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In this paper one discusses a general probabilistic method for constructing positive
linear operators useful in the theory of uniform approximation of continuous
functions. One derives by this method the known operators of Bernstein, Mirakyan,
Baskakov, Weierstrass, a variant of Meyer-Kénig and Zeller operator, an operator
of Feller and also an operator which was recently introduced and studied in
detail by the author of the present paper. For the operators of discrete type it
is further indicated a way for representing them in terms of the factorial moments
of the distribution involved and of the finite differences ol the corresponding
function. By means of the modulus of continuity of the function used and of
the standard deviation of the random variable involved, one gives evaluations
of the orders of approximation by the considered operators.

§ 1. PROBABILISTIC METHODS FOR CONSTRUCTING POSITIVE LINEAR
OPERATORS

1. Consider a sequence of one-dimensional random variables {¥},
ud let 7, (y ; @) be the distribution function of ¥,, where y is any real
number and z is a one-dimensional real parameter, varying in a finite or
nite interval I, representing the expectation of this distribution.

Let f = f(y) be a real-valued function bounded on the real axis,
ch that the mean value of the random variable f(Y,) exists (n = 1,
' 3,...). As is well known, this mean value can be expressed by the
nproper Stieltjes integral of f(y) with respect to I, (y; @) :

1) - E[f(Y)]=P,(f; m)=§” fWa,rF,(y; a).
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If ¥, is a discrete random variable then the distribution F
= P[Y,=<y;w] is a step function with a finite or countaple ;
number of jump points {a} on the real axis, at which jumps {n,
occur. The jump of ¥, (y; =) at a, is given by b
Po (@) = pu(t; @) = P[Y, =a; ] =T, (a,; @) —F, (a, — 0

The function p, (y; ) represents the discrete probability fung
which is characterized by the fact that it is positive if y coincideg -
& point of the sequence {a,}, is zero if we have no jumps at y, and we |

Y p.(a; @) =1.

In this discrete case we can write
(1'2) Fﬂ (y; m) = % .pﬁ (ak; x)’

the sum extending over all those a, which do not exceed y, and thug
operator (1.1) can be expressed as follows -

(1.3) P.(f; @) = X f(a)p,(a; a).

If the random variable ¥, has a continuous probability densify
funection p, (y; #), then we have

i
. (y; w):s Pa (w5 @) du,
and we obtain the following expression for the operator (1.1):

(1.4) Pf; )= fw e, (v; = dy.

It is evident that the operator P, (f; x) defined by the form
(1.1), or in particular by the formula (1.3) or (1.4), is a positive
operaior.

2. We shall now make use of an important method for constructir
concrete operators of this type, useful in the theory of uniform
ximation of continuous functions. '

Let us assume that ¥, represents the arithmetic mean of the
n terms of a sequence {X } of random variables, that is
7-X1+X2+ iy

(1.5) 7 m=1,2...).
n

If for any natural number n the random variables X,;, X,,.
are independent and identically distributed, then denoting by ¢(?)
common characteristic function of these random variables, the ¢
terigtic function of ¥, will be (see, e.g., [9] or [21])

(L.6) ba(t) = [=p Gl
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now proceed to give some examples, assuming that, in the cage

st six of these, {X} is a sequence of independent random varia-
tically distributed.

Consider X, (j =1, 2,...) has a zero-one distribution, i.e.,
P(X,=0)=1—a, P(X,=1)=0a (j=1,2,..),

= o=<1.

n this case the characteristic function of X (1=1, 2,...) is:

1 — @ + xe". Consequently, the characteristic function of ¥,

b (1) = (1 — a4+ me%]ﬂ,

ich corresponds to the binomial distribution
b(k; n, 2) = (:)x"'(l — x)"*,

iee in this case we can write

0 if y<o0
Fys o) =¢ ¥ b(ksm o) if 0<y<1
=T if y=1.

According to (1.3) we obtain the operator

P(f; @) = B(f;2) = ¥ (f) 2'(1 — m)ﬂ-'ff(ﬁ],

k=0 n

in this case the jump points are a, — L. (¢k=0,1,...,m) and for

n
jumps we have the. values P @) =b(k;m o) (k=0,1,.. oy M).
Thus, we arrived at the famous Bernstein polynomials, introduced
912 by Bernstein [2] using a rather analogous probabilistic method.
e mention that Goncharov [10], Favard [6], Lorentz [14], Parzen [22],
er [7] and Lamperti [13] also indicated quite similar probabilistic
for obtaining the Bernstein polynomials.
(b) Let X,(j =1, 2,...) have the Poisson distribution
I
P(X,=k) =p(k; ) =e""-;ﬂ—1 k=0, 1, 2
i !

yrvinonds

where @ is a positive parameter.

In this case the characteristic funections of Xl =1, 8,...) snd
X, are respectively

it
@ (t) — efﬁteit—ll, ‘Pn(t) . ewaz(e‘“ =1) |
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Hence Y, has a Poisson distributi

on with the parameter NE, Phas
fore, now we have 20

.0 if ¥y <<0
B (y: 2) =
1 Ypk; @) it y=o

0=k=ny

and formula (1.3) leads us to the following operator of Mirakyan [18]

(1.9) P(f;0) = ifﬁ@ieﬂv(gj-

=0 k!

Favard [6], Szasz [28], Feller [7] and Butzer and Barens [4] discugge

briefly the probabilistic methods for obtaining this operator,

(¢) Suppose X, (j =1, 2,...) have a geometric distribution
PX,=k)=a(1—a) (k=o,1, 2l
where 0 < 2 < 1. The corresponding characteristic function is
(1 — ) ey = i

1—(1—a)et
It follows that the characteristic function of Y, is

wn:( v “Y.

1—(1—a)er

o(t) ==

s

which is the characteristic function of ¥ — —{, where X has the negative
. n i

binomial (Pascal) distribution :

(1.10) P@K:MZPWH%MZFHJ“JJﬂl—m*

= (—1)"( —k%J (1 —a)*  (k=0,1, 288 '-;..

The corresponding distribution function is

0 if ¥y <0
F (y;z) =
(Y5 2) l Ypksn,2) it y>o.
0 =k=ny

By virtue of (1.3) in this case we have the operator

(L) Hm@=éﬁ+f_ﬂWL4ﬂ$}
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In [17] Meyer-Konig and Zeller investigated the following operator

ari = § ") o

i)
n+ k

oh differs slightly from the preceding one (it can be obtained from
) if we replace 1—a by « and the basic points —% by E)

" T

I It should be noticed that Cheney and Sharma [5] gave an important
sene ralization of the operator (1. 12).

(d) If we replace © by —1-%— n (1.11) then we get the operator of
. X
gkakov [1]

P o)=Y, (’” k= 1)(—‘”"——f(£).

1 = m)nﬂc 7

, as a matter of fact, corresponds to the following negative binomial
butlon [8], a v&rlant of the distribution (1.10),

g(k;n,a) =p

. 1\ (m+k—1 z* B
4)?(16,%,1”)—( i ]-—————(1+w)ﬂ+k (k=0,1, 2...)

It should be noticed that the operators (1.9), (1.11) and (1.13) may
pe defined also for non-mtegral .
(¢) Assume X,(j =1, 2,...) are continuous, having the normal

ibution

_ lw—ap
20

1
P(?Iiw)=—v—2—n—ce ’

with the mean value x and the standard deviation ¢ (¢ > 0).

Now we have

ot olt?
gl — —

oty =e =, Y)=e ™

and it is obvious that ¥, has a normal distribution with the mean value

# and the standard deviation 5. i
Vi

In this case (1.4) yields the operator

ny —e)?

POf5 ) = A2 S‘" f(y)e dy.

V‘TEO'

(1.15)




e
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1
In the special case o =2 * it reduces to the classic Weierstrasg o
-operator : L<d

n

(f) Let X,(j =1, 2,...) have the exponential distribution

0 if =0
plysa) =y ; -%
—e if & >0.
X
Now we obtain
1 1!
o (2) v P =

1 —dimt

b
n

Since for the gamma distribution

0 if y<0

..

Y o "= it y=0,
T'(n) a"
‘where # > 0, the characteristic function is (see, e.g., [12])

1
YOSy

it follows that ¥, has a gamma distribution, with the continuous propa:

p(y;w,n):

bility density p,(y; #) — o (y; @ n)
n

Consequently, in this case we obtain the operator

ny

(1.16 1 (nY( . F
= P50 = g (2] 7 fwve T a,
I'in) \@ 0
encountered in 1966 by Feller [7].
In his doctoral thesis Miller [19] studied in detail the follov
variant of operators, obtained by starting from the gamma distribu

41 @
G.(f; @) = 2 [ o y"f(m) .
0 Yy

n!

In connection with this operator references should also be made to
the papers [15], [20]. ,

(g) Now we shall consider an example of random variables which
are not independent. ;

Consider the Markov-Pélya urn scheme ([16], [24]). An urn ¢
taing @ white and b black balls; a ball is drawn at random and if it i
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o (black) it is replaced and moreover, ¢ white (black) balls are added.
prooedure ig repeated n times. Let X, be one or zero according as the

jal results in white or black. It is known that the probability
the total number of white balls: X, + X, + ... 4 X  be equal
k(0 <k =n) is given by (see, e.g., [7], [9]):

o) = ( a(ate)...(a+k—1Le)b(b+e) ... (b+n—k—1 c)
e k) N+ ¥ +a—10

e N =a -+ b.
In thls case the variable{ X, ( 1, 2,...) are symmetrically depen-

ent (see [7])-

= o. Since L. 1 — 2, we see that the probabi-
N

y HtX+ .. Xk
. n n

W (m; a) -

m\e (z+«) ... (24+k—1a)(1—a) (1—a+a) ... (1—24+n—k—1c)
{m) (L+ o)1 +2a)...(1+7n—1a)

and the corresponding distribution function will be

0 if y <0
Y W (z;e)if 0=y=1

i (y; o) =

nékglv
I 1 it y=1.
In this case we obtain the operator
n k
8) P(f50) = ¥, w".m;a)f(——)»
k=0 n

infroduced and studied in detail by Stancu [26] in the case when the
parameter o« is a non-negative parameter.

We should remark that in the special case « = 0 this operator redu-
obviously, to the classic Bernstein operator (1.8), and in the case

— — it becomes (surprisingly!) the Lagrange interpolation poly-
n
Tominal corresponding to the function f and the equally spaced nodes
(k =0, 1,...,n), namely
. 1
-] a3
Pn f ) i3 n f; 0? n LA

8- c. 3186
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As we have shown in [26], the operator (1.9) can be obtained fyop,
(1.18) as a limiting case.

We notice that the operator (1.13) of Baskakov can also be obtgj
as the limit of our operator (1.18). Indeed, let us assume that « gp
depend on % in such a way that for » large the values of « and
small, whereas no =1, nw = mt¢ are of moderate magnitude. We }

(:Jm(m+a)(m+2m)... 4+ %—T1a)=

i( = l) (1 - 3] - (1 = _lJﬁm (mF1). .. (M- — 1) (=)

k! n w n
On the other hand

—o)(l—2+a...0—wtn—k—1a),
14+ o) +2a) ... (1+7—1a) B

n—k—1 mt . £\ /n=1 e Al mi
b G R Y T

i=0 (U i=0 jen—k n

.1 =l mi U = : B 1 1l
e fi— = A g 1 s—||—> . )
[ m =5+ iR e o
since the following result is true (see problem 57, part II, chap. I of [23]):
- a—f
gt abd et etn—1)d_ g . u%
nbo b b+d b+2d b+ (n—1)d

. where
N
g Biime a8
\ n n n
;z, B and 3§ being fixed and § > 0.
Hence

bt 1 (" I

k (1 _|_ t)m+l: :

If we take into account that for x = . we find from ne = mb
n

that { = L] , We arrive at the operator P, (f; ) defined at (1.13).
m




USE OF PROBABILISTIC METHODS 681

§ 2, REPRESENTATIONS BY FINITE DIFFERENCES

We shall now discuss an approach to the problem of representing
ite differences of some of the linear positive operators congidered
» preceding gection.
deal with this problem it will be convenient to consider the
on interpolation polynomial of a function f (t) with respect to the
B p—0,1,...,0):

W

N(f;t}=N(f;0,-—:j,.-.,%;t)

—f(0) + i (qf;t)'m

=1

A{ £ (0)s

o: (n)9 = nt (nt —1)... (nt — j + 1), while AJ f(0) represents the
) , i

"

ite difference of f with the step £ and the starting point zero.
n

By making the change of variable ni = y we obtain

o BN o Loyt .
N(f, W) o+ %L Ao

N(f;i) =f(ﬁ)(k=0, 1,...,m).

n n

In accordance with (2.1) we can derive the following formula for

(2. - o & s ) = « il p g
@s) " ¥(rL)an o =50+ § 8l 10,

e i=1 ,? n

(2.4) ma = 44, P, (50) (G=1,2.5m)

—a

represent, the corresponding factorial moments.
Tt is known that the factorial moment-generating function is

defined by
(2.5) g(t) =B (W) = S” wd, T, (y;o)-

DbViOllSly, we have My = gm (1) (7 - ls 2)- U | ﬂ’)



o
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If the random variable Y is discrete and assumes the valueg |
(k= 0, 1, ...,n) with the probabilities p,, (k =0, 1,..., n), then .
equa,tlon (2 3) by virtue of (2.2), reduces to -

E¥ (e -

n ] j
(2.6) Vi m(—z F0) + z""‘” ALT(O),
where i
M) = 'IZ k[j] pn.k é = Y\\ \t\
k=0 \j) )
In this case the factorial moment-generating function will be
(2.7) g =Y tp,,. - ,;\H;\,a\
k=0 &)
Examples.
~ (a) Let us consider first that ¥ has the binomial distribution (1.9
Since - "‘
g(t) =Y t“b(k; n, @) = 2 (M) 1 — )" * =01 — =+ ta),
k=0 i=o
we have

g () =nl 2 (1 — @ + t2)"7, my = n) o’
and (2.6) leads us to the following representation for the Bernstein poly-
nomial (1.8) : .

(2.8) B,(fio) = ¥, (o ALf(0).

As we know this formula is due to Griiss [11].
If we assume that » depends on » in such a way that for n — oo

‘we have nz — 2z > 0, then () &/ —>—_-1'-zf as n — co , and we get from (2.8)
J:
the following representation for the Mirakyan operator (1.9):
2.9) P,(fiz) = ¥, (T,’ A1 F(0)
i—o J!

(b) Now consider the Markov-Pdlya dlstrlbution: P(Y=F=
=, (#; «), this probability being defined by (1.17).
Let us find the corresponding factorial moments. We have

GO =% Fw,, (@;0),my =g (1 =3, K w0, (@5 9.

k=0
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=1+ a) (1 +2a)... (1 4n—1 o).
- We can write successively

n[]k 1 n—k—1
My = — L e @) 1 (1 — o 4 e
kn: =
nlkl k-1 1

=IV1_;,¥ n J)’H(m—[—va)”ﬂ l—vm—{—y,oc)

1 #-d ?’b” +8] j+s—1

N—j—8—1q

—_1‘7_207 I (z+ v H (1_“'"}‘}‘-“)7

V=0
y setting k — j = 5, ¢ being the new summation variable.
~ Since

J+s—-1 i-1 Jte—1

II (z 4 va) = H(m—]—va) II (z+ v'a),

Vi=j
fe can write further
n!i-1 1 d+s—1
mm—-—H(m—]-va)E[i I (z+
ﬂv—(} s=0]8. viej

- 1 Nn—j—g5—-1
+ v m)}[(ﬂ Ry p;[J (1 — m—i—uu)]:

=g 22+ @).. (245 —Ta) s (n_— )(m T IR (1 — g)-i-ay-c
(1 F @)ool 4 n——la) s=0

Where
j+s—1 =
(# + ja)ii-=1 — H; (#+v'e) = (x + o) (z + 5+ To)o.s
Vi

: (a:—}-j—[—s—loz),
(1 — g)n—i—sy-as _ ﬂ_ﬁs_la Trte)=(1—a) 1l —p4q,..
N

..(l-—w—l—n“j—s—ﬁim).

Making use of the Vandermonde formula,

(a+ b)m/—a1 — ﬁ (mJ Al —a hlm—s)) —g .
8= 8
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we find that
ﬂij (n —j‘)(m —[—jot)["‘"“](l e m)[tn~j—m—u] — (]_ —|—jot)“"‘-""f—°'1 w2
s=0\ &
=14+jey(1+3j+1le)...(1 +n—1a).
Thus, we have
v+ o)...(2+j—1a)
A+e)(A+2a)...1 +j —1a)

Consequently, formula (2.6) leads us to the following representatiop
for our operators (1.18): L

My = 0t

( (e +oa) ... (x+J— la)

Py =1(0) + E“] i _—
AU o +20...0 +5—1a

A% £(0),
(2.10)

which in the case « >0 has been established by us in the paper
In the limit case which led us from the operator (1.18) to the
rator (1.13), obviously we have

(%) v+ a)... (247 —1a) Aflf(o)é(m+j—1)#Aj1f
Tl -8 048l +7 —1a) * J W

Thus the operator P, (f; t) defined at (1.13) can be represe:
under the form

eu) R0 -10+ 3

1A £ (0).

e

m
, )

If we replace ¢ by (1 — @)/z (0 < # < 1) then we obtain an exp '
sion in terms of finite differences of f for the operator (1.11).
REMARK. Since in the special case f(x) = n'2", where r is a n

mnegative integer, we have Ajl f(0) = A%z"|,_y = A0", the formulas (2

(2.9), (2.10) and (2.11) pelmlt us to express meedlately the ordin
moments of the distributions : binomial-b (k; =, p), Poisson-p (k
Markov-Poélya-P (k; n, a, b, ¢) and the negative binomial-q (k; =,
and p (k; n, p), respectively by the following formulas, which use.'
differences of zero,

E(

)vamg
=%

= B

/_VO’"

._J’
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,(,n;a,,b, C)—_— - (%) a(a"l‘ﬂ)-.-(a‘l‘j—lf’) A,Or,
" (a + b)

(] (@+b+¢...(a+b+j—1e)
winip = 5 (" o,

j=1
Vr(n,p) — i (ﬂ‘l_j_l)(%y Aj()r,

ere 0 <p <1,p+ qg=1and in each case: vy = 1. The first of this
due to Bohlmann [3]; the second one ig a limit case of it. The third
one Was obtained recently by us [27] in the case ¢ > 0.

i=1

§3. APPLICATIONS TO THE APPROXIMATION OF CONTINUOUS FUNCTIONS

%. In this section we shall deal with the problem of approximation
¢ o bounded uniformly continuous real-valued function f = f (#) on the
axigs by the operators P, (f; #).

In order to evaluate the corresponding orders of approximation it

convenient to make use of the modulus of continuity of f, which is

o (f; 8) =sup |f(2") —f(a)]
2" and @' real numbers such that |z'" — o' | < 8, 8 being a positive

"umber.
We will need the following known property of the modulus of con-

o(fi )= +Do(f;3) (>0
Now let us consider the variance of the random variable Y, i.e.
the mean value of the function f(y) = (y — @)*:

Var [Y,] = S” (y — a)2 4,F,(y, @) = o2(a),

where #, the mean value of ¥, (y, ), belongs to the finite or infinite inter- w
val T and o,(x) is the standard deviation of ¥, . |
It is easy to prove the following result.
THEOREM 3.1. If f is a bounded uniformly continuous real-valued
function on the real awis then

(3.3) (@) — Po(f; o) | = (L + BJn) o [f; V%]

where B, = sup o, («) for zel.
Proof. Since

S:@Fn (y;2) =1
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we can write
f@ = P(fi2) = [f(2) —F@14F,(y; ).
Consequently

If (@) — P, (f; m)|s§°° If (@) — f ()] 4,F, (y; @).

But, by (3.1) and (3.2) we have
(@ —fW<o(f; 3o — g <1+ 5z —yl) o (f; 8) (33
Therefore we obtain ‘
(3.4) If () — P, (f;2)| = (1 + 87w,(2) o (f; 3),

where
w,(@) =" lo—yl4P, ;.
Since by the Schwarz inequality we have w,(z) < o,(2) for zef
we can write 3

(8.5) If(x) —Pf; @)= + 8% (2))o(f; )=(1 + §7'B)w(f; 3).

1
By taking 8 = n~ 2we obtain just the inequality (3.3). .
REMARK. Let b, = B, and y > 0; by taking 8 = yb, in (3.5) we gef

(3.6) I () — P.(f; o) g(l 3 %] o (f; 1b).

From Theorem 3.1 there follows immediately
COROLLARY 3.1. If [ is uniformly conlinuous on I and B,—0 as
% — o0 fi.6.,

hmmaxa(m)—-o !

N4

then the sequence of operators { P (f; x)} is uniformly convergent towards f on I.
Illustrations. 1°. For the Bernstein operator (1.8) we have

_ 1—a), .
I=10,1], o,(a)= V—%_ B, 2Vﬂ>L 2,

Hence (3.3) leads us to the inequality
1) = B @)= off; =)
due to Popoviciu [25].

2°. In the case of operator of Mirakyan (1.9) we take I = [0, al,
where 0 < a << co, and we have

a@ =2 8=][2 )= é



"9, For the operator (1.11) we have

= BE] -2

aking I = [a, 1], where 0 <a <1 we find
1
‘f(l_w)—l’n(f; %) _“_H/l;“m( ;
X a

_ = _i 1—a,
ﬁn - S?_p Gn(m) - V

a V(2

4°, In the case of the Baskakov operator (1.13) we take I = [0, a]

vhere 0 < a << co. Since

Gﬂ(w)zl/m(l’;ﬁm)’ BH=Va,(1+a)

inequality (3.3) yields

—— 1
If () — P, (f52)| < (1 + Va(l +a) o (f; -VT)

5°. In the case of operator (1.15) we have o, () = o/ |/n, for any

real value of x; consequently
1) = PR (f; 9l < (1 + ) off;

yhere o is a positive constant.

6° TFor the operator (1.16) we take I = (0, a), where 0 < a < co,

and we have

) (619)=i

n VE’ Bn=ﬁ

If (2) — P, (f;9) |=< (L + a) m(f; %LJ

Vo

Vn

1)

11—z,
n
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7°. For our operator (1.18) we have I = [0, 1] and

Gﬂ(m):Vl‘[‘an‘m(‘l_m) " B Zle'

14+ o n ! 2 m

o« being a non-negative constant. 1
Hence if in (3.6) we take y = 2 and b, = B,, then we get the 8
quality T

If (@) — PR(f; w)lggm(f; Vm)

n -+ an
first obtained by us in [26].

5. Now let us consider the case when the function f possesses
bounded uniformly continuous derivative on the real axis.

We may state
THEOREM 3.2. If f has a bounded wniformly continuous derivative g
the real awis, then we have

(3.7) f(2) — P, (f; 2)| < B, (1 + B,Vn) m(f’ lea)

where B, = sup o, (@) for vel.

Proof. According to the mean value theorem of differential caleuly
we have

f(@) —fy) = (2 —9) f(&) = (@ — ) f(2) + (# — y) [['(€) — f(@)]}

where £ is an interior point of the interval determined by x and y.
Using this equality we may write

f(@) — P, (f; ) =§° (z —y) [f'(&) — f(#)] 4,7, (y; o),

since 7
Sm yd B, (y; ») = .
Hence -
@) = P, (f5 ) = |~ 1o —ylI/(D—F(@)4,F, ;0
Applying the inequality (;.2) we obtain

718 —F(@) | < olf'; |E—a) < o(f'; [y — a)) <
=@+ 8Yy—a)of; 8  (3>0).
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Therefore we may write

fl@) — P(f; )| < [S” @ — y| 4., (y; ) +

3 7 (o= a0 w)] o ('3 9).
 follows that
] f(@) — P, (f; )| < [o(@) + 3762 (@)] @ (f'; ),
id then

f(@) — P,(f;2)| < B, (1 + 371 8,) o (f'; 3),
o, (%) = B,

1

Now if we take 3 = u ° we obtain just the inequality (3.7) and if
ye let 8 = vB, (y >0) we get

@) — P, (F; )| = B, ( 1+ —1) o 15 ve. ]

Tllustrations. Making use of the inequality (3.7) we find for the
ators (1.8), (1.9). (1.11), (1.13), (1.15), (1.16) respectively the follow-

| If(w)—B,,(f;w)lgi [ ’VnJ

@) — P, (f; 0 >|£—V—X—“— ( ,Vﬂ]

RIS (1 IR )

(@) — P, (F;0)| = Va@ +a) (1 + Ja@ +a))|—/%m(f’;v%],

;w)— B

— o) A o (1 + G) o) / i 1 5

]f(ﬂ')) P‘;l (f’ m)l g V’)T ( !V?T)
a(l + a) T

P 3 =" 50—

lf (@) — P, (f; )] T ( Vﬂ)

The first of these inequalities is due to Lorentz [14] and the second one
Was obtained first in [26].
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In the case of our operators (1.18) it is convenient to make 1
the inequality (3.8). Putting y = 2 and inserting the corresponding:
of B, we find the following inequality

If (@) — P (f; )| gﬂm m[f’; VE)

n + oan n -+ an

which was recently established by us also in the paper [26].
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