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REZUMAT. - Asupra contrarel inegalitdtli pe frontierd 2 I Krasnnsclskil-Browder., Fio
@ o submylfime deschist s mirginith a spajiud Banach Xou & O gl fic/0 aplicaie do 1aG
in spatind dual X'. Incgalitates po frontier a tui Ktusnosctskil-Browdar: (5,40) = 0 ponirn
ordce ¥ € 8G, este pentns anumite tipurl dg aplicapl, sufictemd pentrn exisionts unéi solujti
x € G a coudtiel fls) = 0, Pmmﬂmmtsemupademmmmmmw.m
(Ax)) s O pontru orice x € 3. Asititim o dach X ests un spaliy Hilbert ifini-dimencional,
J=1- gunde [ este identitatea ful Xol g: G- X cste complet contini, stwnch ircgalitaen
(1)) = 0 nu are loo pentry tofl x € 8G. fn conseciagh, dowl teoreme de punct Tix demanstrate
in |4] nu au obiect fiindcd ipotezele lor au pot i satisficute. Apol punem probleina dact u
rezultat negativ de tiput cehn de mal sus, este valabll st peniru aplicatit y'de tip monoton, maj
generale La aceastd tntrebare se di un sispuns pargial

1. Abstract, Let G be a bounded opsn subset of a Bangch space X with 0 € G and
let f be a map from G ;t;to the dual X" The following Kiasnoselski-Browder boundary
Inequality’ (x, f(x)) = 0 for all x € 4G is for some types of maps suffictent for the exiastence
of solutions x € G for equation fx) = 0 This ariicle deals with the reverse of the above
inequality, namely

(xfx)) = O for ali x € 3G
We prove that if X is an infinite-dimensional Hilbert space, £ = 1 - g where 7 15 the

¥

identity on X and g G — Xis completely continuous, then the inequality (x, f{x)) = 0 can
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not be true for all x € G Consequently, two existence theerems proved in [4] have no
content since their assumptions are never satisfied "We then ask if such a negative result holds

true even for more general maps of monotone type. A pastial answer is finally given

3, Introduction. Let us start with the defintion of ;; general concept of degree of map

DEFINITION 1 ({1}, [2]) Let X and ¥ be topological spaces Let Obe t;elass of open
subsets of X For eaeh & in O one considers a fami]y of maps f. G-V, the collection of
all such maps for the various G of O s denoted by & Yor aach Gin Oconslder 3 faxmly of
hemeataples { £, 0sfsel}of maps in #; al} haviag the mmmm domain G dcno&e by 3£
the cnliecﬁon of all such hotnetoples for the various G tn G Thes hy 8 dvgt’eﬁ function on
the famxiy & which is tnvariant with respeet ta the hemotopies in‘Hand which is aomnltzed
by @ given map £ from X into Y ane means an integer - valued function fé[,ﬂ{}.y)‘wtﬂch ég
defined for alGe o, JEF £G ¥, yE I\J(BG) sich that the followlng thres
condtiions are satisﬂed ‘ o

(8) (nonnahzatwn) K dfGy) w 0, then y € £G) For each G in. 0 ){, 15 - and
if y € f(G), thcnd(j?,ia,ﬁr yy= +1, . ‘

(b) (edditivity on domain). If f € & f-\('}' -> Y and G, G, € @ are & pair o%
disjoint open subsets of G such that y & f((:": \ (Gl y] Gz)), then f{g}lkami ﬂ@ both lie
in Fand 4(1,G.3) = d(f15.G,.9) + d(£15.G,.5)

(6) (invariance under homotopy). If {f;; 0 = ¢ = 1} is a homotopy in H with fixed

A

domam G end If {y,;D stsl } is & continuous curve in ¥ such that for all 1 [0,11, .

L

Y, & £,(8G), then d{f,,G,y,) is constant on [0,1].

The following propesition is & vartant of Proposition 1 and Preposition 3 in [1] and
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ON THE REVERSE OF THE KRASNOSELSKII-BROWDER INEQUALITY

shows how a boundary 1nequality is useful for existence results

PROPOSITION 1. Assume q degree function exists as i Definttion 1 and Y 1s a linear
topological space. Let G be a set m O, y a given element in f(G) and let f G — Yhesin
F Suppose that H inclides the affine homotopy f, = (1 - 1) /|5 + tf. If for each x € 8Q
there exists a lmear functional w on Y such that

(,) =0, (W, () > 0and (w, f()) =0, o
then y € f(G)

Progf Suppose y ¢ f(@G) Sice y € f(G), from (a) one has
d(f15.G,y) = +1 Toshow that d(f,G.») = d(f]l5.G,¥) = +1, it suffices to see
that d(f,,G,y) isconstantins, where { f, 0 s ¢t = 1} isthe aﬁinehmnatcpywhichjuim_}; ls
and f This follows from (c) if we can verify that y & f,(8G) for all ¢ in [0,1}. Buppose,
however, that for some x € 3G and some ¢ € [0,1), we have y = fi(z) = (1-9f,(x) +« ¢f(x}.

Then
0 = (w,) = (W, /() = (1= (w, () + 10w, f(2)) =
= (1 —t)(w,ji,(x)) >0

which 13 a contradiction
In the particular case X = Y 18 a Hilbert space, @ in the class of ail baundéd open
nonempty subsets of X, & 1s the famuly of continuous maps f .G — X with G € 0 and
I-f) (5 ) relatively compact in X, H 15 the famuly of continuous homotcentes
{f, 0 s17= 1} m F with a common domain G such that there is compact subsct K of X
with (7 —f,)((-}—) C K for all 1 € [0,1], f; is the tdentity of X and y = 0, condition (1} Is
satisfied plrowded that
(x,f(x)) = 0‘ for all x € aG 2)
Condition (2) 15 just the well-known Krasnoselskii boundary inequelity Thus, 1f we set f =
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I - g, we obtan the fixed point theorem of Krasnoseislsxi
PROPOSITION 2 (Krasnoselskn) Let Gbeg bounded apetr subset of a reat Hllberl
space X with 0 € G. Suppose that ths completely gmxtmuaus map g froni G jmo X sana;ﬂes
| (Jy,g(x'))a]xiz Jor all x € 86, . ‘ B 3
Then g has at least on;z Axed point in G. 4 . N l (
An ebvious question ‘is what happens if ﬁw oqrimey) é@ QEEL c:,tiva!entiy in (3), is
reversed This question was asked by Lakshm»kanﬁram atxd Sun in {4} whers the fbtiowmg

~ 6o

“answer was given 3
PROPOSITION 3 (Lakshmikanﬂmm & ﬁa,m} Lot Xte maf Hlfbeﬂsmm qﬂr;ﬁmm '
dimension and G a -bounded apen. set af X wn“h a G Suﬁg:me uw dae aomp&ewiy

conmwous map g from G into X sajisﬁes . ~' N K _: )

"
P
[EX S

gDz P praixeed. @
Then g has at feast one fixed potiit in G. A ol
An other statement m [41 is the f‘olicwinge 4 A
PROPOSITION 4 (Lakshmiksnthain & Sun). et xae ammfibempmajwze o
dimension and GI, G, fwo bounded apen 38!3 of X szwh that 0@. G‘ and G t’; G, . Sup}w A
that the completely conitinuous map & from G into X saﬁ@h: w ;l..i‘::y‘:j oﬂﬂﬁiﬁm
(%, g(x)) a |x|? kmd g(x) w ijrany Y= BG‘ ). T : ,f,f‘ (Sj
fx, g(z:)) = ]xlzforanyw aG . T 1‘; - w(th)
?hen g has at least two fixed pomts in G o : - -r KI' "" ‘ ;
Proposition 3 s true if X is. 2 space oF ﬁnite dimcnswp Thls can be proved by
Bmuwer s degree ([4], Remark 1) since ‘

A(1-8,G,0) = (~1)¥ 0
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Indeed, if g satisfies (4) and g(x)=x for any »E3G, then g 18 homotopic to 8/ for any 6 > 1,
the homotopy being

gx) = (1-1)Bx+ig(x), Ostsl
It 15 easily seen that g(x) » x for all x € 3G and ¢ € [0,1] Hence,

d(I-g,G,0) = d(I-g,,G,0) =

= d{I-g,,(G,0) = d((1-9)],G,0) =

w d(~1,G,0) = (-1)**¥,

Let us remark that Proposition 4 is true if X is a space of odd finite dimes,xaim. Indeed,
under conditions (5), (6) end g(x} » x (for all ¥ € 8G,), by additvy crezoxy of the dcgme,
one has | ,

'd(I-g. G\G,,0) = d(I-g.G,,0) -
- d(I-g,G,,0) =1 - (-1y=¥=2

If X is a space of oven finite dimension, Proposition 4 is nct true q.s'shi;ws tha
following example: |

Example 1. Le'&X-Rz",G1 ={xE R, |x| < 1},G,={xe®", |x|<2},g: (:’;g——wl&_"
where

g0s)y, = 2%, HsPet) v x,, k=1,2, .0

g(x),, = 2x,, /(|x]2+ 1)-xg,‘_l, ke=1,2,. . 8.
For |x| = 1 we have g(x),, ,=x, *+x,, 8(s), =Xy ¥y, #nd so(v,g(x)) = |37 = 1
and g(x) = x Hence g satsfies (3) For [x|=2 we have (x.g(x)) =.§_ix{’=_§,<4-1xl2,
which shows that (6) also holds Nevertheless, the unique fixed pomnt of g is @ Indeed, if

g(x) = x, then
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2x2;,_1/(|x[2+])+xzk B Xy .

’ , k=1,2, \n . ' (N

2x, /{|x]P+ 1) ~xyy, = 2y, ‘

If we multiply each of these equaltties by ¥y, and x,,, respectively, and add, we obtain
2{xP/(|e 2 1) = |xf2,

which is possible enly 1f |x} = 1 or |x| = 0. In case |¢} = 1, from (7) we'ﬁnd

Xyt Xy = xz,[_‘l J ¥y =Xy, =%, k=1,2, .8, whence =0, a contradiction Thus, ¥=0

is the unique fixed point of g

3, In spaces of inflnite dimensian the complote continuity and the reverse of the
Krasnoselskli Inequality are incampatible, k ‘ .

THEOREM 1. Let X be a real filbers space of infinite dimenszon, Ga boanded o,wn
set of X with 0 € G and let g be a completely contimons sap ﬁ‘am G hutq ); Then, there

1

exists x € 8G such that \
(.2 < |xP. e
Proof Suppose otherwise Then | ‘ - |
(x,g8(x)) ‘l~x|3 for all ¥ € §G. ' ‘ & |
Since G is open bounded and 0 € G there exist Fy, v such that | ‘
0<,r's}x|sr for all x € 0G. ' 10y
On the other hand, the compaciness of g 1mplles thet K= g'(?m') is ccmpact and
|g(.w:){ s R for alle&G '
where R > 0 From (9} and (10), we have
rlx] = [xPs (r,8() 5 x| [g()| for any x € 3G
Hence ‘
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0<r s|gx)|sR forall x< 4G
Agamn from (9) and (10), we have
(x,8(x)) = |x] |g(x)] cos Ax,g(x)) 2 |x[* = r,|x]
It follows that
cos Ix, g(x)) = r,/|g(x)| = r,/R (x € 4G).
Thus
4x,g(x)) s a = arccos (r,/R) < /2 for all 3 € 3G
Now, for each y & K define a subset U, of X by
U ={x € X\{0}, Ux.p) <a/2 - a}.
Clearly, the family {U, ; y € K) 1s an open cover of K Since X is compact there 15 a finite
subcover of X, say ' |
U,.U,. .0,
For any x in G, theie extsts 1 € {1, 2, ., m} such that g(x) € Uy.
Since L(x,g(x)) s o and 4(g(x),y,) <n/2-a, we obtain I(x,y) < xn/2 and so,
(x,y,) > 0 On the other hand, X being of nfintte dimension, we may find an element x,
on 8G such that {x,, y) = 0 for all j € {1, 2, , m} Therefore we reach a conuamcdbn,
Theorem 1 15 thus proved
Remark 1 Here is an equivalent statement for Theorem 1
Let X be a real Hilbert space of infinite dimension, G & bounded open set of X with
0 € G and g a completely continuous map from G to X, Denote f =1 - g Then
sup {(x,f(x)), x & aG} >0 1))
Remark 2 Proposition 3 and 'Proposmon 4 have no contents Indeed, by Theorem 1,

the assumptions (4) and (5) never hold
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4. The reverse of the Krasnoselskii-Browder beundary inequality and maps of
monatone type. The question we ask is if (11) fxalds true even for mare general maps of
manotone type The answer we give is cnly a p_arltia{ ong. '.

Let us first recall some definitions and standard nofations of nonlinear ﬁ.m‘ci(unal
analysis. If X is a rea} Banach space and X its dual, we deaote by (v.w) the palring Eatween\
xin X and w in X We use the symbof ~v fiar strong convergence wd - for weak
convergence If 2 s a subset of ,X and fa map fmm D inm X, fis sald to be dmnicoﬂtinurmé
if it 18 continuous from the strong sopology of X on D to the waak tapology of X, fis sald
to be of elass (5}, if it 18 demiwnﬁnuwa ang 1F for any sequezm (x,) in b with x, - % f‘mt ‘
some ¥ € X for which T (x, - x,f(x)) s 0, we have x, x,ﬂs said{uhcpseudv—
monotone if it is demicontinuous and if for any sequence (x,) hl B witb ¥, ~x for same x €

X for which T (¥, - ¥,5(x)) = 0, we have {(x,-x, f{s )3"’9 Wbilc lfx € D “then
flx)—~fx). A muld-valued map 7 of X igto ﬂw subsets of X ls mannwae it’ for any
etements {x,u] and {y, v] of its graph, (c-y, u~v) 20, 7 maxlmal mcmoﬂme if it xs muxima$
in the sense of inclusion of graphs among monotanq maps of X }z;tq ;hs subsets of X'

Nots that If X is a Hilbert spoce andg is a completely elouénuuns map i"ron'l‘],) into
X, then the map =1 - g is of class ®), ' ‘ “

T‘ne classes of maps we shall deal with includs ‘the bouaded maps of type (S),, the
bounded pseudo-monotone maps and the sums of mmcimal nionatone, maps and baunded maps ‘
which are of class {S), or pseudo-monotone. For alt these c}gsses of maps g degrﬁ’s function
is known (see [1], [2]) and with respect to the correspunding dggree theory, Krasnoselskii- .
Brov'vder boundary mequallty wa" gepd" condition in the sense of an existenclé theorem itke

Proposition 1 What we can prove for the moment 15 that, unlike this, the reverse of the
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ON THE REVERSE OF THE KRASNOSELSKII-BROWDER INEQUALITY

Krasnoselskii-Browder inequality is a "bad" condition for the degree theory

Let X; be a finite-dimenstonal subspace of X, G an open subset of X such that
G N X, = G, 18 nonempty and let f G—>X" be a given map. Then the Galerkin
approximant from £ is the map £, G — X, (=X,'), £i(x) = ' (A(@(x))), where @ is the
injection map of X; tnto X and ¢" the corresponding projection of X" onto X;.

Let A be the partially ordered set of finite-dimensional subspaces X, of X, ordered by
nclusion  For eacﬁ A, denote by ¢, the injection map of X, into X and by ¢, the
corresponding projection of X* onto X, )

LEMMA 1 (Browder) let X l?e a real reflexive Banach space, G a bounded open
subset of X with 0 € G and let f G »X" bea baunded map of c!x;ls.s (8), such thas
0 & f(8G) Then, there exists Ay in A such that for all h > ?.0, 0 €& £(6G,) and Browwer’s
degree d(f,,G,,0) is ndependent of A {(where G, =G N\ X, and J, = ¢, /9, ).

The common value of d(f,,G,,0) for A > A, is depoted by H£G,0) and is called
Browdes’s degree of f (see [1]).

The main result of this section 15 the following theprem

THEOREM 2 Let X be a real reflexive Banach space of infinte dimension, G a
bownded open subset of X with 0 € G Suppose that the bounded map f fi om G o X 15 of
class (8), and satisfies the follewing condition .

' (x,f(x))s 0 foranyx € 0G (12)
Then f has ai least one zero on 8G

Preof Suppose that the assertion were false Then 0 ¢ faG) and by Lemma 1, there
would exist A, In A such that for all 7\ >%,. 0 & £(9G,) and Brouwer’s degree d(f;, G,,0)
15 independent of A But, from (12), we have
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(x,£(¥)) = (x,f(x)) s 0 for any x € 8G,
Hence, d(/,,G,,0) = (-1 h anci so the degreé d(f,,G,,0) could not be independent of A
Thus, the assertton in Theorem 2 is true. |
Remark 3 By Theorem 2, the following proposition is trus
Let X be a real reflexive Banach space of ifimte dimension, G a bounded open subset
of X with 0 € G and f a bounded map of class (S}, from G wito X', Then
sup {(x,/(x)),x € aG} =2 0 . (13)
and in case that sup {(x,f(x)), xE BG} = (1, there exists x € 3G auch that fx) =0
Our question is does the sirict inequelity hold in (13)? As we have already seen
(Remerk 1), the answer 18 posttivs for maps qf the form f = F - g with g completely
continuous 1 Hilbert spaces For the broader class of maps of type (S),, this 1s an open
problem
COROLLARY 1. Lt X be a real refloxive Banach space of mfinite dimenston and (G
a. bounded open subset of X with 0 & G Suppose that f .G —;X * Is bounded pseudo-
monotone Then inequality (13) holds
Proof If 0 € F{3G), mequality (13) obwviously holds Thus we may assume
0 & F{oG) Suppose that (13) were false Then there would exist a positive number e, such
that
(x,f(x)) + eolxl.z = 0 for any x € 4G (14)
For each 0 < € =< g, the map f, = f + eJ (J is the duahty map of X) 15 of class (), and
bounded By (14), J. satisfies condition (12) It follows that there exists x, € 8 such that
fix.)=10,1¢

J(x) +eJ(x)=0
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Letting e - 0 we find that 0 &€ F{9G ), which contradicts our assumption Thus (13) holds.
COROLLARY 2. Let X be a real reflexive Banach space of mfinite dimension, G a
bounded open subset of X with 0 € G. Let T be a maximal monotone map of X nto the
subsets of X' with 0 € T(0) qnd let f be a bounded map of G mto X of class (8),. Suppose
that there exists a sequence (e)), 0 <e;, e, —> 0, such that |
(x,(T.’+f)(x)) <=0 forallx € dG,y=1,2, ., (15)
where T, = (T'+e J™')Y" 15 the Yosida approximant of T. Then thére exists at least one x
€ 0G such that
0 € f(x) + T(x)
Proof The map T, + f(e > 0) is bounded and of class (S), 'So, by Theorem 1, for
each j there exists x;, € dG such that
7,G5) + f(x) = 0.
Denote y, = T=,(xl) = =f(x,) Since G and fare bounded, we may suppose that we have
X, = x, and y, =y,
I'rom y, = T, ,(x;)’ we see that
¥, € T(x, - 6,07(3))
Hence, for any x € D(7) and any y € 7{x), we have
(x-eJNy)-x,y-y)=0
Thus,
(x-x,y-»=z(Jy),y-y) =
= =(e J7(y),p) = - lyliyvl
Smce (y)) is bounded, we deduce o=
m(g-xoymyy=0 L0 S (16)
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.

If Tim (xj - X, ,f(xj)) < 0, then since fis of class (5),, we gét X; —> x, and y, = -flx,) Next,
from (16) we obtain »

(v,-x, ~f(x0) -y) =0
Since 7'is maximal monotone and x € D(7), y € Hx) were arbitrar, v;le deduce that x, € D(7)
and -flx) € T(x), which finishes the proof It remains only to showr that
Tim (x,-%,,f(x)) =0 Suppose otherwise, i. Tim {x, - x,, f(x)) >0  Then
im (x ~4x0,yf) < 0 and so, lim (x,, ) < (x5, %) On the other hand, by (16)

Bm (x,p) = (-x,0) + (x,3)
Therefore

(xy- % ¥ -3)>0forall x € D(T) and y € T(x).

Since I'1s maximal monotone, 1t follows that x, € ZX7) and y, € Tix,). Thus the ahove; strict
inequality must also be true for x = x; and ¥ = 3, , which is absurd The proef is now
complete.

Remark 4 Let X'be a real reflexive Banach space of inﬂnit;e dimension, G a bounded
open subset of X with 0 € G, I a maximal monotone map of X into the subgeté_of' X with
0 € 7{0) and let f be a bounded map of G 1nto X' of class (S),. Then there exisfs 8, > 0 such
that »

sup {(x,(?‘. +f)(x)), x €3G} >0 forany 0 <e s e, \‘ o Qa7n
or there exists ¥ € 4G such that 0 & fx) + 7(x) L ‘

We canjecture that there 18 £, > 0 such that the strict inequality (17) x'al{vays holds

COROLLARY 3 Let X be a real reflexwve Banach space of mﬁrgitq di}nemwn, Ga
bounded open subset of X with 0 € G, T a maximal monotone maz; of X into-the subsets of
X with 0 € {(0) and let f be a bounded pseudo-monotone map of G o X T lhen
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sup {(x, (7,+/)(x)),x €3G} =0 foranye >0 (18)
Proof Suppose otherwise Then for some & > O there would exist a positive number
d, such that
(2, (T, +N)(x)) +d,Ix)> <= 0 for any x € 4G (19)
For each 0 < 8 < &, the map I, + f + &/ is bounded of class (§), end satisfies (12) By
Theorem 2 there exists x, on G such that
T,0x) + £ (%) + 8H(x,) = 0

If we set x — x, 1n (19) we get (8, ~8) x> = 0 (8 <§,), a contradiction

5. Concluding remarks. Let X be a real reflexive Banach space of infinite dimension,
G a bounded open subset of X with 0 € G, fa bounded map of G into X" and T a maximal
monotone map of X into the subsets of X’ We have established the following results
1) If X is a Hilbert space and f= I - g, g completely continuous, then
sup {(r,f(x)), x € aG} >0
2) If f1s of class (S5),, then
0 & f(9G) => sup {(x,f(x)), x €3G} >0
3) If /13 pseudo-monoctons, then £
sup {(x,f(x)), x € aG} 20
4) If /15 of class (§),, then
0 & (T+)(dG) = sup {(x,(’]'.+j)(x)),xeaG} >0 for any O0<ese,
5) If /15 pseudo-monotone, then
sup {(x,(’l"_+‘f) (x)), x €3G} =0 forany e >0
We conjecture that in cases 2) and 4) the strict inequalities on "sup” also hold 1f 0 €
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S0G) and 0 € (T + fH(3G), respectively We recall that the conditions 0 & A9G) and 0 &
(T + /)(8G) are required by the definstion of Browder’s degree Thus, we have shown that for
bounded maps of type (8),, the reverse of the Krasnoselskii-Browder inequality, namely
sup {(x,/(x));x € aG} s 0,
implies 0 € f0G), i o it is a bad condition 1n the degree theory Also, for sums T + fwith
bounded maps of type (S),, the reverse of a-Krasnoselskii-Browder type condition, i e
sup {(x,(T“J+f)(x)), x € BG} = 0 for some sequence e 0,
imphes 0 € (T + 3G) Hence it 18 also a bad condition for the degree theory
We conclude ‘thh an apphication to Leray-Lions maps Let Q C B be open bounded,
I<p<w, F QxBxR"—R" sgtisfies the Caratheodory conditions, i €. (', s, E) is measurable for
all s, 8 and F(x, *, -) is continuous a e x € Q Also assume
|F(x,5,8) | 5 C(3) + 0, lslt+ oy 51
and ' )
(E-E" F(x,s,8)-F(x,5,8")) 2 0,
forallE, &', sendae x EQ, wherec, , ER,, Cx) 2 0, C(x) € LP() (Mp+ p’' =1)
1t 13 known that the m&z:.:g ‘
7 W,,‘-{f'g) — WP (Q), f(u) = - grad F(x,u, gradu)
13 bounded, continuoul; and pseudo-monotone

By Corollary 1, for each R> 0, we have

sup {(u,f(u)) = LF(x,u,gmdu)gradudx, furlpe = R} =0
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