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Abstract

The vector version of Krasnoselskii’s fixed point theorem in cones is
used to obtain existence and localization results for the Dirichlet boundary
value problem associated to second order ordinary differential systems
with nonlinearities having different behaviors both in components and
variables.
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1 Introduction

In our recent paper [6], we have presented a vector version of Krasnoselskii’s
fixed point theorem in cones (see [1], [2], [3]) by which a solution of a system
of equations has been localized in a vector conical shell. Our approach was
inspired by the work of Perov and Kibenko [4], where a vector version of the
contraction principle was given for the treatment of a system of equations. The
same idea was used in [5] for a vector version of the continuation principle for
contractions. The use of a vector norm in an abstract existence principle, when
applied to systems, makes possible that the nonlinear term of a system may have
different behaviors both in components and variables. The aim of this paper is
to illustrate the applicability of the above principle to the Dirichlet boundary
value problem for second order ordinary differential systems.

We shall use the following notions and notations. If (X, |.|) is a normed
linear space, by a cone of X we mean a closed convex subset K C X with
K\ {0} # 0, \K C K for every A € Ry and K N (—K) = {0}. Any cone K
induces a partial order relation in X, denoted by <. Hence u < v if and only if
v —u € K. We shall say that u < v if v —u € K\ {0}.



In what follows, we shall consider two cones K1, Ko of X, the corresponding
cone K := K| x Ky of X2, and we shall use the same symbol < to denote the
partial order relations induced by K in X2, and by K, K5 in X. Similarly, the
same symbol < will be used to denote the strict order relations induced by K;
and K, in X. Also, in X2, the symbol < will have the following meaning: u < v
(u,v € X?) if u; < v; for i = 1,2. For r, R € Ri, r=(ri,r2), R=(R1,Ra),
we write 0 < r < Rif 0 <ry < Ry and 0 < ry < Rs, and we use the notations:

(Ki)Ti,Ri : :{UGKiZ TZS‘U|§RZ} (221,2)
K,p : ={ueK:r;<|uy|]<Rjfori=1,2}.

Clearly, K, p = (Kl)th1 X (KZ)T2’R2 )
We are interested in the existence of a solution u := (uy, us) to the operator
system
{ up = N1 (uy,uz)
uz = N (U17u2)

in the vector conical shell K, g, more exactly with v € K and
r1 < ur] < Ry, re < ug| < Ry.

The main result in [6] is the following vector version of Krasnoselskii’s fixed
point theorem in cones:

Theorem 1.1 Let (X, |.|) be a normed linear space; K1, Ko C X two cones;
K:=KixKy;r,Re Ri with0 <r <R, and N : K, g — K, N = (N1,N2) a
compact map. Assume that for each i € {1,2}, one of the following conditions
is satisfied in K, g :

(a) N; (u) A u; if |ug| = s, and N; (u) # u; if |ui| = Ry;

(b) N; (w) % w; if |u;| = ri, and N; (u) £ u; if |u;| = R;.

Then N has a fized point u in K with r; < |u;| < R; fori € {1,2}.

Remark 1.1 In Theorem 1.1 four cases are possible for u € K, g :

(c1) Ny (u) £ uy if |ug| = ry, Ny (u) % uy if |us| = Ry,
N2 (u) 74 u2 if |’U,2| =T, N2 (u) ;A u2 if |U2| = RQ;
(C2) N1 (u) 74 U1 if |U1| =T, N1 (u) ?L U1 if |U1| = Rl,
NQ (U) ;L Ug if |U2| = T2, N2 (U) 74 ug if |UQ| == RQ;
(C3) N1 (’LL) % ul if |’LL1| =T, N1 (’LL) 74 Ui if |’LL1| = Rl,
N2 (u) 74 U2 if |U2| =T, N2 (U) ?/- (%) if |U2| = RQ;
<C4) N1 (u) ?A Uy if |U1| =T, Nl (u) 74 Uy if |U1| = Rl,
N2 (u) ?/- u9 if |UQ| =T, N2 (u) 7< u9 if |’LL2| = R2.



2 Positive solutions of the Dirichlet boundary
value for systems

We investigate the existence and localization of positive solutions of the nonlin-
ear differential system

uy () + f1(tua (t) uz () =0
{ ul 2 0 (2.1)

for t € [0,1], with
wi (0) = wi (1) =0, i=1,2. (2.2)

Here f; € C ([0,1] x R2,Ry) for i € {1,2}.

We seek positive solutions to system (2.1), i.e., pairs u := (uj,us) of func-
tions from C ([0,1],R,) which satisfy (2.1)-(2.2).

Let X = C'[0,1] be endowed with norm [v|_, = max;c[o 1] |v ()|, and let P
be the cone of all nonnegative functions from X. Let

[ t(l—-s) f0<t<s<1
G(t’s){ s(1—t) if0<s<t<l

be the Green function associated to the differential operator —u” and the Dirich-

let boundary condition. Now the problem of finding nonnegative solutions for
(2.1)-(2.2) is equivalent to the integral system in P2,

uy () = [ G (t,5) f1(s,u1 (s),ug (s)) ds
{ us (t) :leG(t,s) fo (s, uy (), uz (s)) ds. (2:3)

Let N : P2 — P2 be the completely continuous map N = (Ny, No) given by

1
No(w) () = [ G(ts) fi s (), o)) ds = 1.2

Then (2.3) is equivalent to the fixed point problem
u=N (u), u€c P>

Now we fix any sybinterval [a, ] of [0,1], with 0 < a < b < 1, and we easily
check that

G(t,s)
MG (s, s)

G (s,s) for all t,s € [0,1] and (2.4)
G (t,s) for t € [a,b], s €[0,1]

where M = min {a,1 —b}.
IfveP,



and u (to) = |u|, , then according to (2.4), for every t € [a,b], we have

u(t)

Y

M/Gss ds>M/Gt0,)()ds
= Mu(to) = M |u|

Thus, if in X := C'[0, 1] we consider the cone K; = Ko, defined as
Ki:={veP:v(t)>M|v| foralltcla,b]}

and in X2 the corresponding cone K := (K;)?, then we have that N (K) C K.
Now it is clear to what cone and operator we intend to apply Theorem 1.1.
Before we state our main result, we introduce the following notations. For

a;, B; > 0 with oy # 8; we let r; = min{oy, 5;}, R; = max{ay, 5;} (1 = 1,2),

and

i o= min{f; (t,u1,u2): a <t <b, MBy <up < Br, Mra <up < Ry}

v2 = min{fa (t,u1,u2): a <t <b, Mr; <uy < Ry, MBa <up < fBa}

Fl = max{fl(t,ul,UQ): 0§t§1,0§u1§a1,0§u2§R2}

FQ = max{f2 (t,’ul,UQ)S OStSLOS’U,lSRl,OSUQSOéQ}.
Also, let

1 b
B = max/ G(t,s)ds, A= min / G (t,s)ds.

te[0,1] Jo tela,b] /g4

Clearly, A > 0 and by direct computation, B = %

Theorem 2.1 Assume that there exist o;, 8; > 0 with o; # B, i = 1,2, such
that

BT < ay, A’Vl > 61 (25)
BTy < az, Ay > f.
Then (2.1)-(2.2) has a positive solution v = (u1,u2) with r; < |u;| < R;,
i = 1,2, where r; = min{«ay, 8;}, R; = max{ay, B;}. Moreover, the orbit of u
fort € [a,b] is included in the rectangle [Mry, R1] X [Mrs, Ra] .

Proof. First note that if u € K, g, then r; < |ui| < Ry and ry < |ug| <
Ry, and by the definition of K,

M’I“l S Uy (t) S Rl and MT2 S u9 (t) S R2

for all t € [a,b], showing that the orbit of u for ¢ € [a,b] is included in the
rectangle [Mr1, Ri] x [Mra, Ro]. Also, if we know for example that |uq| = o,
then wuy (t) < ay for all ¢ € [0,1] and

May <wuy (t) <ap forallt€[a,b].



We claim that for every v € K, g and ¢ € {1,2}, the following properties
hold:

lu;| .. = «; implies u; A N; (u) (2.6)
|3 = f; implies u; ¥ N; (u)

guaranteeing the applicability of Theorem 1.1.
Indeed, if |u;| = o and we would have that u; < N; (u), then

1
0

for all ¢ € [0,1]. This yields the contradiction a; < a. Now if |u;| = £ and

uy > Ny (u), then for ¢ € [a,b], we obtain

b
up (£) > Ny (u) (t) > / G (t,s) f1(s,u1(8),u2(s))ds > Ay

whence, in particular, we deduce 81 > (31, a contradiction. Hence (2.6) holds
for ¢ = 1. Similarly, (2.6) is true for i = 2. m

In particular, if f; and fs do not depend on ¢, i.e., f1 = f1 (u1,us2) and
fo = fa(ug,us2), and f1, fo have some monotonicity properties in u; and ug, for
uy; € [0, R;1] and ug € [0, Rg], then we can precise the numbers 7,72, T'1, .
For example:

(1) if f1, fo are nondecreasing in uq and wus, then

I'n = fila,Re), M= fi(MB1,Mry)
Iy = fo(Ri,a2), v2=fo(Mry,Mp).

(2) if f1 is nondecreasing in u; and ug, f2 is nondecreasing in u; and nonin-
creasing in us, then

Iy fi(a, R), v = fi (MBy, Mrs)
Ly = fo(R1,0), 72 = fo(Mry,[32).

(3) if f1 is nondecreasing in u; and nonincreasing in ug, fo is nonincreasing
in u; and nondecreasing in ug, then

'y = fi(a1,0), v = fi(Mp1,Rs)
Iy = f2(0,02), v2= fa(Ri,Mpa).

Notice that conditions (2.5) indicate the behavior of fi, fo in some regions
of Rﬁ_, in order to establish the existence and the localization of at least one
solution. Combined with monotonicity properties like those in (1)-(3), the hy-
pothesis (2.5) show us how the nonlinearities f1, fo behave at four points in Ri.
Also, it is clear that by imposing further conditions of this type we can obtain
multiple solutions results.



Example 2.1 Let f (u1,u2) and fa (u1,u2) be nondecreasing in u; and wus for
ui,u2 € Ry. If

T L Gk S Y T L (2.7)
r—00 €T x—0 xX
for i € {1,2}, then (2.1)-(2.2) has a positive solution.
Indeed, from (2.7) there are oy, 31 with 0 < 31 < a3 such that
i , 1 i (M By, M 1
f (0[1 041) < = f ( ﬁl 61) N (28)

aq B’ Mﬁl MA

for i € {1,2}. Let oo = 1 and 2 = B1. Then r; = 1, R; = a1, and according
to (1), T = fi (a1, 1), vi = fi (MBy, MpBy) fori € {1,2}. Now (2.8) guarantees
(2.5).

Ezample: f; (z,y) = (xy)% ,1=1,2.

Example 2.2 Let f; (u1,u2) and fo (u1,u2) be nondecreasing in u; and uy for
u1,ug € Ry. Assume that

i 2@ o g 20 (2.9)
xTr—00 xX x—0 X
lim f1(@,0) =o00 and lim hilzy) = 0 for every y > 0. (2.10)
T—00 x z—0 x

Then (2.1)-(2.2) has a positive solution.
Indeed, from (2.9) there are ap, By > 0 such that

fr(Moy, Moy) - 1 f2(BuB) 1

MO(]_ MA ﬁl B

for every iy < ag and 31 > By. Let a; < f1, ag = 31 and B2 = ay. Thenr; = aq,

R; = By for i € {0,1}, and according to (1), I't = fi1 (a1, 81), I'2 = f2 (81, 51)

v1 = f1 (MB1,Maq) and v2 = fo (Mai, May). Clearly (2.11) guarantees that

the inequalities in (2.5) corresponding to ¢ = 2 hold for every a; < «ag and
81 > Bo. Now due to (2.10), since

J1(MBy, May) S f1(Mp4,0)
MpB - MpB

(2.11)

we may first choose 31 > [y with %511,0) > ﬁ, and then a; < ap, 0 < oy <

By with flerf) o %. Thus condition (2.5) is satisfied.

Ezample: fi (z,y) =22 (1+92), fa(z,y) = ()7 .

Example 2.3 Let fi (u1,u2) be nondecreasing in u; and nonincreasing in us,
and let fo (u1,u2) be nonincreasing in vy and nondecreasing in usg, for uy,us €
R4. Assume that

0 M
i 2L®0 gy, AMEE) (2.12)
x—0 X xTr—00 x
lim f2(0,2) (0,2) = 0, lim J2(z, M) (2, Mz) = o0.
x—0 x T—00 x



Then (2.1) has a positive w-periodic solution.
Indeed, from (2.12) it follows that there exist «; and f; with 0 < a1 < £y
such that

fi(a1,0) 1 fi(MBi,01) _ 1

o < 5 3 > (2.13)
f2(0,0aq) 1 fo(B,MpB) _ 1
(6751 < E’ ﬂl > A

Let oy = a7 and By = (1. Then r; = a1, R; = (1 for i € {1,2}. Also, by (3),

Iy = fi(a1,0), T2 = f2(0,01), 71 = fi (MB1,51) and y2 = fo (81, MB1) . Now
(2.13) guarantees (2.5).

3
Evample: f (x,y) = 25, f2 (x,y) = 7.
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