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oduction :

= {(Ynl,...,Yns)} be a sequence of s-dimensional random vectors
_ﬁ;yn(yl,...,ys;xl,...,xs) denote the probability distribution function
¢ where (yl,...,ys) is any point of the Euclidean space R, and

El) is a real s—dimensional parameter, varying in a parameter space
-h is a subset of Rs'

all assume that (xl,...,xs) represents the mean value of this

jbution function, i.e.,
x, = Jﬂsyran(yl,...,ys;xl,...,xs),

e r=1,2,...,5 and the s-fold integral is extended over all

ys) € Rs'

der a real-valued function f(yl,...,ys) defined and bounded on R, H

hat the mean value of the random variable f(Inl,...,Yns) exists for
. « This mean value is given by

nl""'Yns}I E Pn(f;xl,...,xs)

= JRsf(yl,...,ys)an(yl,...,ys;xl,...,xs). (1)

ssuming first that the random vector Y is of discrete type, one may

that its distribution function:

'Fn(yl,...,ys;xl,...,xs) = Pr[Ynl R AETERRS SO ys;xl,...,xsl
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is a step function so that Pr[Y

= yl,...,)fns = Yoixg, ...,x i ig 2
every point of R except at g flnlte Oor countably infinite Numbep of .
(a. S EETETL N J (r-l 2,

-+) and every such point (jump point

2 positive probablllty (jump):

) is t&ken.“

. = P - = . 2
pn(arl""’&rs’xl""'st I‘[Ynl B’rl""’Yns &I'S’xl""ixw

it
satisfying the condition

I pn(arl,...,ars;xl,...,xs) =1,
T
The corresponding distribution function is
F (yl....,y BXp seenaX )= 7
(r)

where the summation is extended now over all

P (arl, ..,ars;xl,...,xs),

points (a PSRAREFLH ) such

Pn(f;xl,...,xs) = Z f(arl,..., )p (a rl""’ars’xl""’x )

If the s-dimensional random vectors I
the probability densities N (

have

yi ys
F {yl, YNy e X, J = f o j pn(ul,....us;xl,...,xs)du
—c0 -

l-uliuw,,

are of continuous type,

hB.VJ: ng
yl,...,ys,xl,...,xs) (n=1,2

see+)y then we

and the operator (1) can be written as follows

Pn(f;xl’.-.'xﬁ) = fR f(yl'-"'ys)p (ylS"-sy ixl,...,xs)dyl .d.VS.
It is easy to see that the operator P (f3x

10Xy ) defined by (1), or
in particular by (3) ana (b)), is a 2051t1ve linear operator,

2. A limit theorem

We shall henceforth assume that for n=1 3250 the variances of the
random vectors Y exist and that the components

2 = i = . 2 .o 3 .
o J; (yJ xJ) an(yl,. Vg% ..,xs),
5 .

of these variances are different from zero (j=1,2

0

s, m),

—



~7IC METHODS IN APPROXIMATION THEORY 331

e shall state and prove the central result of this paper:
ne real-valued function f(xl,ﬂ..,xs) is continuous on a compact

subset D, of Qg and we have uniformly on Ds

imo2 . =0 (§=1,2,...,8),
ii-: Un’J (J -3Cy S) (5)

i) nen

lim Pn(f;xl,...,xs) = f(xl,...,xs)
n-eo

wiformly on D_.

order to prove this assertion we first take into account that since

Pn(l;xl,...,xs) = JR an(yl,...,ys;xl,...,xs) =],
s

3 1,...,x5) = £(xy50005x) - Pn(f;xl,...,xs)

;JR FIE SO B TN I AT PRI §
quently we are able to write

....x5)| < JR |f(x1,...,xs)—f(yl,...,ys)|dFﬁ(yl,...,ys;xl,...,xs).

it is convenient to make use of the modulus of continuity of f,

ed as follows:
m(f;dl,...,ﬁs) C sup|f(x£,...,x;)—f(xi,...,x;)|,

‘(xi,...,xé) and (xi,...,x;) are points from D such that: |x{ = xi|
.,|x; - xé| § 8 5 8 5.0.,8, being positive numbers.

ing the following properties of the modulus of continuity:
[f(x;,...,x;)—f(xi,...,xé)l < w(f;|x;fxi|,...,lx;-xé[),
@(£501675000526.) € (14 A7 +ooot A Ju(E56),000,6.),
Al > 0,...,15 > 0, we have |

& ¥ 1
,...,xs)—f(yl,...,ys)] < wlf; EIle_yl|61’°'°’E;lxs"yslas)

1 ol
<(1 + EI|xl-yl|+...+ E;]xs—ys|)m(f;51,...,ds)
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and therefore

S
1
IR (Fixyaenyx )] & [1 + jgl 3; Pn(ijtyj[;xl.---.xE)Jw(fsﬁl,.._,ds

In accordance with the Cauchy-Schwarz inequality we have

1/2
Pn(lx.j—yjl;xl"'.’xs) £ [JR (xjfy‘j)zan(yl:"-;ys;xln'-Oaxs)J

We may therefore write

s 0 s
Rt 6 1e L —g;lJm(f;al,...,ﬁs).

If we set Sj = Bl 3 (3=1,2,...,8), where o

121 +20  are fixed Positiye
numbers, we obtain finally

1 1
IRn(f;xl,...,xs)I g (1 + ;I oot E;Jm(f

We note that with the aid of the constants a

;alcn,l""’usan,s)'
S RRRRE LA it will be easy
to obtain the desired inequalities corresponding to each concrete case,

Since by our hypothesis (5) the right-hand side of the last inequalj

tends to zero on DS for n + «», it follows that the Sequence of operatorg

{Pn(f;xl,...,xs)} converges uniformly to f(xl,...,xs) on D_.

It should be remarked that this result represents an extension to the
multidimensional case of a result due to Feller [41, and that in Stancu
[13] we established an inequality of the form (6) when s=1.

3 Finite difference representation of operators

Now let us consider a method for representation by finite differences
of the linear positive operators of discrete type.

It is convenient to make use of an interpolation polynomial of Newton-
Biermann type for several variables (see Stancu (81, [1o1)

[i.1 i}

1 s . 3
O L I . LSS
0s11+.,.+15sn 1 s PRy
where
i1
(nt,) * = nty (nt -1)... (nt, -1 +1),
vhile
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i i . T . .
1 s Vot,eety (1 1 1,5V L=y,
Jo. ft S[QI]...[UBJf[ L.t 5] (1)
s - n
ul—o us—O 1 s

ents the finite partial difference of order (il,...,is) of the
on £, with the steps hl="'=hs=l/n and the starting point (0,...,0).
n the aid of the changes of variables ntk=yk(k=1,2,. ..,8) we obtain

. 5 [11] . [151 ; .
i 1 cee¥g preeeaiy
o ’E_) ® i Z : 10,11 Al 1 £(0y...,0). (8)
Ogi +e..til_gn 1" s’ S
1 s o L=

this polynomial satisfies the interpolating properties

kl ks k1 s
N(f;—;s"-sr) = f(;—""’n_) (9)
..,n;k2=0,l,...,n—kl;...;ks=0,l,...,n-kl—...-ks_l.

g the formula (8) we can find for the mean value of the random

¥ ¥y
_N{f;n—l‘, ven ,"r—li) , where (yl, p—_— ,ys) has the probability distribution
-Fn(yl,...,ys;x ,...,xs), the following representation:

¥ Ng
| 1
N(f;;—,...,;i)an(yl,...,ys;xl,...,xs)

m[il,...,isl L,
= ) T A i £(0,...,0), (10)
Osil+...+issn 1****"s’

1
=y e

rms of the factorial moments

[i,1 (i1

¥ 1 y Sar (y 3X x )

W P n'Ypesres¥gihysenesXte
s

¢ moments can be found by means of the corresponding factorial

My . P =
[11,...,151

nt-generating function

71 Vs Ch1 Vs
cty) = Bt Tt %) = JR TR I S S 6D
5
ng to the formula

:|'.1+...+1s
; 3 glt seee,t )
m . y = 1 5 -
t. =1
[11,...,151 il T b1 (12)
M6 BT t =
i s
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It should be observed that if the random vector Y, is of discretq 4
t

and assumes the values (kl,...,ks) with the probabilities P,.

- 'kl"":
where kl=0,l,...,n;k2=0,l,...,n—kl;...;ks=0,l,...,n—kl—...—ks_l’ thenll
according to (9) the equality (10) reduces to

kl ks

) n;k K TGS
O‘kl+...+k gn R s
m, . ] ; ;
) [11,...,151 1)geensdy
I Li..ar M o0,
05E1+. .+Essn 1 s FLEEEE
where
. ) k[ll] k[lslp
[11,...,151 Oskl+--.+kssn 1 s n;kl,...,ks

Lk,  Operators for uniform approximation

Let us show next a special method for obtaining conerete positive
linear operators suitable for uniform approximation of continuous fung

Consider a sequence of s-dimensional random vectors {Xk=(Xkl,...,
and let us assume that the components an of the random vector Yn rep
the arithmetic means of the first n components ka (k=l,2,...,n} for
v=1l,2,...,6, that is

) rnv = E[xlv ot xm] (v=1,2,...,8).

If we make the further assumption that for any natural number n the
random vectors Xl""‘xn are independent and identically distributed , then
the common characteristic function ¢(tl,...,ts) of these random vectors,
which is given by
s
¢(tl,...,ts} = j exp(i J tvxv)dF(xl,...,xs),
RS v=l
F(xl,...,xs) being the common distribution function of these random

vectors, can be used for expressing the characteristic function of the

t t_yn
Uty senst ) = [«v[n—ln—s]] ,

random vector Yn:

since
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n

1
v=lthnv U kzl[tlxkl+"'+tsxks]'

1lustrative purposes we shall consider some examples, assuming
random vectors Xm(m=l,2,...) are independent and identically

ed.

| Let us suppose first that the random vector X = ( xms} has

S
+ one component different from zero and

Pr[va=l] = X, Pr[Xﬁv=0] = l—xu,

Pr[X =0,...,X_=0] = y = I-x;=...=x_ ,
0¢x <1 (v=1,2,000,8)

follows that the characteristic function of X is given by
¢(tl,...,ts) =x exp(1t1)+...+xS exp(lts) +y.

the chaeracteristic function of Y = ( Yns) can be expressed

T, 5wy
OWS: itl its n
wn(tl,...,ts) = {xl exp(-—n—)+...+xs exp(—;~)+y} i

this corresponds (see, e.g., Wilks [161) to the random vector Yn'

omponents Y are ZnU/n, where Z = X; +...+X (v=1,2,...,8), the

nv
= (2 Zns} having the multinomial distribution:

k
,...,Zns=ksl =g

],...,

® k
l. Y
(x]!°":xs)

1 ] 1 s
s (1 Xy =eee xs)

n!

= T Vi
kl....ks.{n k

= = T X
QT ks). L

ferring to (3) we obtain the following operator

Kyseeesk ky k
xl,...,xs) = E pn (xl,...,xs)f(a—,.-.,;;—). (15")
Ogk,*+...+k_gn
i s
i1s easily seen that this operator may also be written in the form

;,(f;xl""’xs) [
f n—kl n-kl—...—ks_l kJ,-.-,ks kl i
= E Z - Z q. (xl,...,xs)f(;—,...,géﬂ, (15)

kl=0 k2=0 k5=0

f&{
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ky you ok k k

i kg kg
(xl,...,xs) =g (xl,...,xs)

B n n—kl n—kl—...—ks_l ;kl xks(l_x . )n_qu"“i

= " - K 1 e X 17X 8
1 2 s

It is obvious that this linear operator is positive on the s-qipe

"slong
simplex ]

A, = {(xl,...,xs);xlao,...,xS;O,xl+...+xssl}. (26)

Since in this case the factorial moment-generating funetion is

= n
g(tl,...,ts) = (xltl+...+xsts+y) p
we have
[i 1 i
1 ...xs i

+...41 1 4
s
X

1
m

[i)pereni ] - E
Consequently, with the aid of formula (13) we can give the following
representation of the operators of Bernstein type (15), in terms of finite
differences:

Bn(f;xl,...,xs)

. U,
n 1: B ., 17 a
= . . I T xl o xs Al 1 f(U,...,D),
0511+...+1 sn 11 s IR
s n n :
which enables us to find at once (
" ) x.(1-x.) 1 1
o5 = Bn((tj—xj) ;xl,...,xSJ = —j—;;—dl— <4z (3=1,2,...,s).
Therefore, in this case the inequality (6) becomes
_ 3 1 ! %s
|f(xl,...,xs) Bn(f,xl,...,xs)| < (l+EI +...+;;)w(f,—7ﬁ,---,57;)-

Now if we choose al=...=us=2 we obtain finally the inequality

. s col; 1
|f{xl,...,xs)—Bm(f,xl,...,xs)| < (l+§)m(f,7;,...,7;), !
valid for (xl,...,xs) € Ay f being continuous on the simplex A This
inequality was given by us in 1960 [9]. In 1962 Schurer [6], using an
important result due to Sikkema [T], obtained a better constant which can i

be used in place of 1 + % in this inequality. e

(ii) Now suppose that the random vector xh=(xml,...,xms) has an

s-variate Poisson distribution, i.e., §

R R |
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=k1""’xms=ks) = p(kl,...,ks;xl,...,xs)
kl ks
At X ) XWX -
1 s 1 s
=e P (kl,...,kS K o S5 P < LA [
TRRREL

haracteristic functions of Xm and In=(Ynl,...,Yns) are respectively

¢(t1,...,t5) = exp(xl exp(itl)+...+xs exp(its)—xl—...—xs),

h(tl""’ts) = exp(nxl exP(ltl/n)+...+nxS exp(ltS/n)—nxl—...—nxs)_

s easily seen that the latter represents at the same time the

X X
- . 1 s
eristic function of Y = (n ,...,;—), where (Xl,...,Xs) has an
pte Poisson distribution with the parameters DXy eee 30X e

he case of this distribution, formula (3) leads us to the

r
‘ kl s
_ i _n(xl+tvt+xs) (ﬂxl) -..(nx.s) kl kS
,...,xs) = e P %l f(E_""’E_)'
Kk, pses,k =0 1 st
1! 3 5 (18)

epresents an extension to s variables of an operator studied early
rd [3] and szasz [15].

suming that X; depends on n in such a way that for n-e~ we have

. >0 (j=1,2,...,5), we can obtain this operator starting from the
tor (15). 1In this limit case formula (17) permits us to find the

owing representation for the operator (18):

5
4 8 . .
(nx,) ~...(nz_) G
) 1 * I* s
PiZ yeaisZ_ ) = i} T e A £(0y.0.,0).
1 s . .o T S 1 1
11,...,15—0 1 s Swesear

If we presuppose that f is continuous on
Ds:{(xl,...,xs):o < x4 < aj,aj >0, j=1,2,...8},

by virtue of (6) we obtain the inequality

[0, yoonax, )R, (255, 00 02, ) | ¢ (1+/art.+/a ol figm, i),

-“-‘ILL‘D

X.
..,xs) €D, since in this case ci a = El £ and we can

s t ]
elect a5 = l/JE; (j51,25.-.58).

[i1i) We now assume that the random vector X, has a geometric distribution:
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k.
= = - _ J =
Pr(xml—kl,...,xms—ks) = Jnlx (1 % ) (kl,...,ksuo,l,e,_._)'

where 0 g x5 % 1 (j=1,2,...,s).
Since the characteristic function of Xm ig

s

= i
¢‘(tl,o.o,ts) s ng J_-(l—x.)exp(itj 3

we obtain for the characteristic function of the vector Y the followi

expression

S Xj n
‘Pn(tl, e ’tS) = j[='[l [l-(l—xj)exp(itsﬁl_)_ J .

One observes that this represents the characteristic function of

X X
i . ¥ 3
1 & (E_""’_E)’ where (Xl,...,Xs) has an s-variate Pascal distributi
s n+kj-l n kj
Pr(xl=kl,...,xs=ks) = 551[ kj }xj(l—xj) .

where kl,...,k5=0,l,2,... .
In accordance with (3) we therefore obtain the operator

E ' s n+kj—l n kj kl ks
P (£3x 5e0yx ) = {n [ Jx.(l—x.) }r(—,...,—-). 0
i - kpseonsk =0=1l Ky S0 H n '

Tt should be observed that if we replace x; by l/(l+x ) (i=1,2, 0

then we arrive at the operator

k.
had s n+kj—1 x.Y kl ks
Q (£33 5enuyx ) = . Zk {I_I [ - J——-‘l——-—n_._k_}f(;*....,;]—). (
TRLREE S=0 J=1 J (1+xj) Jd

which in the case s=1 has been considered first by Baskakov [1].

Since in this case of operator (19) we have

Crl-x. 2 1/2
el b . =L g
Un’j [Pn{[ xj yﬁJ ,xl,...,xs}J Xj 1 xj n

assuming that f is continuous on
Dl:{(x ,...,xs):aj $ x5 € 1, 0 < a; < Li: 5158k ains)s

we have on Dé




1 ISTIC METHODS IN APPROXIMATION THEORY 339

s vl-a.

1=, ] 1 it
..,—;;—J - Pn(f;xl,...,xs)l £ [l+ Z y Jm(f;VE,...,;GJ.

J=1

pe other hand, for the operator (20) we have

1]

1/2
{Qn[(xj—yj)z;xl,...,xs)} = ijfl+xjj/n (3=1,2,...,8).
quentlys if we presuppose that f is continuous on

D; s {(x ,...,xs) 50 % R >0, j=1,2,...,5),

in at once the inequality

s
1,...,xs) - Qn(f;xl,...,xs)| s{l+j§lJEETi:ZET m(f;%;,...,%g).
We shall now consider a case when the random vectors Xl’XE"" are
pendent and identically distributed.
us assume that we have an urn which contains N balls : a of color
of color l,...,a of color s. A ball is drawn at random and if it is
k it is replaced with ¢ additional balls of color k(k=0,1,...,s).
cedure is repeated n times. Let xij be one or zero according as the

rial results in a ball of color j or not. The probability that the

1 n jiX, X, .. . .
] number of balls of color j le XQJ +an be equal to kJ, where

¢<n (j=0,1,...,8) and kotk;+...+k_=n, is given by
Aln) igo u.go i
i
kl" skt n! _ n!
Cn TR NGk T kg ek ek —e k)

n)=N(N+c)...(N+n-1c).

is is the probability function of the s-variate Markov-Polya

Now let: aj/N = xj (3=1,2,+..48), c/N=a. Since ao/N=l—x1—...—xs, it
) llows that the probability of

| e

k.
_): X.. = ;-1 (391,254 :58)

e written down at once as
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wkl,....ks( )
A KyveoosX 3
k l""k - ) - - — -
Cnl s{5 kjl nkl "'k'sl
= —-—-(-)—— i I (x.+v.a}} I (1-%.-...-x +la
B Ym0 9 =0 1 e

where B(n)=(1+a)(1+2a)...(1l+n-1a).

Tt is now easy to see that in this case we obtain the operator#

pla! g AALLLL E

(253 30rani) = (x)4eeesx sa) (=t

W
n

s

vhich in the case s=1 was introduced and studied in detail in Our papepg

(111, [121, [a3].

50
Ogk)+...+k_sn P hie

Tt is obvious that (21) represents a polynomial of degree m with Tespeqy

to XypeeopX  8nd that for a > 0 it is a positive linear operator on the
simplex A_ defined in (16). In the special case o=0 it reduces to the
n-dimensional Bernstein polynomlal (15').

It is easy to verify that if % > O,....xS >0, x +...+xs < 1 and

1
a > 0, then we can write

: wkl,...,ks( e
K.opesank 'n e vepk
1 s
C
n
x X, l—xl—...-xs
= BlT™E yo0e =4k, = =k =ee o=k )
»
B(fl fE l—xl—...-xs}
o P°"eg a
by using the s-fold Dirichlet integral
P.-1 b_-1 P =1
= 1 s e s+l ;
B(Pl""'P5+1) —jA LU (1 W=eee us) du, .. .du_. (22)
s

By teking this into consideration,we readily arrive at the following

representation of the corresponding factorial moment-generating function
(11):

# Tn [14] we investigated another operator of this type,

t+ See Dinghas [2], Lorentz [5] and Staneu [9],
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b'd =5 =su =X
S

1 s o
peserg —-__::—_—-_)g(tl""’ts) =
fi i l-xl-...-xs - :
:;_3 -usa (l-ul_' e -_us) o (l"ul-- 'y -us+t1111+- . '+t5u5) dul. .o dus ®

tly, if we take into account formula (12) and that the Dirichlet
(22) has the value (see, e.g., Wilks [16]):

P(pl)...r(ps+l)
P(pl eetD +177 4

Blpysmssabigy

at once the following expressions for the factorial moments of

iate Markov-Polya distribution:

) ) x X, l-xl—..."xs
i n[11+...+;sl Bl sesngtl =2
1_.151 x X l—xl—...-xs

B(==y... y—y——)
; - o o a
n[ll+...+15] -

= 1 xu(x +a) ... (x +1 -lu)
(1+a)(1+2a). .. (W41 #.0F 1) v=l v

referring to (13) we can give the following representation for our
r (21):

XpseeesX ) = s
n xv(xv+a)...(x +1 =la)
i geeesi vEL oy 1""'l
7 g s » 2 8 5£(0400040),
g n (l+a)(l+2a)...(1+1l+...+1s-1a) H""'n

o+l sn

ans of the finite partial differences (7).
application of this formula yields
P[a]
m

(l;xl,...,xs) = 1, Pia](y.;xl,...,xs) = X5,

(1
[a](}[ 3 X 1'0'|x ) = —{x 7 + xj(xj"'ﬂ)}.

xj(l—#j)

2 - lton =
n,J Tog ° =) (.] 1,2.--.,5).

a

The inequality (6), where we take @;=...%a_=2, enables us to write
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(ol ) s ./ 1tan i
lf(xl'...'xs)—Pn (f,xl,...,xs}f £ (l+ E)M[f'/{nﬂxn}"" '/{Il-::-::} ]t

Consequently, if ffxl!....xs) is continuous on A, 8nd if 0 g o =

8s 1 + », then the sequence of operators {PI[]DI (fixi""'xs)} conver
2&;1.....x5) uniformly on A

It should be noticed that when a=0 the inequality (23) reduces tg

established by us [9] for the s-dimensional Bernstein operator (15)m
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