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MONOTONE ITERATIONS FOR DECREASING MAPS
IN ORDERED BANACH SPACES

Radu Precup

Abstract. In this paper we propose a version of the monotone
iterations method for decreasing maps in ordered Banach spaces.
In some particular cases, this principle has been already applied
in (3) and (4), to solve a nonlinear integral equation from bio-
mathematics. Our theorem is new and complements the existing re-

sults for increasing maps (see (2, Chapter 6)).
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1 Introduction

Let X be a real Banach space. By a cone KC X we understand a
closed convex set such that AXKC K for all X 2 0 and KN (-K) ={0}.
Given a cone K € X, one defines a partial ordering s with

respect to K by x sy iff y-x€K. We shall write x < y to indi-
cate that x sy and x#y. It is easily seen that: xsy and XA 2 O
imply Ax s Ay; if X, SY, i=1,2, then Xy +x2 s vq +y2; if 0 s X
and X, +xasn >, then 0 s x. Conversely, if for some partial
ordering s on X the above three properties hold, then the set K =
{xeX; 0O

ordering with respect to K.

A

x} is a cone and relation s is exactly the partial

We use the standard terminology concerning concepts connec-—
ted with s . Thus, for example, if Xy S ¥g, we denote by (xo,y@)
the order interval, i.e. the set {x €X; Xy £ X s yé . Obviously,

(xo,yo) is a closed convex subset of X.
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Let X be a Banach space, K € X a cone and s the partial
ordering with respect to K. We say that the norm on X is mo-
notone if 0 sxsy implies |Ix] s {ly]], and semimonotone if [Ix]] s
Ylly | for some y 2 1 and all x,y such that 0 sxs y. It is known
(see, for example, (1, Propozitia II'1.1.2)) that the norm is se-
mimonotone iff K is normal, i.e, O sxn syn and yn + 0 as n+ o
imply X, =+ 0 as n + », There is no difficulty in verifying that
every order interval is bounded (with respect the norm) iff Kis
normal,

A map T: D C X+ X is said to be increasing (decreasing) if
T(x) s T(y) (T(y) s T(x)) whenever x,y€D and x < Y.

The following theorem is known as the monotone iterations
principle for increasing maps in ordered Banach spaces with nor-
mal cone (see, for example, (1, Propozitia V2.1.1) or (2, Theorenm
6.19.1)):

Theorem 1. Let X be a Banach space partially ordered by the nor-
mal cone K. Let (xo,yo) be an order interval and T: (%9179 ) »
(xo,yo) be increasing and compact (i.e. continuous and with
T((xo,yo)) relatively compact). Then the sequences (T (xo)) and
¢T" (yo)) are increasing, respectively decreasing, and converge
to the fixed points of T, x* and respectively y*. In addition,
Xq € x* s y* g Yoo x* is the minimal fixed point of T in Uo,yo)
while y* is the maximal fixed point of T in (xo,yo).

The goal of this paper is to obtain a similar result in
case that T is decreasing.

2 Main result

Theorem 2. Let X be a Banach space partially ordered by the nor-

mal cone K. Let (xo,yo) be an order interval, 0 <xg $Yqr such

that

(1) for every x,y with X SX Sy syo there is ue(O,l) such that
Hy sx.

Suppose T: (O,yo) + X is decreasing on (O,yo),continuous on Qo,y&

with T((xn,yo]) < (xo,yo] and T((xo,yo)) relatively compact.

Also suppose that

(2) there is a€(-1,0) with T(ux)g u%T(x) for all ue€(0,1) and

x € (x5.yg)-
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0'Y0) *

Then T has a unique fixed point x* in U

2 2 2n+1

(3) x4 sT(yg) sT7(xp) s... 5T T(x xg) sT n
2n+1

ST xg) s (r0) 5ene 5T20g) 5Txg) 5 v,

(yo)s e w & XF S

and Tn(x) converges to x* for any x € (xo,yo].

Proof. Since (xo.yO] is a bounded closed convex subset of X,

T((xo,yo)) Cl(xo,yo) and T is compact on (x by the Schauder

O'YO)’
fixed point theorem, there exists at least one fixed point of T
in (xo,yo].

Now, let Xy € &O,yo] be any fixed point of T. Then, since T
is decreasing and T((xo,yo]) C.[xo,yo), we have

xg sT(yg) sx; sT(xy) s v
Next
2
xq sT(yq) st(xo) sx; sT(yg) sT(xp) sy,
Finally
2 2n

(4) xg sT(yg) sT7(xp) s... 5T (xo)s
2n+1

2 A1
1 (yg) s+v0 5%

(x4) stn(yo) Sesn sT (vg) sT(xy) sy;-
2n-1

eee sT

T being compact on (xo,yo), the sequence Tzn(xo) =T(T (xo))

contains a subsequence convergent to some x*€ X. Similarly, the

sequence Tzn(yo) =T(T2n_l

(yo)) contains a subsequence convergent
to some y* € X. Obviously, Xq s x* sx sy* sYg and T (x ) gx*,
y* sT (yo) for all n. Further, by (4), we can show that

(5) T (x9) » x*, T2n+1(y0) + x*,

+
0 yg) » v, Ty g

Let us prove, for example, that T (x ) + x*, Suppose x* is the
limit of the subsequence TZk(n)( 0) Then, for each ¢ >0 there
is nOE N with

2k (n

[| x* = T 0)(x0)]| s €.

2k (n

For m zk(no) we have 0 gsx* - sz(xo) <x* = T O)(xo), and since

the norm is semimonotone, we deduce
2 2k
2% = T2 | s vllx* - 120 | s ve

for all m zk(no). Thus the enter sequence Tzn(xo) converges to x*,
From (5) we obtain
x* = T(y*); g*= T(xr).

Now we prove that under assumptions (1) and (2) we have indeed
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x* =y*,  According to (1), let uoﬂsw[ueﬁo,lj; uy* s x*} ., Clearly,
1by* s x*. We have to prove that Mo =1. Suppose, by contradiction,
H <1. Then, by (2), y*=T(x*) s T(uoy*) Su%T(y*) =ugx*. Conse-
quently, uaa s uo, that is -a 21, a contradiction. Thus, x* =y* =

X
1
Finally, let x be any element of [xo,yo). Then

T2“<x0> R e Tzn(yo) and T2 1(y ) s 127 (x) 5 T2n+1(x0).

By using (5), these imply that Tn(x) i gk
Example. Consider the nonlinear integral equation
(6) u(t)=f(l)f(t,s,u(s))ds, 0stsl,

with £: 0,1)x (0,1) x (0,b) > R continuous and f(t,s,.) decreasing
on (0,b) (b>0) for every t,s €(0,1). Suppose 0<ac<b,

a s fé f(t,s,b)ds and fé f(t,s,a)ds s b

for t € (0,1). Also assume that there is a € (-1,0) such that
f(t,s,Hu) s uaf(t.s,u) for all t,s€(0,1), ue (a,b) and uECO,l).
Then (6) has a unique solution u€C(0,1) with asu(t)sb for all
tE(O.l].In particular, the equation

(7 u(t) = fég(t,s)ua(s)ds, osts1,

has a unique solution u€C (0,1) with asu(t)sb, where 0<ac<hb,
provided that g is continuous and nonnegative on [0,1]2, ae(-1,0)

and ab™ ¥ s g g(t,s)ds s a %b. For other examples see (3)and (4).
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