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MONOTO}{E APPROXIMATION FOR Ary
EQUATIC)N MODELI]VG INFECTIOUS

INTEGRAL
DISEASE

Radu Precup
" Babeq-Bolyai', University of Clui, Romania

Filculty of Mathematics and Informatics
E-mail: r.precup@math.ubbcluj.ro

Abstract
N{orrotonc t;echrliqrrc is used to approxirnate thc periodic solutiorrs of'a clelay integr.a}tlcluatio' r'odelirlg tlpider'ii:s and populatio* growth. Both cases of nonder:reasing andnoninc'e*sing contact rate are c;o'sidered.

Keyword's" populatiorr dynaurics, nonlinear integral equation, periodic solution, fixecl point,continuatio' pri'ciplo, rrrorotone iteraticlns.

In this paper wo are corlcernecl with the fbllowing nonlinear deiay integral equatio'

(t) - 1,,_,r(r,r(s))ds (1)
This equatiott and si[rilar others appeal lvhen investigating the sprear] of virus diseases or,,more generally, the growth of single sper;ies populations [2]'. 

r - -?\^ v^ Y'uu \rrDr

Lr:t us firn-t deo-<;t'ibc thc rneraning of'Eq.(f) in ternis of epidcmics. In this case, it isassuntrlcl that thtl t;of'a'l ttrtttrbe. tlf' ptpulatiorr nrernbcrs is c'nstarrt; e; (f) represcrts ttri:propo'tiort of itrf'ec;ti'tisr i' populatiorr of ti-. f, regarulerci as a continuous q'antity; z is thelength o1'tirntr arr incliviclual t'crnains inf'ectious (duration o{'inf'ectivity) ; J ft,r (t)) means th.pt'opo'tion of'ne\4r irrf.ctives per ,nit tirrrer (instantaneous contact rate). Then, .f (t,r: (t)).,trepresoltts thc proportio' of individuals infected withi' the period t, t+ d,t.In consequen(je,the nurnber of inf'ectio'us inclividuals at time I equais the sum of' all inriividuals inf'er;t.dbetweent-rnndL
Let us now int.rpret Eq'(1) as a growth equatiori of a single species population whenthe birtli rater vat'ies seasonally. In this case, , (t) is the number of individuals of a sirrglespecies populzrtion trt timc t, .f (t, t; (t)) is the ,ru-b.r of new births per unit time, and r isthe lif'etimer' It is assurne(i tha,t each incliviclual lives to the ager exactly and theri clies.Wear.eitttereste,dj.nperiociiccontitruoussoluticlnsl:(t)orEq.1t;,suchthat0<

r(t) < R fbr all t € R. o'r'hypothescs a'e as fbilows: 
" \"/ "r ue'\r/r DtrL' tr"lt' t/



(H1) ./ (t, r)

(H2) Therer

(H3) Thertr

is nonttegativc ancl contiltuousfor t € Rancl a 3r < R'

is c,.r ) 0 such that ,f (t + a,n) - f (t'r) for t € R and a < r S R'

r:xists a, conti',ous furrction u U) with period u'r such that

.f (tjr?) > g(t) fbr0 <t|;r.^''and u"1t:5R'

attcl

(H4) There is a Positive
a"1b<R,

and
Tftl

ObviouslY, I{ is a closed

homotoPY

& for 0 < t 3 a.

(r) for & < r S R, and a number b such that

<tSu., and a, (-n1R',

(r)) dr Z w

K. We considet'

(s)) ds

m that, foI' ca' :'

Assume, bv cc'l--

- :r ) that is

1', 
t,

I s(s) dsZ
JL-l

continuous function h

f (f , r;) 5 h (:r:) for 0
i,/\t/

f{ (1lh

and 
f ft,') <bl' for o <t <a'' and b 1r < R' (2)

Theorem 1 (16]) sr,Ltjrosr,. (H1)-(H4) a,r: satzs.fi,ed. Then Eq'(I) has ut least one rxt'ntirruo'u,

salutt'o'n, t; (t) wi'tlt' 2tr:r'i'otl u satzsfyzrt'q

,, < ffi:r; (r) < b and Ji,$, 
r; (t) < R'

proof. Let E be thc Ba'acli space of ail conti'uous Lr*periodic functions r (t) on R

endowed with the uniform rrorm ll"ll - Jl,s l" (t)l' 
Let

K - \t: € tr; o" < r(t) for 0 St Sa;

- {r, e t{; uP,,It,r 
(t) < b and ll'll < R}

\---
co'vex set of E, and U is bounded and opett in

'' rt

LI :U x 10, 1l -+ K' H (t:')) (t) - (1 - '\) a * '\ J,''f (s' r

By (Hl)-(H3), f{ is rvr:il-clefitrtrcl and cotnpletely contintrous' we clai

H(.,))isfixerlpointlretl<ltlthebourrclarylLlofUwithrespecttoK'
diction, that there wo'ld .r.irt i e (0, 1l and r e 0u such that FI (r, '\)

r(t)-(1 *I) a*) !,'-,f (''*(s))ds forr€R

Since r is ott 0U, we havt': either

flrll * B and o?,T, 
r (t) <b,
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or

ll"ll <n arrci ,1r,T,n(t)-6
First, supposc (4). T'hen, by differentiating (S), we get

/ (t) - Af (t,r (t)) - )/ {t - r,r (t - r))
It {ollows

r:' (t) S Af (t, r (t)) < )h (, (t)) S t, (, (r))
Let ls € [0,c,,'] be such t;]rat r(ts) -,,gtg *(t). Integration frorn f0

I (r;' (s) lh (t, (,r))) r/s ( t - t,r { L, for fs < f <
,t to

Thus,

[''u. (L lh ('u)) du, < a for ro < r < t,r * a.
J r(to)

since r (t0) ( b, by (Ha), w€ deduce thar r (t) < .R for ts s , < fo *
t € IL. Tlre'eforer, llir,ll < fi, e contradiction. Next, suppose (b). Let 0
:r: (ts) - ,{tt{, r (t) =- lr. T}rcn, by (3) ancl (2), we obtain

to I yields

to * a.

(Dl

(0j

b - r(ro) - (1 - A)o+ 
^ 

t::_, f (r,r (r))du <

(1 -,\) b+Ab-b,

agairr a cotttt'aclic;tic-rrr. Thus, f/ is an aclrnissible homotopy tn (,1 . On the other hand, thel
constarrt nrap 1/ (.,0) _. o, is trssential trec;ause n, € t-r. oonsequcntly, by thc topoiogical
trarrsvcrsalitv t,hconrrn, H (., 1) is csselrtial t<lo. I

Denotc
P - {r e E; a, { t:(f) S R fbr 0 S r { r}.

Under the above assurnpticlns, consider the completely continuous map from p into K,

A (r;) (r) : l' / (o,r (s)) dr, r € R, x) e p.
J t.-r -

Theorern 2. Su,p'1to,s,e (H1)-(H4) a,r.e satisfied. In ad4i,tio,n suppose that
non'inr:r'easirr,g irt :r; ,for a {:n I R anrl there erists a funr:t,ioTl X:fo,lR,I)

1 < y(d < rlp and f (t,pr) < xb) .f (t,r)

tor all /€ [0,c,:] , pe la,lR,L) arLd r e [n,R) wtth, pr> a. If

a.,, equivalently for all
S fo ( r.,; be such that

n > 0, f (t, r) ,i,s

-+ R suclt that

th,ert Eq.(I) h,u,,s u,

I, 2, ... ) co'n'ne'r'qes

A't (R) (t) < /? for a { t I u.
'u,'rri,q'ur: stilu,ti,on:l;* 6 P. Mrtreo,ueT', tlte seq,uerlce,p0 : R., ,t;,,

to t*, urti,.forrrtl'11 on, [0, c"'] , a,nd

o{ ur ('utS

1 ,u2r,
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Proof. IJv 'I'ltcol'erll 1. there elxists at

of Eq.(i). Sittt:tr ,f (t, ri;) is tttlrtiltt:r'casing

we get a, I A(R) (f) S ,t (r) (t) -- rr,(t) .

a s A(n) (t) < :x (t) < Az(n) (t)

This, by (7)., yit:ids

a, 1 A(n) (t) < A'\ (/?) (r) 5 ..,'' (t) < A2 (R) (t) < R.

We successiveiy obtain

a, S 'u1(t) < u:] (t) S . . S 'uzn+r (t) <

ua (t) I 'u2 (r) < ,o (t) - R.

at'c two subseqtt()Itces of (T.'2r,-p1)

respectively. BV (S) wo soe that
r* and tr*, respectiveiY, and

!'rt'2,, (t) <

Sinc:c A is c<ltltplctt:lv crt>tttittttous, tlttlrtr

conver€leitt to soIIIe t:* € P ilnd r* e P.

luzn+) arrd ('r,r,,.) convel'l3er utrifbrrnly to

0bviously,

Nowl we prove

nrin h:. (t) I t:"
O1tlut
p, 

" 
1. Since r*

'',*rp

Ieast onc solution in P. Let r € P be any solutiott
in :r !'at' a, ( ;r ( R, {rortt a < r:(t,) < R. -'uo (f) ,

Then.

(B)

ancl ('u2,,) unif'orrnlY
the entiro sequences

let {)o -
Suppose

X (po) A (t:.) - x (Pu) t,-.

It fbllorvs that x (po)

z- (t) - t: (t) : :I:* (t) and ther proof is complete' I

Corollary 3. Su,pytose tlte a,ssumpt'i,o'ns of Theorern 2 hold utith

A(") (r) S /? Jor 0 3t S w

i,nsteu,d oJ (7) Tlte'rt, Eq.(t) lms a u,ni,q'ue srtlut'iort, fr* € P and

rL -+ m, uniforvnl,y i'n t e [0,r] , for' a'rllJ :rs e P'

a<:r*(t) S n(t).--r* (r) SR. 
:

:r. (t) - A(r.) (t) and r* (t) - A(*.) (r)

that (6) iniplies r. (t)
(t)) . Clearly, 0

(t) > rnax {u, por* (t)} : ps max {olpo, s. (t)} ) o, bv (6), we get

- A(r.) < A(ponlax {olpu,r.}) < X (p0) A (max {olpn,:r.}) <

claimed.,Consequentl,v.

(9i

A" (rs) (t) -+ 'x. (t) as

Proof.

whence (7). Tltus, Theoretn 2 applies'

Frirtlier, if :rs is ari1, f,'ctio' i' P, then froni a, 3 ro (t) < R, we obtai'

(rs) (r) s A (o) (t) s R - uo (t)

Let rrs rcr'ark thar (9) implies (7). Indeed, frorn a 1 A(R) (t) < A(o) (t) , we get

A2 (o,) (r) s A'' (R) (t) < A(") (r) < R,

n, 1u1(t) < /

424



o < ur (t) < 42 (*o) (t) { ,uz (t) S A (o) (l) < ,?,

a { u, (t) S r:j (t)

A,, (:10) (t) < ,t)z[,t/2j (t) < . S u2 (t) { uo (r) _ fi,tor rr': 1,2..... sin*; 'r,,,(t) -) r* (t), it fbilows that A,,, (rs) (t) _+ r. (t), as craimed. r
Remark' A sufficient conclition fbr (g) is r'at f (t,a) < Rlrfor all , € R.

For thc next res,lt, let us replace (H4) by the following assumptio' used in f4l:
(H4') f (t,x))<Rl, fbr0<rSr,,,and a{r<8.

The riext theorerrrs L'omprement the 
'esurts in [4].

Theoretn 4' Stt'p'pose (H1)-(H3) a,rd (H4',) are sa,tisfied. In ad,dit,iort su,ptrtose a) 0, J (t, t:)'is'no'n,irr,r:r'ea,,sirtq irt t; .f,,r.,, ( r ( R,'*,,,dthe,e,is afunctt,on y,y_1n, 1) _+ & satisfy,i,g(6) for ull t e [a,o], p € Ly1a,l or,,,,t,, e lo, R.l *tn pr ] a. Tiey Eq (I) tras ,, ,un,iqur:'soltt'tio'' z* € P a,rr,d A" (t:t,') e) -+ r,; il) 
'a,,s 

rL-+ oo , r,n,iJ.orviy 1,n,, u ;0, ul , Jor. a,rlitJ :r:t) € p.
Theorem 5 ' su'ytposr: (Hl)-(H3) u,rtrt, (H4').are satist'ied. In urJditia, s,u,pposea ) 0, f (t, r)'is nort'd'ecreasirt'q 'i'n :t; J'or a ! :r { ll, a,cJ there ls a'f,unctiort y : [a/R, 1] -* R such that

1>xfu)>p and f (t,pr)>xfu)f (t,")
'forallre[0'w]'pe[a'/It',r).r1r.rdr€[rt,R]withpr2a.Thert.Eq.(i)hasaun,iquesorut,io,n
r* 'in P artd A" (t:s) (r) n ,,:. 1t| as tL !'*, u*iformty irt, t €f0,,J , Jar o,rL,!J n0€ p.

Proof' The proof's are sirnila'with that of Theorem 2, so we omit the details. r

ilfi?ff,,i?i,:.,fJ-;r;-"i,!;i;,o,);I"ffim 2 ancr rheorern 4 have been estabrished in
The rllt>rtot.rte iteriltiv. *pp1'oxirnatio'.f perioclic solutir.r's of'Eq.(1), fbr the case wherrf (t,,:r) is rronclecr.car^ing irr rr:, was cliscussccl in iaJ.R,elatecl topir;s carr [r,c filrnrl in [1], [3],[b.] ancl l'l,
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