CLASSES OF POSITIVE LINEAR OPERATORS

BY
D."D. STANCU

[he purpose of this paper is to introduce lwo classes of positive linear
Vel and (W), depending on a non-negative parameter « which
end only on the natural number m, and then to establish some of their
ation properlies to real valued functions. The first of these represents
lization of the Baskakov operators corresponding to a special form
negative binomial probability distribution, while the second one consti-
§a generalization of the operators of Meyer-Kénig and Zeller, coerresponding
usual form of the negalive binomial probability distribution,

e mention that some other generalizations and investigations of the Bas.
operators and of the Meyer-Konig and Zeller operators can be found in the
by Schurer [23], [24], Cheney and Sharma [3], Jakimovski and Ramanujan
kimovski and Leviatan [9]. [10], Lupas [15], [16], Miiller [20], [21],
Stancu [28], [31], Iperen and Sikkema [13], Stancu F. [34], Lupas and
r [17], Eisenberg [5] Iperen [12], King and Swetits [14], Eisenberg and
[6], Wood [35].

2. We define the operator VI? for each

[, real valued function bounded
oo), by

(VD (=3 olih () [ %) (1)
here [or every x ¢ [0, co) we have
Gk @)= @)

( m—+ k—I J (I4) (J+—2;)...(Ii—:ﬁ;:) X(xta) ... (xt-k—Tx)
k

(I42) (IFxte) ... (I4xtmth—1a)
W using the notation: n—r a=(n—1)s.

- Since v'[;'ln (0) =1 and vlal (0)
ave: (V' /) (0)=/ (0).

3. We notice that the fundamental polynomials oli  can be expressed
fla more compact form by means of the notion of factorial power.

=0if k> 1, one observes that we always
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The factorial power of order n

(:natural number) and increment 4
number) of u is defined by i

Wl t=y (u—H). . . (—n—1h);

If n=0 and uz0 we set w0 h— I, while if =1 we shall wrile, for bré
u™m, in place of u(m". For h=—0 we have wim ) —yn,

In the sequel we shall make use of the following rules for Operating y
factorial powers : i

1 | 1
(—nyhy ~— = ((—=n, —=h) — — =
a amiy > e Y PR YO T

10, f!):u(j, ) '(ﬂ-—‘jh)("_j’ h),

il, of course, the denominators are different from zero, n and [ being nafy,
numbers such (hal n>j. '
Evidently, we can wrife

m-tk—1 | (m, —a) (k —a)
G N s
' e (1 x) (m+k, —a)

4. The operalors V! include as a special case («==0) the Baskakoy
ors [2] defined by

o mk—] v o

0 o X

(@nh) () kgﬂ( : ) T f[m], :
which can be constructed i one uses [he form considered by Fisher [8] fo
the negative binomial distribution (see [28])

We further note that il «>0 and

fundamental polynomials given af (
following form

>0 then one verifies directly that th
2) or at (2') can also be represented in th

iy (i i 2

n, k : .
k b’{', i)
o o

5. We shall now proceed to introduce the second class of operators [“w
defined by

where B is the Euler beta funetion.

@

WD () = X el ().

i=h m+k
where 0 < x<1, f is hounaed. on [0,1] and
wr[:,]k ()=
m-k .x (eta) ... (et+k—lo) (1—%) (1—x+a) ... (1 —x-tma)
( k ) (I4-a) (14-2a) ... (14 mtka) ’
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Soying the factorial powers :

) m--k xlk. —a) (1—.1:)(m+]:‘") )
[ wi,‘;}k(x):-( b ]— (mtkHT, —a) - (5)

‘The operators U.:/}:I contain as a special case (x=0) the operalors of
FKonig and Zeller [19]:

a0

o= (74 e (k)

k=0

ted by these authors by slarting from the usual negative binomial (Pas-
bability distribution.

2 One sees at once that if e >0and 0<x <1, then the following representation

Bl;‘é+k' [—:—x—l—m,LI)

o =" R ©)
that we can write
X =t 0
Wwip =——— (T ‘MahOd, @)
fems

w>0, il 0<x<l, while if x=0 we have (W8 F (0)=F (0).
It should be observed that if the parameter o is non-negative then
) and (Wle!) are sequences of posifive linear operators.

It may be of interest to note that in [26] and [27] we have introduced,
a similar manner, a class of positive linear operators which represent a gene-
ation of the Bernstein operator (see also the related papers [30], [28],

[32], [7] and [33]).

9. We shall now state and prove a theorem concerning the uniform appro-

imation of functions by means of the operators ebds

THEOREM 1. Lel | be a real valued function defined awdl Uovgded on [0, ), 4
nlinuous on an interval [0, A], where A >0, aad continuous to the right on Acnd fi=()

I
2 1

- Assuming thal o=, depends on m so that for m=1, 2, ... we have 0< e, <p U .
[3<% and o,—0 as m—»co, then the sequence (VIS f) converges to | uniformly -
n [0, A].

" Proof. Consider the hypergeomelric series

o gl =1 il =) gk
Flabe =Y —®%=D kI
k=0

ihere (he paramelers a, b and c satisly the conditions : a >0, b >0 and a+b<e.
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It is known (see, e. g [1]) that, under these conditions, by fﬂking’
one can give the following representation in terms of gamma functjop,

" e I (c—a—b)
F(a b,¢c ;)= AT’

In order to prove our theorem we shall make use of a well knowp the
of Korovkin on approximation of functions by means of positive linear opera

is true (see [2]). -

Consider the functions g Where g, ()=t (j=0, 1, 9) for all >0, If
apply our operator to the function g, and we take into account (3) and
We can write successively

(Vi g () = i( ey ] 17 ) 4 —)

= G N e
1(m, —a) E ( m-+k—| ) wlky —a)
o (14-x)(m, —a) k=0 k m—xﬁl—nm)“"_‘ﬁ-

! I(m, —a) P (o 1 . )
x u+x)<m-—=)F(m' W el

[ (1, —a) P(¥+m)r{l)

o
u (14 )0 = ;{t'__—xrlﬁl—i—i- m} B b
oL 74
since
[+ ) ()i =) [l+x [ ) 1{#i=m JJ
L2 4 Bl e Ry R T2
Going on fo g, we gel
[a] - = Hl*}‘kfl k [(’"p_“)x“’: —a) 2
(Vin'gy) (%) = k§l ( k Jf?: i (TWT,:J i
i ( m+E—| J [ty —a)  (ky —a) .'
T ki bRt =a 3
because we have 4
mtk—1 | g rr1+k—l]
[ ko lm =( k—1

If we use the change k—1=; we obtain

(V}r?]gl) (%)= i (m+j) 1M =a) (i +1, —a)

izl I (I gmi - =




TWO GLASSES OF POSITIVE LINEAR OPERATORS 217

—a)

](Ii'l,--a)x 0 ‘m {—;) Hraj”’ —a)
= (]-;—x}(”"“r—") =0 I—rx—rm-l-lrx)("
l(m'_“)X

WY U plneer, £, L gl
§— “.i_x)(m+r,-u) F(ﬂ1+ls ==l [ 7 Fm+-1; ])_

hL"—I—qul J

T r(”;"‘lr{rr,,;) B

l(m: —u)

T L L !
= \m'rl]*—f—ar-”)rli lT‘ F-m+ﬂl]=
(1—a) [(m,—u) |
We now proceed to the function g, and we get
ol m+k—1 ’ | (m, —a) (ks —a)
(Vm gE Z ( (m l+x)(1rl+k ) —a) u

fsing (he identity k*=k (k —1)+fb we obtain

m—’rk J k(k—1) 1(my —a) y (K, —a)
= T 4_(l+x) (m+k, —a)

(Vi) ga) (%) E l

o i [ ”!‘{—A’*l } k |(m: —a) x("‘i =a}
+ & = m (1 gk —a

in accordance with (10) and (11) the last sum gives l_x , so that if we use
relation T

k - k—2

m? i

[m—l— k—1 );‘,_L,?;” A8 QH_L_l ( uH-Je—l')

.;nake the change k—2=j we find thal

B R e I O —a) ((i+2 —a) x
( n gz) i }z—’_‘ ( i ] (1_:_,x}(m+2+j, —a) m(tﬂa) =
_:.m+ 1 =)y (g g) i [ mt1-4-j ) 777_@3&)(1,_“) X
e (l—i—x)(m+2.—a) = i (]+x+m§&)u'_ﬂ, == i
L (mt1) 1(m, —a)x(x—i—a) ( £ 1- | 2 o g
N A D) m+-2, = +2, —=+m+42;1 m =
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ey 1
P A I 5] -
i " m‘i‘zv =il L_J-‘.thﬁ—_ 4
r ) I‘{gm_}r(_a__}_mJ
4 _ (m41) x (vf-ay 5
ml=a) = (=) (1—72) T gizey -
because

M ) OB

===
amt2 @ 1
_ (=) (1—2a). 1 (m —a) 1‘{] 2}
_ M2 T

Thus we oblained {he following resuls
(Ve (=1, (Vi g) (= %

|

= 2 5 |

n

the operators 17408 !
THEOREM 2. Let 0<u<]. I]' [ is continuous on [0,1] and 0L a=q, 20
as m—co, then the sequence (Wl f) converges (o [ uniformly on [0, a].

Proof. For o~ ( this theorem was proved by Meyer-Kénig and Zeller I
Consequently we may consider « (),

Since (M, /) (0) f(0) we assume th

In order to give a shorf proof of {
representation (7).

Since we have (see [20], [17]):
(/wmgu) ) =l (Mm gl) (f):l:

at O<x§a sl
his theorem we shall make use of the

(M &) () =124 i_(.lff B (0 [ B (1) l.é 27m (?n‘l) )
we see at once that

o iz

(Vi) =1 (Wilgy) =\« " o) 2
BlX, 'ﬂ’)
[al Xt | x(1—x) (1—x+ &) |
(Wings) (x) oL it W +o (ﬁ{) (Mm— o).
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e the operator W preserves the linear Junctions and we have uniformly

lim W g,=g; (=0, 1,2)
- m-reo

Sling again to the theorem
is true

inally, we wish fo indicate {hat according to the results given by
v [18] and by Shisha and Mond [25], the orders of approximation of
wous function j by means of the operators introduced in {his paper
respeclively by the following inequalilies

N 4] £ 11 ¢ a 1
,’7 .'l'lu]} 1l 220} (\U*m)! = H V}n‘] Px || ;"z,

of Korovkin we see thal the assertion. of our

|

|
=W 1] < 20 (o) Yo | Wh'ee 172

is (he modulus of conlinuily of [, || + || stands for {he supnorm over
=), respectively over [0, a] (0<a<1), while the function ¢y is defined
s o (1) (t—x)* for all £ in the basic interval [0, A], respeclively [0, al,
g any fixed point in these intervals. Employing the results given at (12)
3) one can oblain effective values for p, and ;.

1 a forthcoming paper we shall establish some new properties of the
positive operators introduced here and we shall give a new extension

hemn.
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DOUA CLASE pg OPERATOR] POZITIV] LINIARI

Inaceasti lucrare se introduc doyy clase de operator; Pozitivi linjari, ca
nd de un parametru, utilj in teorja aproximarij functiilor, Acestia gener
zéaza operatorjj binecunoscuti aj lui Baskakoy si ai luj Meyer-Kﬁnig si Zeller,
Autorul studiazs proprietatile de convergenta ale sirurilor de Operatori intro
dusi in cazul cind ei se aplica unor anumite clase de functij, ‘

depi



