THE PERTURBED KLEIN-GORDON EQUATION

RADU PRECUP

ABSTRACT. We establish a general existence result for the Klein—-Gordon equation
with multivalued perturbations. The approach is based on a new fixed point theorem
given in [10].
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The method and the results of this paper are in connection with those in Couchouron—
Precup [3], [4], Kamenskii-Obukhovskii-Zecca [5], O’Regan—Precup [8] and Precup [10].

Let 2 be a bounded open subset of R™ and 0 < T' < co. We consider boundary value
problems of the form

G (x,t) = Au(z,t) + mu (a,t) € @ [u, 5] (x,1)
on Qx(0,7),

u(z,0) =ug (), % (2,0) =g (x) on Q,

u=0 on 92 x (0,7).

(0.1)

Let B = L2 (Q), H = H{ (Q) with norm |u|,; = (fQ IVl d:v) and F = H} (Q) x

1
L% (Q) with norm |[u,v]|p = (!uﬁq + |v\%) ’. By a solution of (0.1) we mean a weak
solution u of the problem

3t2 AU—i—mOu—f on Qx (0,T),
(0.2) u(x,0) = ug (x), 2 (2,0) = vy (z) on Q,
u=0 on 90 x (0,T),

that is u € C1([0,T]; E) N C ([0,T]; H), the function t — (u’(t),v)y is absolutely
continuous on [0, 7] for each v € H, u (0) = ug, v’ (0) = vy and

(0.3) (0 (1) )+ (1), )y = (£ (6) — mu (1) )

a.e. on [0, 7] for all v € H. Here f € L? (0,T; E) is a selection of ® [u,u'], i.e.,
f(t) €@ u,u](t)
for a.e. t € [0,T]. We shall assume that ® is a multivalued map from C ([0,7]; F) to

L?(0,T;E).
1
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Lemma 1. Let f € L?(0,T;E), ug € H and vg € E. Then there exists a unique weak
solution u of (0.2). In addition

(0.4 (I @+l @) <b+ [ 17 @lgas

where b2 = |ugl; + [vol 5, + m3 [uol} -

Proof. The existence, approximation and uniqueness are standard results; see for ex-
ample Precup [9], p 172. To derive (0.4) put v = uj (t) into (0.3), where (uy) is a
sequence of approximation solutions having u) € H. Then

05) g (e O+ OF; +md g ) = (7 (1) (1)

Integrating from 0 to ¢ we obtain
t
2
o O+ o () <8242 |17 0) s o 5 s

Let )
A(t) = [ (O] + luk ()
and

B =142 [ 17 @)l fuf ()] .
We have A (t) < B(t) and
B (1) =21 Ol [uh ()] < 21 O] 5 VA,

B'(t) <2|f (H)lg VB (@)

Hence

Integration gives

VBO < VBO+ [ 15 6)ds,
which immediately yields (0.4) for ug. Finally vge let & — co. O
Define ¥ : L2 (0,T; E) — C ([0,T]; F) by
U f = [u,u], where u is the weak solution of (0.2).

Clearly, if u is a weak solution of (0.1), then w := [u, /] solves w € ¥Pw. Conversely,
if w = [u,v] is a solution of w € ¥Pw, then v = v’ and u is a weak solution of (0.1).
Let K is the closed convex subset of all functions [u,v] € C ([0,T]; F) with u (0) = up
and v (0) = vo.

Theorem 2. The above solution operator W satisfies the following conditions: (H1)
For every f1, fo € L?(0,T; E) and a.e. t € [0,T], one has

(0.6) W f1 (t)—‘I/f2(t)!FS/O [f1(s) = f2 (s)| g ds;

(H2) For any compact C C E and any sequence (fi) of
L%(0,T; E) with {fx (t): k> 1} C C for a.e. t € [0,T], the weak convergence fi, — f
implies W f, — W f strongly in C ([0,T]; F).
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Proof. To check (H1), let fi, fo € L?(0,T; E) and let uy,us be the corresponding weak
solutions of (0.2). Clearly (u1 —u2) (0) = (u}) —u}) (0) = 0. Then from (0.4) we find
that

[NIES

(1 et = ) O3 + (1 — w2) D)
<AWﬁ—bHWyw

Hence (0.6) holds. To check (H2) assume that fp — f weakly in L?(0,T; E) and
fr(t) € C a.e. on [0,T] for all k, where C' is a compact subset of E. Since by (H1)
the map W is linear and bounded, we have ¥ f;, — U f weakly in C ([0,T]; F). Using
an approximation argument, we can prove that the set {¥ f} is relatively compact in
C ([0,T]; F). This implies that ¥ fi — ¥ f strongly in C ([0,T]; F). O

The following result is a consequence of Theorem 3.1 in Precup [10]. Notice (H1),
(H2) are respectively conditions (V1) and (¥3) in [10].

Theorem 3. Assume that the following conditions are satisfied: (®1) The values
of ® are nonempty, weakly compact, convex and ® is weakly sequentially upper semi-
continuous on any compact convex subset A of K. (92) For every a > 0 there exists
ve € L?(0,T;Ry) such that |f (t)|g < va (t) a.e. on [0,T] for all f € dw and w € K
with [[w|| < a. (®3) For every separable closed subspaces Ey, Fy of E and F' respectively,
there exists a constant m > 0 and a function 6 € L (0, T;R4), v > 2, such that

B, (B (M) (1) N Eo) < mBr, (M () (¢)
+ [ 60 8, (M () (5)ds
0

a.e. on [0,T] for every bounded countable set M C K with M (t) C Fy a.e. on[0,T], for
which there exists v € L (0,T) with |w (t)|z < v (t) a.e. on [0,T] for anyw € M. Here
for a Banach space X, the symbol Bx stands for the ball measure of noncompactness in
X. (L-S) There exists a bounded, convex and open subset U of C ([0,T]; F) containing
the origin such that

w ¢ A\VUdw

for allw € U\ U and X €]0,1[. Then (0.1) has at least one solution in U.
Remark 1. Assume that

(0.7) [fOlg <a(®)+0()|w(®)p +/O c(t,s)|w(s)|pds

a.e. on [0,7] for all w € K and f € ®w, where a € L?(0,T;Ry), b€ L (0,T;R)
and ¢ € L ([0,T]2 ;R+> for some 7’ > 1. Then condition (L-S) holds for U = {w €

K : |lw|| < R}, any R > ||¥ (0)|z|,, and a suitable equivalent norm ||.|| on K. Indeed,
if w solves w € A\¥Pw for some A €]0, 1[, then for any # > 0 we have

hme<Amewu+AA@m@mw
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SAW(0) ()] p

+)\/Ot (a(s)+b(s) |w(s)F+/Osc(s,r)|w(7')\FdT> ds

SAW(0) ()] p

t s
—{—A/ <e€s (a +b|w| 6_98) +/ ceTe 07 |w\FdT> ds.
0 0

Define an equivalent norm on K by

-0t
= ol | -
full = [e="u o) |

Then using Hoélder’s Inequality we obtain

C
lull < 112 (0)]Flo + Ay llul-

Now choose a sufficiently large 6 such that

C
19 O)lple + 5 R < B

Then the above inequality is impossible for ||u|| = R and A €]0, 1].

Examples

1. A class of superlinear hyperbolic inclusions

Let
® [u,v] (1) = @o [u, 0] (t) — o Ju (t) " u(t),
where 2 < p < 22=1 (n > 3), 0 € Ry and @ is a multivalued map from C ([0,T7]; F)
to L? (0, T; E) such that conditions (®1)-(®3) are satisfied for ®y. In addition assume
(0.8) [f Ol <g @) +alw®)p

a.e. on [0,T] for all w € F and f € ®w.. Here g € L? (0,T;R),a € Ry and v € [0, 1].
Let

By [u,v] (t) = —0 Ju ()P 2 u(t).

Since u (t) € H and the embedding of H in L?" (Q2) is continuous (2* = 2%, we

n—2

2* *
have that |u (¢)[P~! € Lv—1 (Q). For p < 22=1 it is easy to check that 2 < 1%' Hence

n—

L1 () C E. This shows that ®; [u,v] € L?(0,T; F). Also ®; is continuous. Next we
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show that ® satisfies (®3). Indeed, let ui,us € H with |ui|y , |u2|y < n. We have
‘\Wp*z up — Jug|["™? Uz‘
< [l P72 (ur = wz) + (JurP ™ = ual”™?)

< [max (Ju1], [uz])]P 2 [u1 — uz]

+ (p — 2) [max (Jug |, [ua )P~ [Jur]| — |ua|
< (p— 1) [max (Jur], |u2|)]"~% [ur — usl
< (p—1) (Jur] + u2])P~? [ur — ug]

_ 1
< (p—1) (Jua] + uz])P " Jus — ua|? .

Using Holder’s Inequality we deduce that
‘lul\p_Z uy — ugP? u2‘
E

-1
< (p =Dl + fu2llfz-1)g) lv1 = u2lp

p—1
<(-1) (|u1‘L2(P*1)(Q) + |u2‘L2(P*1)(Q)> lur — u2|g
< C |U1 - u2|E )

where the constant C' depends only of p, n and 1. Here we have used the continuously
embedding of H into L2®~1 (Q).

Now we prove that condition (L-S) holds for an open ball U of C ([0,T];F), of
center 0 and a radius R > 0. Let w = AU®w for some X €]0,1[, and let w = [u,/].
Then, from (0.5) we have

1d 2
S (ke (O + e ()3 + md s (1))

=M (O = lu O un (t) 0 (1))
for some f € @ [u,u']. Hence

d 2 2\o
a7 (1 O + e OF -+ o (0 + 27 e (O

<2Mf ()] g |uk ()] -
Integration gives
t
2 —~
e O+ o (0 <5422 [ 17 ) o (5] s,
where
2 2 2 2 2 20 D
b = |uo|y + |volz + mg |uolp + ? |U0\Lp(g) .
Then .
2 —~
W O+ O <b+27 [ 1f Gl | ()]s
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<520 [ (o lp+alfuts) ol G][1) [ (5] s
Recall the notation w (t) = [u (t,u’ (¢))] . Then

w (B2 <5+ 2>\/0 (lg ()] + @) max (1, o ()31

As above we obtain

1
1=y

T
w (0)]p < (1 £20=2) [ (g @ls+a) ds) <R,

where

1—v

T
R= (1402 [ O+ ads)
0
Hence
Hu(t),u’(t)”F <R,
so (L-S) holds with
U=Aw: [[w()|pl, <R}
Therefore, in particular, Theorem 2 gives the following generalization of a result in
Lions [6].
Corollary 4. Let ®q satisfies (®1)-(®3) and (0.8). Let ug € H, vg € E, my € R,
o€ Ry and p €]2, %] ifn >3, p>2 forn=2. Then there exists a weak solution
u of the problem

%—Au+m3u+a!u\p_2ue¢>0[u,%] on Qx (0,T),
U(.Z',O) ZUO(x)> %(1’,0):’[10 (.CU) on £,
u=0 on 9Qx (0,T).

Remark 2. The result in Lions [6] is obtained when ®qw = {f}, where f € L% (0,T; E).
2. A class of nonlinear integro-differential inclusions
Let us now establish an existence result for the problem
%% —Au—I—m%u—i—fém(t—s)S[u,%ﬂ ds € ¥ [u,a—qj]
on Qx(0,7),

U(QZ,O):UO(CL'), %($,0):’U0(l‘) on {2,
u=0 on 092 x(0,T).

Theorem 5. Let ®q be a multivalued map from C ([0,T]; F) to L?(0,T; E) such that
conditions (®1)-(®3) are satisfied for g, k € L (0,T; L (E)) for some 1’ > 1, and let
S:H x E — E be continuous such that

(0.9)

[Sw|p < a0+ bo |w|p
for all w € F and some ag,bg € R4, and
ag (S (D)) < coap (D)

for any bounded set D C F and some co € Ry. Then (0.9) has at least one weak
solution.
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Proof. Let
t
Qyw (t) = —/ k(t—s)Sw(s)ds
0
Then
(0.10) B0 Ol < [ 150 =9l (a0 + b o (5)] ) .

It follows that

t
1 (®)]5 < lao + bo [w ()l /0 5 (t = 8)] oy

T
< Jao +bo |w ()]l /0 1 (7)o -

Hence ® := ®; + ¢, satisfies ($2). Inequality (0.10) also implies that (0.7) holds. To
check (®3) for ®; let Ey, Fj be separable closed subspaces of F and F, respectively,
and let M be a bounded countable subset of K with M (t) C Fy a.e. on [0,7], for
which there exists v € L* (0,7T) with |w (t)| < v (t) a.e. on [0,T] for any w € M. Then

B, (21 (M) (t) N Eo) < 285 (®1 (M) (t) N Ey)
< 26p (01 (M) (1))
< 2ap (1 (M (1))

§4/0 ap (k(t—s)S(M(s)))ds
<4 [l = 9)legey 0 (5 (M (5)) s
§400/0 |/£(tfs)|£(E) ap (M (s))ds

< 8co [ ()] Bro (M () ds.

Hence @1 also satisfies (®3). Here the function 6 (t) = 8co [k (¢)|;(p) belongs to
L (0,T) and ' > 2. Now Theorem 2 finishes the proof. O

Example. Let k € L (0,T;R) for some 7’ > 1 and a,b € R. Then the problem
% —Au—l—m%u:fgk:(t—s) (au—l—b%—?) ds on Qx(0,7),

u(x,0) =ug (z), % (x,0) =vo(z) on €,

u=0 on 092 x (0,T)

has a weak solution.

Remark 3. Similar results can be established for hyperbolic equations and inclusions
with infinite delays. Also the above arguments can be extended to discuss perturbations
of the nonlinear wave equation involving monotone maps (see Barbu [1] and Brezis [2]).
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