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ABSTRACT: We develop continuation technique to obtain periodic solutions for
superlinear planar differential systems of first order with impulses. Our approach
was inspired by some works by Capietto, Mawhin and Zanolin in analogous problems
without impulses and uses instead of Brouwer degree the much more elementary

notion of essential map in the sense of fixed point theory.
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1. INTRODUCTION

In this paper we study the existence of periodic solutions for planar impulsive differ-
ential systems of first order
¥ = f(t,x) for a.e. t € [0,1],
() = VF(x(ty)) for k=1,...,m, (1.1)
z(0) = z(1),
where the points t, kK = 1,...,m (m € N*), are fixed and such that 0 < t; < ... <

t, < 1, and we assume

(h1) f:]0,1] x R* — R?is a L'—Carathéodory function, while

Y* : R? — R?, 1 < k < m, are continuous functions.

In particular, we are interested in the solvability of periodic boundary value

problems for impulsive second order differential equations of the form

u(t) = YF(u(ty), v’ (ty))  for 1 <k <m,
u'(tF) = Y8 (u(ty), v/ (ty))  for 1 <k <m,
)



The literature on the problems of the above form is quite extensive, see the
monographs Bainov & Simeonov [3], Lakshmikantham et al [14] and their references.
For applications of the method of lower and upper solutions and monotone iterative
techniques we send to [1-2], [9-11], [15-17], while for existence results by means of
topological (fixed point, continuation) methods we refer to 7], [12] and [18].

Our approach is based on a Leray-Schauder type continuation principle. Such
a principle, namely the topological transversality theorem of Granas (see [6]), has
already been applied in the study of boundary value problems for impulsive second
order differential equations in [7], in case that one can prove the a priori boundedness
of all possible solutions of a family of problems connecting (1.2) to a simpler problem
corresponding to an essential map. However, there are examples where no a priori
bounds on solutions exist or can be obtained, see the discussion in [5]. To overcome
this difficulty, a variant of the Leray-Schauder continuation principle was introduced
in [4] in the frame of degree theory and was applied to periodic boundary value
problems without impulses. Recently, the second author has proposed in [18] (see
also [19]) a fixed point version of the continuation theorem by Capietto-Mawhin-
Zanolin, which does not use the Brouwer degree. For completeness we state this
version.

Let X be a real Banach space, K C X a convex set and H : K x [0,1] — K a

completely continuous map. Denote
S={(x,\) € K x[0,1]; H(xz,\) =z}
and for any fixed xg € K, let
S(xo) = {(x,0) € K x [0,1]; (1 — p)xo+ pH(x,0) = x for some p € [0, 1]}.

For any set U C X x [0, 1] we denote by Uy = {z € X ; (x,\) € U}, the section of
U at . Also consider a continuous functional ® : K x [0, 1] — R. Then we have the

following theorem [18] :

Theorem 1.1 Assume there are constants c_ and cy, c_ < cy, such that, if we

denote U = @ (Jc_, cy[), the following conditions are satisfied:

(i1) SNU is bounded;
(12) B(S) N {e_,er} =0
(13) there is xg € K such that S(xg) is bounded and S(zo) C U.

Then, for each X\ € [0,1], there exists at least one fized point in Uy for H(-, \).



The proof of Theorem 1.1 is based on an extension of Granas’ topological transver-
sality theory to maps H (-, A) having different domains (see [18, Proposition 2]). Next
we state a simple consequence of Theorem 1.1 which is more suitable in applications.
Before, recall that a map between two metric spaces is said to be proper provided

that the pre-image of any compact set is also compact.
Corollary 1.2 Assume

(il") the restriction of ® to S is proper,

(i2') @ is lower bounded on S and there is a sequence (c;) of real numbers such

that c; — oo and ¢; ¢ ®(S) for all j € N;

(i3') there is xg € K such that S(x) is bounded.

Then, for each X\ € [0, 1], there exists at least one fized point in K for H(-, \).

Corollary 1.2 was applied in [18] to solve (1.2) under the assumption that the
nonlinear function g satisfies a linear growth condition in the last two arguments.
The purpose of this paper is to establish existence results for (1.1) and (1.2) in the
superlinear case. The proofs will be achieved by means of Corollary 1.2 and of some
ideas from [4] and [18] adapted to the present setting.

The functional ® will be that introduced in [4] as a modification of the classical
map which counts the number of rotations around the origin of the continuous integral
curves of a planar system (see [13]). The main impediment we have to overcome
when we work with impulses is that on however large discontinuous solutions of such
problems, the values of ® may be no integers. Nevertheless, we can find sufficient
conditions on the functions ¥* for that ® takes values in some disjoint intervals
and, by this, condition (i2’) is fulfilled. Our results give such conditions on ¥* and
generalize to impulses the analogous existence theorems from [4]. They are new and
complement the existing literature in impulsive differential equations.

We end this introduction with some notations and definitions.

We denote by (-, -) and | - | the euclidean scalar product and the norm in R?. We

shall use the following usual functions on R?\ {0} :

1) arg:R?*\ {0} — [0,27] where for z = (21, 29),

arctan (i—f) if z1 > 0 and 2z, > 0;

/2 if z1 =0 and 2z, > 0;
arg(zy, 2z2) = { arctan (i—f) +7 if 2z <O;

37/2 if z17 =0 and z, < 0;

arctan (j—f) + 27 if z; > 0 and 2y < 0.



2) Arg:R?\ {0} — 2B Argz = {argz +2km; k€ Z }.

For any real function u we denote by u~ = —min{0,u} its negative part, by
ut = max{0,u} its positive part and if u € L*(0,1), by @ = [, u(t)dt, its mean value
on [0, 1].

For a continuous function @ : R* — R we denote by

@ B i 27 do
- 27 Jo Q(cos®,sinf)’

the integral average of 1/@Q) on the unit circle, and by
¢ =min{Q(2); 2 € R?, | 2 |=1},

the minimum of ) on the unit circle. In case that ) depends on some index j , i.e.
Q = Q;, we write
q; = min{Q;(2); 2 € R?, | z |=1}.

Finally, we recall that a continuous function @) : R? — R is said to be positively

homogeneous of second degree and positive definite, if

Q(tz) = °Q(2) > 0

for all t > 0 and z € R?\ {0}.

2. AN EXISTENCE PRINCIPLE

The operator form of (1.1)

We are looking for solutions of (1.1) in the following space of functions

Cr= {x:[0,1] — R? z is everywhere continuous except
at most points (t)1<k<m of discontinuity of first type ,

at which x is left continuous},
endowed with the usual C'—norm, || z ||=sup{| z(¢) |; t € [0,1]}. Notice that Cr can
be identified with the Banach space [T C[tx,tx11] (to =0, tpi1 = 1). Thus, Cr is a
k=0
Banach space too. Also denote L' = L'(0,1; R?) and

VVpl’1 = {x € Cp; z is absolutely continuous on each
Itk s tesa], £ =0,1,...,m and z(0) = z(1)}.

Clearly, if € W', then z belongs to the Sobolev space W' (ty, tyi1; R?) for k =
0,1,...,m.



Now we consider the linear map
L: I/Vpl’1 — L' x (R*)™
L(z) = (@ {z(t{) hr<rem).
This map is invertible and to get its inverse
L1 LY x (RH)™ — Cr
we have to solve m initial value problems:

7 =y for a.e. t € [ty, tht1],
a:'(tk) = Uk

for1<k<m-—1, and

P =7 for a.e. t € [ty, 1+ t1],
x(tm) = Um,

where §(t) = y(t) on [t,,, 1], y(t) = y(t—1) on [1,1+¢1], y € L' and u = {ug }1<p<m €
(R?)™. Thus, the unique solution x € Cr to L(x) = (y,u) is the function :

t
x(t) = wp+ [y(s)ds forty <t <tp, 1<k<m-—1,
tr
t
z(t) = Upm+ [y(s)ds fort, <t<I1, (2.1)
t

e
z(t) = Um+ [ Y(s)ds for 0 <t <t.
tm

We also define the nonlinear map
N:Cr— L' x (R*)™

N(z) = (f( ), {¢" (@ (t) rhem).

Then, under assumption (hl) , N is well-defined, continuous and bounded. More-
over, by (2.1) and Ascoli-Arzela theorem, the map £L™*N : Cp — C7 is completely
continuous.

Thus, (1.1) is equivalent with the following fixed point problem

r=L"'N(z), z¢€Cr (2.2)



The homotopy H

In order to apply a continuation argument we embed (2.2) into a one-parameter family

of equations

xr = EilN)\Q’L’), x € Crp (/\ S [0, 1]), (22)\)

with NV, of the form
Ni(z) = (F (-, 2, A), {"(@(tr), \) h<kem),
where

(H1) Wk(x,\), 1 < k < m, are continuous maps from R? x [0,1] into R? and
Ve (2, 1) = P*(x);
F(t,z,\) is a L*-Carathéodory function and F(¢,x,1) = f(¢,z).

(Recall that F'(t,z,)) is a L'-Carathéodory function if F(-,x,)\) is measurable for
each (z,\) € R? x [0,1], F(t,-,-) is continuous for a.e. ¢ € [0,1] and, for each r > 0,
there exists 1, € L'(0,1) such that | F(¢,z,\) |[< n,.(t) for | z |[<r, XA €[0,1] and a.e.
t €[0,1]).

Under assumption (H1), the homotopy

H:Crx[0,1] — Cp, H(z,\) =L "Ny(z) (2.3)

is completely continuous.
In the fourth section we shall describe two such homotopies connecting H (-, 1) =
L7IN to a much simpler map H(-,0) = L1 Ny.

The functional ¢

We attach to each L!'-Carathéodory function f(¢,z) from [0,1] x R? into R?, the
continuous functional
or: Cr — R,

1

1
pr(z) =5 | /[ﬂfz(t)ﬁ(tw(t)) — 21 () fa(t, (1)) Jw(z(t))dt |,
0
where # = (z1,22), f = (f1, f2) and w(z) = min{1,1/ | = [*}.
It is easy to see that on each continuous periodic solution of the system 2z’ =
f(t,z) large that | z(¢) |> 1 for all t € [0, 1], ps(x) reduces to the winding number
around the origin of the curve {z(t); t € [0,1]} (see [13]). Hence, on such functions,

the values of ¢ are integers. Our first step is to obtain estimates for ¢¢(x) on large



periodic solutions x € Cr (with possible discontinuities on points (t),.,.,,) to the
system z' = f(t,x). o

Let n € N* be arbitrary fixed and = € Cp be any periodic solution of 2’ = f(¢, x)
satisfying | x(t) |> 1 for all t € [0,1]. For each k € {1,...,m} we consider the
numbers ¥ = ¥ (x),

V¥ =2ri/n +arga(ty) —argx(ty), —n<i<n,
and we denote 7; that index for which
| vi, [=min{| 77 ; —n <i<n}.
Also, we concisely write vy instead of fyf; . Next we define the function 6 : [0,1] — R
such that:
1) 0 is absolutely continuous on [0,%;] and on each interval |ty, tx.1],
1<k <m;
2) 0(0) = argx(0), 0(t) € Argz(t) fort e [0,1];
k
3) O(tf) = 0(ty) — i , O(t) € Arga(t) — 2= 3 i;  for t €]ty, tpia),
j=1
1<k<m.
Since z(0) = z(1), by 3), we have
2 m
0(1) — 6(0) = 27w — — 3 iy (2.4)
n -
for some v € Z.

Lemma 2.1 Assume f : [0,1] x R?* — R? is a L'-Carathéodory function and x € Cr

is a periodic solution to x’' = f(t,x) such that | z(t) |> 1 for all t € [0,1]. Then
1 & 1

IV—;Z k|_%|27k|<90f <|V—*sz|+*|2% (2.5)

k=1

Proof. Since
0'(t) = [a5(t)a (t) — ) (D)o (8)]/ | (1) [,

we easily obtain

or(@) = o / it |= 5 | i/ (1t |



whence (2.5) follows immediately. m

Notice that in case x is continuous on [0, 1], we have i, = 0 and 7, = 0 for all
1 < k < m; consequently, p(x) =| v | where (1) —6(0) = 27v, v € Z. Thus, Lemma
2.1 extends to discontinuous functions of class Cr, Proposition 1 from [4].

Now, if F(t,z,)) is a L' —Carathéodory function, we denote by ® the continuous

functional
Q:Crx[0,1] =R, O(x,\) =ppi.n(). (2.6)

The existence principle

Let n € N* be fixed. For each k € {1,...,m} define
I%(x,\) = 2mi/n + argx — arg U (z, \)

forall A € [0,1] and x € R*\{0} with U*(2,\) # 0 (—n < i < n). Denote i), = ir(z, \)
that index for which

| TF (2, A) |= min{| Tf(z,\) [; —n <i<n}

and write I'y(z, A) instead of I'} (, A), for simplicity.

Now, let us list for convenience, the following conditions:

(H2) there exist n € N* and R > 1 such that
| > Trlan, A) [< 7/n (2.7)
k=1

for each A € [0,1] and all (z)1<k<m € (R?*)™ satisfying | @), |> R and
| W*(z, \) |> R for every k € {1,...,m}.

(H3) for every R, > 0 there exists R* > R, such that for each (x,\) € S with
inf{| z(¢) |; t €10,1]} < R., one has || z ||[< R".

(H4) for every j € N, there exists R; > 0 such that if (z,\) € S and

Oz, A) €](j = 1/2)/n, (G +1/2)/n[,

then inf{| z(t) |; t € [0,1]} < R;.
(H5) there exists xy € Cr such that S(z) is bounded.

We can now state our general existence principle.

Theorem 2.2 Suppose (H1)-(H5) hold. Then (1.1) has at least one solution.



Proof.  We apply Corollary 1.2 with X = K = Cr, the homotopy H given by (2.3)
and the functional ® defined by (2.6).

If (x,\) € Sand | z(t) |> R for all t, then 7 (x) = T¥(x(tx), \) for 1 < k < m and
—n <1 < n.Hence y;(x) = T'x(x(t), ) for 1 < k < m. Thus, by (H2) and (2.5), there
exists [ € N, namely | =| nv — S |, such that ®(z,\) €](l —1/2)/n,(l+1/2)/n]|.
Next, by (H3) and (H4), we dedlklgé that SN®~1(|(j—1/2)/n, (j+1/2)/n[) is bounded
for each 5 € N. This implies, as we can easily see, that the restriction of ® to S is
proper, and so (il’) is satisfied.

Clearly (i2") holds with zero as lower bound of ® on S and with ¢; = (5 +
1/2)/n, j > jo; where jo is large that (jo + 1/2)/n > ®(z, A) for all (z,\) € S with
|z [[< R.

Finally, (H5) is precisely (i3') and thus we may apply Corollary 1.2. m

3. A PRIORI ESTIMATES OF SOLUTIONS

In this preparatory section we interrupt the study of impulsive differential systems; we
deal here with usual (absolutely continuous) solutions for differential systems without
impulses. The results will be used in the next section to verify (H3) and (H5).

The following lemma is a refinement of Proposition 3 from [4] and, roughly

speaking, applies to solutions of both periodic and initial value problems.

Lemma 3.1 Let y € {—1,+1}, V € CY(R?) with | V(z) |— o0 as | z |— oo, [ :
[0,1] x R? — R? a Carathéodory function and o € L'(0,1; R, ). Suppose that there
is R' > 0 such that V(z) # 0 for | x |> R and

x(grad V(z), f(t, x))/V(z) < o(t) (3.1)

for a.e. t € [0,1] and every x € R? with | x |> R'. Then, for each ry > 0, there exists
ro > 11 (depending only on r1,V and o) such that, for each (absolutely continuous)
solution x(t) on some interval [a,b] C [0,1] of ' = f(t,x), for which there are 9,71 €
la, b] with

X(r0o—=m) >0, |z(n) [< 1, |z(n) [=max{| z(t) [; t € la,b]}, (3.2)

one has
max{| z(t) |; t € [a,b]} < rg. (3.3)
Proof. = We follow the same reasoning as in the proof of Proposition 3 from [4].

Define W(x) =log | V(x) | for |  |> R’. Since | V(z) | = oo | z |— o0, one has

W(x) o0 as |z]|— 0. (3.4)



On the other hand,
grad W(x) = V(z) 'gradV(z) for |z|> R. (3.5)

Further, let ¢; = max{r;, R’} and let z(¢) be a solution to 2’ = f(¢,x) on |a,b]
satisfying (3.2). If | x(79) |> ¢1, then there is 75 € [a, b] such that

X(1o— 1) >0, |x(r) |=c1, | 2(t) |> ¢ fort € [r, 0] (or t € [10,72]).
Now, denote w(t) = W (z(t)). Since from (3.5),

w'(t) = (grad V (z(1)), f(£,2()))/V (x(t)),

by (3.1), we obtain

70 T0

w(m) = w(r)+ [w@O)dt <wim)+| [o(t)dt]
T2 T2

< max{W(z);|z |=ci}+ | o |l = ca.

From (3.4) it follows that there is ro > ¢; such that W (x) > ¢, for | z |> ry. Hence,
’ LE(T()) ’S 7o. A

We point out that the bound ry does not depend on the subinterval [a, b] of [0, 1],
and is the same for all Carathéodory functions f satisfying (3.1) with fixed V' and o.

Remarks 3.2 (a) If y = +1in (3.1), then (3.3) holds for each solution of 2’ = f(t, z)
on [a,b] which satisfies | z(a) |< r;.

(b) If x = —1in (3.1), then (3.3) holds for each solution of 2’ = f(¢,z) on [a, b
which satisfies | z(b) |< ry.

(c) If, instead of (3.1), we assume the following inequality
| (grad V(z), f(t, 2)) [< o(t) [ V(2) |, (3.6)

then (3.3) holds for each solution of ' = f(¢,x) on [a,b] which satisfies | z(7y) |< 7
for some arbitrary 7 € [a, b].

Indeed, (3.6) implies that (3.1) holds with both x = £1 and so, in (3.2), the
location of 7 with respect to 7y is not important.

(d) If, instead of (3.1), we assume the inequality
(grad V(z), f(t,2)) <o(t) | V(z) |, (3.7)

then (3.3) holds for each solution of ' = f(t,z) on [a, b] which satisfies z(a) = z(b)

and | z(m) |< r for some arbitrary 7 € [a, b].



Indeed, by (3.7), inequality (3.1) is satisfied with y = +1 if V(z) > 0 for all
| z |> R, and with x = —1 in case that V(z) < 0 for all | x |> R’ (since | V(z) |- oo
as | ¢ |— oo, we may suppose, either V(z) > 0 for all | z |[> R, or V(x) < 0 for all
|2 R).

Note that the result in Remark 3.2 (d) is essentially that in Proposition 3 from

[4]. Therefore, Lemma 3.1 generalizes Proposition 3 [4].



4. MAIN EXISTENCE RESULTS

This section is devoted to the investigation of some applications of Theorem 2.2. We
shall give sufficient conditions on f and ¥*, 1 < k < m, in order that Theorem 2.2
applies.

Let us first list some conditions, part of them already introduced in [4]:

(h2) there exist r > 1 and 0 < § < 7 such that
> min{| 2mi + argxy — arg ¥ (zy) |; i = —1,0,1} <5  (4.1)
k=1

for each (x3)i<p<m € (R?)™ with | z |[> r and | ¥*(x;) |> r for all
1<k <m.

0 —1
(h3) f(t,x) = —Jh(t,z), with J = ( ) ) and
h(t,z) = grad V(z) + p(t, z), where
1Y Ve CHR?), | V(z) |— oo as | z |— oo, and
p:[0,1] x R* —» R? is L' —Carathéodory;
20 there exists ro > 0 such that grad V(z) # 0 for | = |> ro;
3 it supy oo {grad V(2), —Tp(t, )/ | V() < )
uniformly a.e. in ¢ € [0,1], for some a € L*(0,1;R.,).

(h4) there exist a sequence (Q;) of positively homogeneous functions of second
degree and positive definite, and a sequence (3;) of Lebesgue integrable

functions such that

4% lim inf|o oo [(grad V(z), z) — (p(t, ), )71/ Q;(x) = B;(t)
uniformly a.e. in t € [0,1] and for all j € N;

50 (B; = 6/4;)/Q; — 00 as j — oo.

Theorem 4.1 Suppose (h1)-(h4) hold and in addition that the functions *, 1 <k <

m, are proper. Then (1.1) has at least one solution.

Proof. @ We apply Theorem 2.2 with n = 1,

Uz, A) = M)+ (1 -Nx, 1<k<m, (4.2)
F(t,z,\) = —J(gradV(z) + Ap(t,z)) + (1 — N)p(x) , (4.3)

where p(x) = (E(0V (x)/0x1), E(OV(x)/0z3)) and E : R — R is continuous, bounded
and satisfies tE(t) < 0 for all ¢ # 0.



By the definition of p, there is Fy > 0 such that
| p(z) |< Ey for all z € R?, (4.4)
and also, recalling 2°,
(grad V(z),p(z)) <0 for |z |> 1. (4.5)

Check of (H1). Use (hl), (4.2) and (4.3).
Check of (H2). First, remark that since ¢* are proper, there exists R > r such
that
| # |[> R implies | ¢*(z) |>r for all 1 <k < m.

Next, by (4.2) and (h2), it follows that
| T (2, \) |< min{| 27 4+ argz — arg )" () |; i = —1,0,1}

for each x € R? with | z |> R and all X € [0,1] (1 <k < m). Therefore,
[ 2 Talan A) < 30 [ Tlaw V) [0 <
k=1 k=1

for each X\ € [0,1] and all (xx)1<x<m € (R*)™ with |z |[> R, 1 <k < m.
Check of (H3). From (4.3), (4.5) and 3°, it follows that there exists R’ > r, large
enough that V' (z) preserves the same sign for | x |> R, such that

x{grad V(z), F(t,z,\))/V(x) < a(t) + 1 = o(t)

for a.e. t € [0,1], all z € R? with | z |> R’ and all A € [0, 1], where x = sign V(z).
Consequently, we may apply Lemma 3.1 on any subinterval of [0, 1].
Let R, > 0 and (z,\) € S such that

inf{| z(t) |; ¢t € [0,1]} < R..

Suppose that this infimum is achieved on |tg, tx41] for some k, 0 < k < m. Then,
there is & € [tg, tx41] such that | z(£7) |< R, . Further, we distinguish the cases
x = +1 and y = —1. First, assume that y = +1. Then, by Lemma 3.1, Remark 3.2
(a), there is a number R} > R, depending only on R,, such that

sup{] 2(t) |; t €]€,tin]} < Rj.

In particular, one has | x(t;,1) |< R and, by the continuity of ¢/, 1 < j < m, we
can find a number R! > 0 depending only on R, such that | U**(z(t,,1), ) |< RL
Hence,

inf{| #(t) [; t €)tri1,tiral} < R



Next we apply the same reasoning for the interval |ty 1,5 2] and get R} > Rl R} >
R} and R? > 0 such that

sup{| z(t) |; t €)tps1, tisa]} < R,

| U2 (a(tire), N) |< B2

Then we apply successively the above arguments to the intervals |tg o, teis], .- ., [tm, 1],
[0,t1], ]t1,ta], . . ., Jte—1, tx] and Jtg, &], using that z(1) = 2(0), and we obtain two sys-
tems of numbers

R.<Ry<R<...<Rj, .

1 2 m+1
R!, R?, ..., R™.,

It is clear that R* = Ry, fulfills (H3).

In case that x = —1, we shall apply Lemma 3.1, Remark 3.2 (b), to the intervals
ltk, & Jte—1, tel, - -5 1t t2], [0, 8], [t 1, [t tnl, - - - Jtks1, teao] and €, tgyq], in this
order. Here we essentially use the hypothesis that 17 are proper, as we explain in
what follows. First, remark that, if 0 < 6 < 7, then for each My > 0, there is M > 0
such that

| pz1 + (1 — p)ze |> My for all u € [0, 1],

whenever 21,20 € R, | 21 |[> M, | 22 |> M and

2 2 2
arccos|zl| 12| |21 = 2 | < 4.
2] 21| 22|

Returning now to our task, by Lemma 3.1, Remark 3.2 (b), we get R > R, such that
sup{| #(t) |: €ty €} < Ry,

In particular, | z(t;) |< R} , that is

| M () + (1= Na(t) |< Rp.
This implies, by the above remark (with My = R) and (4.1), that

| ¥ (x(te)) |< M or | a(t) < M,
for some M, M > r. Since ¥* is proper, these yield, in both cases

| 2(tx) I< Ry,

for some R! > M. Further we apply the same reasoning on each of the next intervals,

successively, and we obtain, as in previous case, that (H3) is fulfilled with R* = R}, ;.



Check of (H4). By 5°, passing possibly to a subsequence, we may suppose that
for each 7 € N,

(B; = 8/4;)/(2mQ;) = j +2.

Then, we can choose €¢; > 0 such that

(B — 5 = 6/4;)/ (27 Q) = j + 1. (4.6)

From 4° and the Carathéodory conditions on p(t,x) it follows that, for each j € N,
there is n; € L*(0,1; R;) such that

(grad V(z),z) — (p(t, ), )" = (B;(t) = ¢;)Q;(z) —m;(t) | = |,

for all z € R? and a.e. t € [0,1]. Then, for z # 0, A € [0,1] and a.e. ¢ € [0, 1], we

have

[(grad V(z), z) + Ap(t, z), ) — (1 = A){p(), Jz)]/ | = |=
(4.7)

> (6;(t) — &) [ 2 [ Q;(x/ | w]) — Eo —n;(t) .
Now, for each j € N consider R; > r. Let (z,A) € S such that inf{] z(t) |; t €
[0,1]} > R;. From (4.7), using (4.3) and integrating on [0, 1], we deduce

2o () (t) — w1 (H)25(t)
t

| z(t) [2 Q;(x(®)/ | (t) |)

Recalling now the definition of the function 6(t) attached to x and using the

_ Loty
Rjq;

dt > B; — ¢; (4.8)

0

2m—periodicity in 6 of ();(cos#,sinf), we can compute

1

;t) dt /9’(t)dt/Qj(cose(t),Sin@(t))

2o () (t) — x(t)x

| x(t) [ Qs(x(t)/ | «(

) it
m Tkt
.S / 0'(1)dt ) Q; (cos B(t), sin O(t))
k=0 i
m O(tr+1)
= Z / df/Qj(cosb,sinh)
=0 o)
o)
= (9(1)—9(0))@—2 / df/Q;(cos b, sinh)
’“Zle(w
= 205 19(1) ~ 000) + 3 (0(8) ~ 0t))] +
o(t})

+ i /[@\j—l/Qj(cose,sin@)]d@

F=1o (1)



” ot
= QW@XCI)(.I',)\) +> / [C/Q\J —1/Qj(cosb,sind)]|db ,

M=ot
where x € {—1,+41} (recalling also the computation of ®(x, \) in the proof of Lemma
2.1). Replacing the above relation in (4.8) we get

QW@X(I)(JJ, N > B — €j - (Eo +75)/ (Rjq;) —

_ 3 / — 1/Q;(cos b, sin8)]dd | .

k:le

Since 0 < C/Q\] < 1/¢g; and 0 < 1/Qj(cosf,sinf) < 1/q;, we have
|@ —1/Q;(cosb,sinf) |< 1/q;. Then,
2nQix®(x, ) = B — ¢ = (Bo+ 1)/ (Rjaj) -
1 m
— = o) -0t |,

7 k=1
and since
| 0(tF) — 0(tr) |=| Te(x,\) | foralll <k <m,

we deduce
XP(z, ) > (5 — ¢ —6/q;)/(27Q;) —
— (Bo+75)/ (27Q; Ryg;) -
Now, using (4.6) and choosing R; > max{r, (E, + ﬁj)/(ﬂ@qj)}, we deduce that
Pz, \) > j+1—-1/2=j+1/2.
Consequently, x = +1 and therefore,
O(z,\) > j+1/2.

Thus, we have obtained that for each (x,\) € S with inf{| x(¢) |; t € [0,1]} > Rj,
we have ®(z, \) > j + 1/2. Hence, if (z,\) € S and ®(z, ) €]j —1/2,5 + 1/2[, then
inf{| z(¢) |; t € [0,1]} < R; and so, (H4) is fulfilled.

Check of (H5). Let zy = 0. Then, S(0) reduces to the set of all periodic solutions

of the autonomous systems
o = p(—J grad V(z) + pla)), € [0,1] (49,)

From (4.5) we deduce that V' (z) is a guiding function for (4.9,) (see [8, p.82]). Con-
sequently, the periodic solutions of (4.9,) are bounded uniformly with respect to p.

Thus, the assumptions (H1)-(H5) are fulfilled and we may apply Theorem 2.2.
So, the proof of Theorem 4.1 is complete. m

Remark 4.2 We may replace hypothesis 4° by



4 limsupy, oo [(grad V(z), ) + (p(t, 2), 2) "]/ Q;(x) < —5;(t)
uniformly a.e. in ¢ € [0,1] and for all j € N;

and the conclusion of Theorem 4.1 remains true (see the similar Remark 5 from [4]).

Note that Theorem 4.1 generalizes for impulses Theorem 4 in [4]. Consequently,
Theorem 4.1 assures the existence of solutions for the equations and systems from
Examples 4, 5 and 6 in [4], even in case that impulsive effects subject to (h2) and to
the properness condition are considered.

Our next goal is to replace (h2) by a more general condition depending on an
arbitrary n € IN*. We shall do this requiring a little stronger condition on f. Instead,
we have not to suppose that ¥/* are proper.

Let n be an arbitrary fixed integer, n > 1. We shall refer to (h2’) as to (h2)

where § < 7/n and instead of (4.1) we require
Z min{| 27i/n + arg xy — arg¢k(xk) l; —n <i<n} <4 (4.10)
k=1

Also, we shall refer to (h3’) as to (h3), where 3° is replaced by
3" lim Sup\x|—>oo<gra’d V(l‘), _Jp(tv I)>/V($> < O((t),

and to (h4’) as to (h4) where, in addition, the functions );(cos#,sin#) are assumed

to be 27w /n—periodic.

Theorem 4.3 Suppose (h1), (h2'), (h3’) and (h4’) hold. Then (1.1) has at least one

solution.

Proof. This time we apply Theorem 2.2 with

UH(r,\) = M), 1<k<m, (4.11)
F(t,z,\) = —J(gradV(z)+ A\p(t,z)). (4.12)

Check of (H1). Tt is immediate by (h1), 1°, (4.11) and (4.12).

Check of (H2). Since, by (4.11), arg W*(z,\) = arg¢*(z) for all X €]0,1] and
r € R? with ¢*(x) # 0, we have T'¥(x, \) = 27i/n +arg x — arg ¥ () for —n <i < n.
Thus, (h2') clearly implies (H2).

Check of (H3). From (4.12) and 3/, it follows that there exists R’ > ro, large
enough that V(z) # 0 for | z |> R’, such that

(grad V(z), F(t,z,\))/V(z) < aft) + 1



for a.e. t € [0,1]; all x € R? with | z |[> R’ and all A € [0, 1]. Further we argue as in
the proof of Theorem 4.1, by using Lemma 3.1, Remark 3.2 (a).

Check of (H4). We use the same reasoning as in the proof of Theorem 4.1. Here,
by (2.4) and the 27 /n—periodicity of @);(cosf,sinf), we equally have that

0(1)
/ d0/Q;(cos 0, sin ) = (6(1) — 6(0))Q;.
6(0)

Check of (H5). Let o = 0. Then S(0) is the set of all solutions x € Cr to

' = pu[—JgradV(z)] a.e. te€]0,1],
2(0) = (1),
r(tH) =0, 1<k<m (uel0,1]).

To prove its boundedness it is sufficient to apply Lemma 3.1, Remark 3.2 (a) (with

X = +1 and o(t) = 0) on each interval [ty, tx11], 1 <k <m, and on [0, ,].
Thus we can apply Theorem 2.2 and the proof is complete. m

5. APPLICATIONS

In this section we shall apply our results to some well-known equations with super-
linear growth. The Examples we deal here with, have already been presented in [4]

in the case without impulses.

ExAMPLE 1. Consider the second order scalar equation with impulses

w4 g(u) = q(t,u,u) for a.e. t € [0, 1],
u(t) = V¥(u(ty), v’ (ty))  for 1 <k <m,
)

(5.1)
' (ty)) for 1 <k <m,

where ¢ is a Carathéodory function, g : R — R and ¥}, 9§ : R? - R,1 < k < m,

are continuous. We suppose that

lim g(u)/u= 400

|u] =00
and
| q(t,u,v) [SA(Ju | +[v])+a(t)

for all u,v € R and a.e. t € [0,1], with A > 0 and a € L'(0,1; R, ), and we assume
that there exist n € {1,2}, »r > 1 and 0 < ¢ < 1/2 such that

i min{| 27i/n + arg xp — arg(VF (z), W5 (2)) |; —n <i<n} <6 (5.2)
k=1



for each (zx)i1<k<m € (R*)™ with | zp |> r and | (¢Yf(zp), 5 (xx)) |> r for all
1 < k < m. Under these assumptions, one can prove that conditions (h1), (h2’), (h3')
and (h4") are satisfied with (see also [4, p.382])

r = (21,72) = (u,u'), h(t,z) = (9(21) — q(t, 21, 72), 72),

V) = [ o)ds + a3
p(t.) = (~a(t.21,2).0)
and
Qi) = 2%+ 3 ;=1 (alt)/2).

So, we can apply Theorem 4.3 and (5.1) has at least one periodic solution in Cr.

We point out that, even in case n = 1, we need § < 1/2, in order to satisfy 5°.

EXAMPLE 2. Consider the second order scalar (Liénard) equation with impulses

u” + f(u) v+ {u} = q(t,u,u) for a.e. t € [0,1],
u(t) = () () Tor 1<k <m,
u' (t] ) Q/JIS(U( k), u (te)) for 1 <k <m,

u(0) = u(l), '(0)=u'(1).

(5.3)

where ¢ is a Carathéodory function, f : R — R, 9%, ¢4 : R?> - R, 1 < k < m, are

continuous and {u}! = u | u |"~!, with [ > 1. If ¢ is bounded and, for

we assume
lim inf F'(u)/u > —o0,

‘u|4> +o0

v = limsup F?(u)/ | u |"T'< 4

lul— +oco

and if we suppose that there exist n € {1,2}, r > 1 and 0 < § < 1 — +/4 such that

> min{| 2mi/n + arg xy — arg(Y) (xx), Y5 (21)) [; —n <i<n} <9 (5.4)
k=1
for each (w1)1<x<m € (R?)™ with | x5, |> r and | (F(z),¥5(xr)) |> r for all
1 < k < m, then (5.3) has at least one periodic solution in C7. Indeed, conditions
(h1), (h2'), (h3") and (h4’) are fulfilled with (see also [4, pp.383-385])

= (11,19) = (u,u + F(u)), h(t,z)= (o} —qt,z1,22), 20 — F(21)),
1

1
Vie)=— o [ +5

2
l+ 2:[;27



p(t, ) = (—q(t, 1, 29), —F(21))
and
Q;(x) = (5°/mat + a3, B;(t) =1,

where 7 is a fixed real number such that 6 < n < 1—+/4. Consequently, we can apply
Theorem 4.3.

ExAMPLE 3. Consider the (planar) perturbed Hamiltonian system with impulses

' = Jgrad W(x) + ¢q(t, x) for a.e. t €0, 1],
() = v*(x(ty)) for k=1,2,....m, (5.5)
z(0) = z(1),

with W : R? — R of class C', ¢ : [0,1] x R*> — R? a Carathéodory function and
Y* : R? — R2, 1 < k < m, continuous functions. We suppose that
| q(t,z) |< q(t), forae tc0,1] and all z € R?
with ¢ € L'(0,1; R, ) and there are A, B € R, such that
| grad W (z) |< A|W(x) | +B, forall z € R
Assume also the superlinear growth condition

lim | (grad W(x),z) | / | @ [*= +oo,

|z|—4o00
and that there exist n € N*, 0 < < 7/n, and r > 1 such that
> min{| 27i/n + argzy, — arg(V* (2x)) |; —n <i<n} <4 (5.6)
k=1

for each (z3)1<p<m € (R?)™ with | ), |[> r and | ¥*(zy) |> r for all 1 < k < m. Then
(5.5) has at least one solution in Cr.

Indeed, we can apply Theorem 4.3 with (see also [4, pp.385-387])

p(t, ) = Jq(t, x)
and
Qix)=jlz " Bit)=1-(a®)/J).
Finally, we point out that one can reobtain the results from [4], if we consider
trivial impulses, i.e. YF = (Y& %), P8 (21, 29) = 21, V5(21, 22) = 5. Indeed, in this
case, conditions (4.1), (4.10), (5.2), (5.4) and (5.6) hold with § = 0.
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