=Q&
Q has to be the Hessenberg reduction of H to A

A= Q*HQ

Iterate this algorithm until close to Real Schur form
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Final Notes on the QR

The eigenvalues usually appear ordered in the Schur form

When there is disorder in the eigenvalues the algorithm may not
converge

The QR Algorithm usually shows slow initial convergence until the
quadratic convergence gets into action

For large matrices in Hessenberg form elements from the top may
get small and require deflation

There is an algorithm to reduce a complex Hessenberg matrix to a
real one
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Arnoldi Iteration

Compute Hessenberg form of A
Householder method cannot give partial results

AQ = QH = AQ, = Qni1H

Where @y is the matrix with the firs k columns of Q and

hi1 hiz hin

A ho1  hao han

H = 0 h32 h3n
0 e hn+1n—1 hn+1n

Aqn = h1nq1 + honqo + ...+ hppqn + hny1qny1

Similar construction with the implicit Q theorem
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Arnoldi Iteration

Ki (A, b) = span (b, Ab, A%b, ..., Ak=1b)
b
g1 = —— = Ku(A,b) =span(q1, ..., qn)
[[b]|2

Arnoldi process = construct an orthogonal base of K,(A, b) Define
K, the matrix of the first n Krylov vectors

Kn=QR=Q,=Q

From the power method = K|, encodes information about the
dominant eigenvalue

Arnoldi iteration isolates the information about the dominating
eigenvalue via QR
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Krylov Subspaces Projection
Define P : Kn(A, b) — Ky(A, b)

x — Py, Ax

35/51



Krylov Subspaces Projection
Define P : Kn(A, b) — Kn(A, b)

x — Py, Ax
@, is an orthonormal base

35/51



Krylov Subspaces Projection

Define P : Ky(A, b) — Kn(A, b)

x — Py, Ax
@, is an orthonormal base

P=QnQ,A
Change the basis of P

Pq, = QuAQn

The Rayleigh Ritz quotient of the vectors g;

35/51



Krylov Subspaces Projection
Define P : Kn(A, b) — Kn(A, b)

x — Py, Ax
@, is an orthonormal base
P=QnQ,A
Change the basis of P
Pq, = QuAQn

The Rayleigh Ritz quotient of the vectors g; Main ideas of Arnoldi
iteration

Kn = Qan, Hn = Q:AQm AQn = Qn—i—lﬁn
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Arnoldi Eigenvalues Approximations

The eigenvalues of H, ar called the Arnoldi estimates

n—1
x € Kn(A,b) = x = cAb = p(A)b
k=0

Imposing ¢, = 1, find p, that minimizes ||p,(A)b]|2

pn(A)b = A"b — Qny

We have a linear least square problem, so we have orthogonality

pn(A)b L KyA, b= Qpa(A)b =0

A= QHQ" = Q,Qp(H)Q"b=0
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q; Aq; are the eigenvalues of H,

As n increases H, is closer to H so the eigenvalues of H,, are close
to the eigenvalues of H

A = QHQ* so the eigenvalues of A and H are the same

Arnoldi iteration may give geometric convergence

The algorithm breaks down when K, is not of full rank

Arnoldi iteration is not fully understood (Trefethen)
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A simplification of computation is easily achieved

hj = qi Aqi, hj = qi A*q;

Agn = hp—1nqn—1 + hnnqn + hn+1nqn+1

Both iterations tend to find first eigenvalues closer to the extreme
of the spectrum

Lanczos gets the vectors g, orthogonal by construction

On finite precision there may be a loss of orthogonality

The loss of orthogonality may introduce ghost eigenvalues
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Define the congruence relation
B = SAS®

Assume A is symmetric and real with rank r

A is orthogonal diagonalizable so A ~ D

Reorder D so first p elements are positive, next g negative and the
remaining 0

There is a subspace P of dimension p on which A is positive
definite

Let P be another subspace on witch A is positive definite

A'is negativeon N = PN N =0

dimP +dimN < r=dimP < dimP

In any diagonal representation of A the number of positive
eigenvalues is the same
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An eigenvalue algorithm based on Sylvester's Inertia
By multiplication B = UDU* we see that A and B have the same
number of positive eigenvalues
A is symmetric
A=LDL*

Count the number p of positive elements in D

Find a k for which A — kI = LDL* has p — 1 positive eigenvalues
Use Gershgorin Circle Theorem for an initial guess of x

Use bisection to find the eigenvalue in (0, k)
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T(X)=AX+ XB
T is a linear operator The problem can be rewritten as
Mv =y
Simple observation: let us identify v = vect X

vect(AX) = (I ® A)v, vect(XB) = (BT @ I)v

M= (oA +(BTaI)
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Generalized Eigenvalues Problem
Let A, B be hermitean, positive definite

AQ = QAa, BU = UApg

Ax = A\Bx
In matrix form AX = BXA

NI

_1 _
Ng?U*BUNG? = |

NI

_1 _
Ng? U*AUNg? is symmetric

N

_1 —_
Ng?UAUNG? = P*Ay P
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_1
UNg?P =M
_1 _1
M*AM = P*Ag2 U*AUNG? P = A
_1 _1 _1 _1
* — p* 2| [* 2 _ p* 2 2 _ p* _
M*BM = P*Ng? U*BUN* P = P*Ng>NgAg? P = P*P = |

M*AM = A 5 N M*AM = A 5
M*BM =1 ANy M*BM =N

AX = BXA
If B has full rank = B~1AX = XA
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QZ Algorithm

Use orthogonal transformations to make A Hessenberg and B
upper triangular

Bi = QB, A = QA

A= UA;, B=UB

Use one transformation to restore B triangular form and one to
zero an element of A
With A Hessenberg and B upper triangular

(A= XB) = Q*(A-\B)Z

Let M be the 2 x 2 lower submatrix of AB~! with eigenvalues a, b
Let v be the first column (AB~! — al)(AB~! — bl)
v can be computed in O(1)
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QZ Algorithm

We need to transform A to an upper triangular matrix
A= QA

®p also reduces v to e; Similarly, we need Zy to reduce B to an
upper triangular matrix
b,,Zo = efj

Repeat the procces and denote
Q=QQ1...Qn Z=224...2,
By the implicit Q theorem, Q@ applies the Francis iteration to AB~!
S=QAB7'Q

By construction @ and Z simultaneously reduce A and B to Schur
form
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The Singular Values

The Jacobi method is based on Givens Rotations

A is hermitean

Jjj rotates a; so ajj is 0

JjjAJ;; has 2 extra 0

Repeat the rotations for all off-diagonal entries of A

The algorithm produces orthogonaly similar matrices to A

A = JkAkflJZ = A,=JAJ

The algorithm goes towards a diagonal form
Only 4 entries are affected at each step = easy to compute in
parallel

47 /51



Pseudo-inverse

For A ¢ Mnxm
A= UXV*

48 /51



Pseudo-inverse
For A € Mnxm

48 /51



Pseudo-inverse
For A € Mnxm

48 /51



Pseudo-inverse

For A ¢ Mnxm
A=UXV*
0, o,=0
il
Ok
AT = VIty*

AATA = UZV*VITU*UZV* = USZ IV = UTV* = A

48 /51



Pseudo-inverse

For A ¢ Mnxm
A=UXV*
0, o,=0
il
Ok
AT = VIty*

AATA = UZV*VITU*UZV* = USZ IV = UTV* = A

ATAAT = VZUUSTV*VIU* = VETESTU* = VETU* = AT

48 /51



Pseudo-inverse

For A ¢ Mnxm
A=UXV*
0, o,=0
il
Ok
AT = VIty*

AATA = UZV*VITU*UZV* = USZ IV = UTV* = A
ATAAT = VZUUSTV*VIU* = VETESTU* = VETU* = AT

(AAT)* = (UZV*VITU*)* = USV*VETU* = (AAY)

48 /51



Pseudo-inverse

For A ¢ Mnxm
A=UXV*
0, ox=0
e
ok
AT = VIty*

AATA = USV*VET U ULV = USTTEV* = UZV* = A
AtAAT = VEUFUSHVAVEU* = VETISTU* = VETU* = AT
(AAT)* = (UZV*VITU*)* = USV*VETU* = (AAY)

(AtA)* = (VETUFUSV*)* = VETUAUSV* = ATA
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