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Abstract. We establish a general existence result for the Klein–Gordon equation
with multivalued perturbations. The approach is based on a new fixed point theorem
given in [10].

CLASSIFICATION: 35L70, 47H14
KEYWORDS: Hyperbolic equation, Differential inclusion, Nonlinear operator.

The method and the results of this paper are in connection with those in Couchouron–
Precup [3], [4], Kamenskii–Obukhovskii–Zecca [5], O’Regan–Precup [8] and Precup [10].

Let Ω be a bounded open subset of Rn and 0 < T < ∞. We consider boundary value
problems of the form

(0.1)


∂2u
∂t2

(x, t)−∆u (x, t) +m2
0u (x, t) ∈ Φ

[
u, ∂u∂t

]
(x, t)

on Ω× (0, T ) ,

u (x, 0) = u0 (x) ,
∂u
∂t (x, 0) = v0 (x) on Ω,

u = 0 on ∂Ω× (0, T ) .

Let E := L2 (Ω) , H = H1
0 (Ω) with norm |u|H =

(∫
Ω |∇u|2 dx

) 1
2
, and F := H1

0 (Ω) ×

L2 (Ω) with norm |[u, v]|F =
(
|u|2H + |v|2E

) 1
2
. By a solution of (0.1) we mean a weak

solution u of the problem

(0.2)


∂2u
∂t2

−∆u+m2
0u = f on Ω× (0, T ) ,

u (x, 0) = u0 (x) ,
∂u
∂t (x, 0) = v0 (x) on Ω,

u = 0 on ∂Ω× (0, T ) ,

that is u ∈ C1 ([0, T ] ;E) ∩ C ([0, T ] ;H) , the function t 7→ (u′ (t) , v)E is absolutely
continuous on [0, T ] for each v ∈ H, u (0) = u0, u

′ (0) = v0 and

(0.3)
d

dt

(
u′ (t) , v

)
E
+ (u (t) , v)H =

(
f (t)−m2

0u (t) , v
)
E

a.e. on [0, T ] for all v ∈ H. Here f ∈ L2 (0, T ;E) is a selection of Φ [u, u′] , i.e.,

f (t) ∈ Φ
[
u, u′

]
(t)

for a.e. t ∈ [0, T ] . We shall assume that Φ is a multivalued map from C ([0, T ] ;F ) to
L2 (0, T ;E) .
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Lemma 1. Let f ∈ L2 (0, T ;E) , u0 ∈ H and v0 ∈ E. Then there exists a unique weak
solution u of (0.2). In addition

(0.4)
(∣∣u′ (t)∣∣2

E
+ |u (t)|2H

) 1
2 ≤ b+

∫ t

0
|f (s)|E ds,

where b2 = |u0|2H + |v0|2E +m2
0 |u0|

2
E .

Proof. The existence, approximation and uniqueness are standard results; see for ex-
ample Precup [9], p 172. To derive (0.4) put v = u′k (t) into (0.3), where (uk) is a
sequence of approximation solutions having u′k ∈ H. Then

(0.5)
1

2

d

dt

(∣∣u′k (t)∣∣2E + |uk (t)|2H +m2
0 |uk (t)|

2
E

)
=

(
f (t) , u′k (t)

)
E

Integrating from 0 to t we obtain∣∣u′k (t)∣∣2E + |uk (t)|2H ≤ b2 + 2

∫ t

0
|f (s)|E

∣∣u′k (s)∣∣E ds.

Let
A (t) =

∣∣u′k (t)∣∣2E + |uk (t)|2H
and

B (t) = b2 + 2

∫ t

0
|f (s)|E

∣∣u′k (s)∣∣E ds.

We have A (t) ≤ B (t) and

B′ (t) = 2 |f (t)|E
∣∣u′k (t)∣∣E ≤ 2 |f (t)|E

√
A (t).

Hence
B′ (t) ≤ 2 |f (t)|E

√
B (t).

Integration gives √
B (t) ≤

√
B (0) +

∫ t

0
|f (s)|E ds,

which immediately yields (0.4) for uk. Finally we let k → ∞. �
Define Ψ : L2 (0, T ;E) → C ([0, T ] ;F ) by

Ψf =
[
u, u′

]
, where u is the weak solution of (0.2).

Clearly, if u is a weak solution of (0.1), then w := [u, u′] solves w ∈ ΨΦw. Conversely,
if w = [u, v] is a solution of w ∈ ΨΦw, then v = u′ and u is a weak solution of (0.1).
Let K is the closed convex subset of all functions [u, v] ∈ C ([0, T ] ;F ) with u (0) = u0
and v (0) = v0.

Theorem 2. The above solution operator Ψ satisfies the following conditions: (H1)
For every f1, f2 ∈ L2 (0, T ;E) and a.e. t ∈ [0, T ] , one has

(0.6) |Ψf1 (t)−Ψf2 (t)|F ≤
∫ t

0
|f1 (s)− f2 (s)|E ds;

(H2) For any compact C ⊂ E and any sequence (fk) of
L2 (0, T ;E) with {fk (t) : k ≥ 1} ⊂ C for a.e. t ∈ [0, T ] , the weak convergence fk → f
implies Ψfk → Ψf strongly in C ([0, T ] ;F ) .
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Proof. To check (H1), let f1, f2 ∈ L2 (0, T ;E) and let u1, u2 be the corresponding weak
solutions of (0.2). Clearly (u1 − u2) (0) = (u′1 − u′2) (0) = 0. Then from (0.4) we find
that (∣∣(u′1 − u′2

)
(t)

∣∣2
E
+ |(u1 − u2) (t)|2H

) 1
2

≤
∫ t

0
|(f1 − f2) (s)|E ds.

Hence (0.6) holds. To check (H2) assume that fk → f weakly in L2 (0, T ;E) and
fk (t) ∈ C a.e. on [0, T ] for all k, where C is a compact subset of E. Since by (H1)
the map Ψ is linear and bounded, we have Ψfk → Ψf weakly in C ([0, T ] ;F ) . Using
an approximation argument, we can prove that the set {Ψfk} is relatively compact in
C ([0, T ] ;F ) . This implies that Ψfk → Ψf strongly in C ([0, T ] ;F ) . �

The following result is a consequence of Theorem 3.1 in Precup [10]. Notice (H1),
(H2) are respectively conditions (Ψ1) and (Ψ3) in [10].

Theorem 3. Assume that the following conditions are satisfied: (Φ1) The values
of Φ are nonempty, weakly compact, convex and Φ is weakly sequentially upper semi-
continuous on any compact convex subset A of K. (Φ2) For every a > 0 there exists
νa ∈ L2 (0, T ;R+) such that |f (t)|E ≤ νa (t) a.e. on [0, T ] for all f ∈ Φw and w ∈ K
with ∥w∥ ≤ a. (Φ3) For every separable closed subspaces E0, F0 of E and F respectively,

there exists a constant m ≥ 0 and a function δ ∈ Lr′ (0, T ;R+) , r
′ > 2, such that

βE0 (Φ (M) (t) ∩ E0) ≤ mβF0 (M (.)) (t)

+

∫ t

0
δ (s) βF0 (M (.)) (s) ds

a.e. on [0, T ] for every bounded countable set M ⊂ K with M (t) ⊂ F0 a.e. on [0, T ] , for
which there exists ν ∈ L∞ (0, T ) with |w (t)|F ≤ ν (t) a.e. on [0, T ] for any w ∈ M. Here
for a Banach space X, the symbol βX stands for the ball measure of noncompactness in
X. (L–S) There exists a bounded, convex and open subset U of C ([0, T ] ;F ) containing
the origin such that

w /∈ λΨΦw

for all w ∈ U \ U and λ ∈]0, 1[. Then (0.1) has at least one solution in U.

Remark 1. Assume that

(0.7) |f (t)|E ≤ a (t) + b (t) |w (t)|F +

∫ t

0
c (t, s) |w (s)|F ds

a.e. on [0, T ] for all w ∈ K and f ∈ Φw, where a ∈ L2 (0, T ;R+) , b ∈ Lr′ (0, T ;R+)

and c ∈ Lr′
(
[0, T ]2 ;R+

)
for some r′ > 1. Then condition (L–S) holds for U = {w ∈

K : ∥w∥ < R}, any R > ||Ψ(0)|F |∞ and a suitable equivalent norm ∥.∥ on K. Indeed,
if w solves w ∈ λΨΦw for some λ ∈]0, 1[, then for any θ > 0 we have

|w (t)|F ≤ λ |Ψ(0) (t)|F + λ

∫ t

0
|Φw (s)|E ds
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≤ λ |Ψ(0) (t)|F

+λ

∫ t

0

(
a (s) + b (s) |w (s)|F +

∫ s

0
c (s, τ) |w (τ)|F dτ

)
ds

≤ λ |Ψ(0) (t)|F

+λ

∫ t

0

(
eθs

(
a+ b |w|F e−θs

)
+

∫ s

0
ceθτe−θτ |w|F dτ

)
ds.

Define an equivalent norm on K by

∥u∥ =
∣∣∣∣∣∣e−θtu (t)

∣∣∣
F

∣∣∣
∞
.

Then using Hölder’s Inequality we obtain

∥u∥ ≤ ||Ψ(0)|F |∞ + λ
C

θ
∥u∥ .

Now choose a sufficiently large θ such that

||Ψ(0)|F |∞ +
C

θ
R ≤ R.

Then the above inequality is impossible for ∥u∥ = R and λ ∈]0, 1[.

Examples

1. A class of superlinear hyperbolic inclusions

Let

Φ [u, v] (t) = Φ0 [u, v] (t)− σ |u (t)|p−2 u (t) ,

where 2 < p ≤ 2n−1
n−2 (n ≥ 3), σ ∈ R+ and Φ0 is a multivalued map from C ([0, T ] ;F )

to L2 (0, T ;E) such that conditions (Φ1)-(Φ3) are satisfied for Φ0. In addition assume

(0.8) |f (t)|E ≤ g (t) + a |w (t)|γF

a.e. on [0, T ] for all w ∈ F and f ∈ Φw.. Here g ∈ L2 (0, T ;R+) , a ∈ R+ and γ ∈ [0, 1[.
Let

Φ1 [u, v] (t) = −σ |u (t)|p−2 u (t) .

Since u (t) ∈ H and the embedding of H in L2∗ (Ω) is continuous (2∗ = 2n
n−2), we

have that |u (t)|p−1 ∈ L
2∗
p−1 (Ω) . For p ≤ 2n−1

n−2 it is easy to check that 2 ≤ 2∗

p−1 . Hence

L
2∗
p−1 (Ω) ⊂ E. This shows that Φ1 [u, v] ∈ L2 (0, T ;E) . Also Φ1 is continuous. Next we
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show that Φ1 satisfies (Φ3). Indeed, let u1, u2 ∈ H with |u1|H , |u2|H ≤ η. We have∣∣∣|u1|p−2 u1 − |u2|p−2 u2

∣∣∣
≤

∣∣∣|u1|p−2 (u1 − u2) +
(
|u1|p−2 − |u2|p−2

)
u2

∣∣∣
≤ [max (|u1| , |u2|)]p−2 |u1 − u2|

+ (p− 2) [max (|u1| , |u2|)]p−2 ||u1| − |u2||

≤ (p− 1) [max (|u1| , |u2|)]p−2 |u1 − u2|

≤ (p− 1) (|u1|+ |u2|)p−2 |u1 − u2|

≤ (p− 1) (|u1|+ |u2|)p−1 |u1 − u2|
1
2 .

Using Hölder’s Inequality we deduce that∣∣∣|u1|p−2 u1 − |u2|p−2 u2

∣∣∣
E

≤ (p− 1) ||u1|+ |u2||p−1

L2(p−1)(Ω)
|u1 − u2|E

≤ (p− 1)
(
|u1|L2(p−1)(Ω) + |u2|L2(p−1)(Ω)

)p−1
|u1 − u2|E

≤ C |u1 − u2|E ,

where the constant C depends only of p, n and η. Here we have used the continuously
embedding of H into L2(p−1) (Ω) .

Now we prove that condition (L–S) holds for an open ball U of C ([0, T ] ;F ) , of
center 0 and a radius R > 0. Let w = λΨΦw for some λ ∈]0, 1[, and let w = [u, u′] .
Then, from (0.5) we have

1

2

d

dt

(∣∣u′k (t)∣∣2E + |uk (t)|2H +m2
0 |uk (t)|

2
E

)
= λ

(
f (t)− σ |uk (t)|p−2 uk (t) , u

′
k (t)

)
E
,

for some f ∈ Φ0 [u, u
′] . Hence

d

dt

(∣∣u′k (t)∣∣2E + |uk (t)|2H +m2
0 |uk (t)|

2
E +

2λσ

p
|uk (t)|pLp(Ω)

)
≤ 2λ |f (t)|E

∣∣u′k (t)∣∣E .

Integration gives ∣∣u′k (t)∣∣2E + |uk (t)|2H ≤ b̂+ 2λ

∫ t

0
|f (s)|E

∣∣u′k (s)∣∣E ds,

where

b̂2 = |u0|2H + |v0|2E +m2
0 |u0|

2
E +

2σ

p
|u0|pLp(Ω) .

Then ∣∣u′ (t)∣∣2
E
+ |u (t)|2H ≤ b̂+ 2λ

∫ t

0
|f (s)|E

∣∣u′ (s)∣∣
E
ds
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≤ b̂+ 2λ

∫ t

0

(
|g (s)|E + a

∣∣[u (s) , u′ (s)]∣∣γ
F

) ∣∣u′ (s)∣∣
E
ds.

Recall the notation w (t) = [u (t, u′ (t))] . Then

|w (t)|2F ≤ b̂+ 2λ

∫ t

0
(|g (s)|E + a)max

(
1, |w (s)|γ+1

F

)
ds

As above we obtain

|w (t)|F ≤
(
1 + λ (1− γ)

∫ T

0
(|g (s)|E + a) ds

) 1
1−γ

< R,

where

R =

(
1 + (1− γ)

∫ T

0
(|g (s)|E + a) ds

) 1
1−γ

.

Hence ∣∣[u (t) , u′ (t)]∣∣
F
< R,

so (L–S) holds with
U = {w : ||w (.)|F |∞ < R}.

Therefore, in particular, Theorem 2 gives the following generalization of a result in
Lions [6].

Corollary 4. Let Φ0 satisfies (Φ1)-(Φ3) and (0.8). Let u0 ∈ H, v0 ∈ E, m0 ∈ R,

σ ∈ R+ and p ∈]2, 2(n−1)
n−2 ] if n ≥ 3, p > 2 for n = 2. Then there exists a weak solution

u of the problem
∂2u
∂t2

−∆u+m2
0u+ σ |u|p−2 u ∈ Φ0

[
u, ∂u∂t

]
on Ω× (0, T ) ,

u (x, 0) = u0 (x) ,
∂u
∂t (x, 0) = v0 (x) on Ω,

u = 0 on ∂Ω× (0, T ) .

Remark 2. The result in Lions [6] is obtained when Φ0w ≡ {f} , where f ∈ L2 (0, T ;E) .

2. A class of nonlinear integro-differential inclusions

Let us now establish an existence result for the problem

(0.9)


∂2u
∂t2

−∆u+m2
0u+

∫ t
0 κ (t− s)S

[
u, ∂u∂t

]
ds ∈ Φ0

[
u, ∂u∂t

]
on Ω× (0, T ) ,

u (x, 0) = u0 (x) ,
∂u
∂t (x, 0) = v0 (x) on Ω,

u = 0 on ∂Ω× (0, T ) .

Theorem 5. Let Φ0 be a multivalued map from C ([0, T ] ;F ) to L2 (0, T ;E) such that

conditions (Φ1)-(Φ3) are satisfied for Φ0, κ ∈ Lr′ (0, T ;L (E)) for some r′ > 1, and let
S : H × E → E be continuous such that

|Sw|E ≤ a0 + b0 |w|F
for all w ∈ F and some a0, b0 ∈ R+, and

αE (S (D)) ≤ c0 αF (D)

for any bounded set D ⊂ F and some c0 ∈ R+. Then (0.9) has at least one weak
solution.
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Proof. Let

Φ1w (t) = −
∫ t

0
κ (t− s)Sw (s) ds

Then

(0.10) |Φ1w (t)|E ≤
∫ t

0
|κ (t− s)|L(E) (a0 + b0 |w (s)|F ) ds.

It follows that

|f (t)|E ≤ |a0 + b0 |w (.)|F |∞
∫ t

0
|κ (t− s)|L(E) ds

≤ |a0 + b0 |w (.)|F |∞
∫ T

0
|κ (τ)|L(E) dτ.

Hence Φ := Φ0 + Φ1 satisfies (Φ2). Inequality (0.10) also implies that (0.7) holds. To
check (Φ3) for Φ1 let E0, F0 be separable closed subspaces of E and F, respectively,
and let M be a bounded countable subset of K with M (t) ⊂ F0 a.e. on [0, T ] , for
which there exists ν ∈ L∞ (0, T ) with |w (t)| ≤ ν (t) a.e. on [0, T ] for any w ∈ M. Then

βE0 (Φ1 (M) (t) ∩ E0) ≤ 2βE (Φ1 (M) (t) ∩ E0)

≤ 2βE (Φ1 (M) (t))

≤ 2αE (Φ1 (M (t)))

≤ 4

∫ t

0
αE (κ (t− s)S (M (s))) ds

≤ 4

∫ t

0
|κ (t− s)|L(E) αE (S (M (s))) ds

≤ 4c0

∫ t

0
|κ (t− s)|L(E) αF (M (s)) ds

≤ 8c0

∫ t

0
|κ (s)|L(E) βF0 (M (s)) ds.

Hence Φ1 also satisfies (Φ3). Here the function δ (t) := 8c0 |κ (t)|L(E) belongs to

Lr′ (0, T ) and r′ > 2. Now Theorem 2 finishes the proof. �

Example. Let k ∈ Lr′ (0, T ;R) for some r′ > 1 and a, b ∈ R. Then the problem
∂2u
∂t2

−∆u+m2
0u =

∫ t
0 k (t− s)

(
au+ b∂u∂t

)
ds on Ω× (0, T ) ,

u (x, 0) = u0 (x) ,
∂u
∂t (x, 0) = v0 (x) on Ω,

u = 0 on ∂Ω× (0, T )

has a weak solution.

Remark 3. Similar results can be established for hyperbolic equations and inclusions
with infinite delays. Also the above arguments can be extended to discuss perturbations
of the nonlinear wave equation involving monotone maps (see Barbu [1] and Brezis [2]).
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