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;‘In 1970 we have introduced and studied, in a paper published in this

12], a new sequence of positive linear operators (W},‘ﬂ)‘:‘ﬂ, of -Me-

g and Zeller type, defined by -

3 Ly o~ (mk Hxta) ... (xR 1o) (1—%) (1—x+a) ... (1—x|ma) ( k ]
) kgﬂ( i ) (14a) (14-20) ... (14+mtke) I m-+k)’

<x<I, [ is a function defined and bounded on [0, 1], while a is a

e parameter which may depend only on m.
sly, for a=0 these operators reduce to the well-known [4] Me-

1ig and Zeller operators My, given by
VN (mRy o m
ot 00~ & P+ -1 (1) )

have been investigated in many recent papers (see, e.g., [3] — [9], [12] —

ecently, Swetits and Wood [14] constructed these operators by using
tion of the Markov-Pélya urn scheme, employing a procedure presented
earlier paper [11].

In the present paper we give a new generalization of the operators of
Konig and Zeller, associating to each function f, continuous on [0,1],

erators UY) (m=1, 2, ...) defined by

(] ¢ x o [ k
: Wi - 5 . ki (). @)
ere 0<x<1 and

e ()=

) ; m k—1 m4-k
=("F*) (1—9™ 1L (1+ia) - T [x-tja(l —9)/ I [I4va (=5, @)

¢ a non-negative parameter which might depend on m.
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It is evidently that U (x) =(M,,
We note that we

z = AR < 7E DPERAL ‘l“-'.
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: ivel
) (%) for any xefo, 1). gequently we can write successively
may write R i B‘ e (Y ) e
: | ? o (1—x)
- m k=1, ek - 3 (&}
[a] _(mk : x : I e X mEE ] =
IR L T 5, (19 8(3 41, <y 441
k=0 .
which permits to see that the operators (/1% ¢z actually be obtained by g z ol = m =) @D i dt} [ ‘ﬁ' 5
ting from the operators VE defined by ' = ¥ (™9 Sﬂt (
k=0 7
k
o m—1 k=1 m-{-k—| i wies [ & iyt ~1) ]dt
V' D)= % (-1 [ (i) I (y4-jo) /™7 (I+y+va) [ ¢ P = [2 (Y 1= )
k=0 i=0 =0 v=0 -l = Sot ( =0
introduced and investigated in our paper [12] as g generalization of the
known Baskakoy’s operators,
then rep

performing the change of varjapje y=
taking, as Cheney-Sharma [1] have dope
Zeller origina] operators, in place of
m—i—i-H , the nqdes

noticed that the operators [yl
tors M,, in the same sens as the operators Pl
the operators B of Bernstein, - ‘
3. For proving a convergence theorem corresponding to the Sequence
the operators (U, iF iy helpful to estaplis, first two Je

Lemma 1, If >0 ang 0<x<1 then

lacing m by pm- and
case of the Meyer-Kénig ang

Q i tl

interchange of the
: | [c,d], where 0<¢<d<l, Sohthathihiéﬂaga  is proved.
A m’f'err:r a;md,su’mmatimi is allowed. Thus . = 1 0) = (0).
3 IHtEgrg i1(:) can be directly observed that we have:
"When x=U1

m

( ) ( ’ 1 ) [ ? )' g
(Uﬂ'l] é ) (x) 1‘ (U-l["] el) (x) x’ ([‘ m 82) (x)
0

k
m-tf

It should pe

and Ul generalize the opg

introduced in [10] ge

(6)
. s :
A G 2 5 R SR
= [1%0}(11—-‘;)‘” & E[l—l—c(r.(lﬁx)][l—i—i)a(l—x)] l ml

Mmimas,

e

Proof. First, we assume th.at q;??h:nsin%é;fseries

we have the following represen ~ Since by using the expansion lm
* ' : (1= = % () o (gl<D)

. — =] =L =1 -.[ =

(Um ) =1 ; : j 1Y (1—p =) @uhtydt, uhk
B (-_ 5 —_x_ﬁ) 0 o
; & a(l-y)
where

._;-.,.:-f-; obtain
e = m+-ky m4q Ak b
mef)(t)—kgﬂ(k )&ty f(ﬂ_)
and B is the Euler b

ela function,
Proof. 1t s easily verifjed that

) m —=(m+1) =]
mAky () pk _f st et y
(Qm €0) ()=t 3 (") (1)

lows thal we have

v /gL
1 Wi e) =85 a5l / Bl

()

| =1.
"o (=%

it

E If we proceed in the same manner we can write

1w 1 g S

< Al :

()= 2GR @u e) O~1"" 3 |
B(i, i) |
& a(l—x)

="t (-t £ " =1,

* Aralala de matematicd, vol. X,



410 =
i : . D D. STANCU

because

5 :
=L
Consequently we obtain
Un'e) =B g, 5 +1)/ B[L, ) =
£tp :

Going on to e, we get

@n &) =5, () 4 - 2 )

Since Ll
R g(m?_k _ kG—1)+k o p—1
¥ A VN e MAE ey s
(m-k) (m+k)2 ( i ) oy (l;c{-_kz 2)+
k
+ (48) = (mokh? | _
20k =V L | X
(m+k) ( k=2 ) 4k k—2 + m(m;i\rl,

by substituting into
tions, we get

s vy
@ned 0= B[ (") ~ 1

Bk iy
m-t-j--2 ( 4 )me I(I_l)j+2+

-

I
fgo -1

(=50 ot it

By using the relation

e S T
m—+j—+p (mf J) e (m+j] I) =F ’m;im (m‘i‘}f—l)

for p=1, 2 and the identity (7), we obtain

(@ e) =l - FU=E | 2 ¢ |
i

" ,2,, e ) e

-]

Ly | i
w8, e () e g
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Sonsequently, according to (4) we have

Q00 00=[5 (3. g +2) + 785 2 o

2 o | m+-j—1 I o ; ol
e ) Bl Fmtl sy +i+2)

ULEsy
S R

(14a) ¥ (1—x)?

[a]
m e (1= 9] [1-2a (1= +om (9,

e
= Ha(l-x) +

9 - 1 m4j— a =
Pl () = — go 2 (™Y &R @)

~

1 1 =
“m 12_—.:‘0 m4-j+1 (5 &n'j (9,

] m ,
1 ) =11 (1+ia)- 1110 etva (1=0] - (1=0™" /1L [14a (1=9).

plel (x) =0 [%) as m-oo, we obtain the required asymptotic formula

! es) (x).
ce (UE,?] 1) (0) =f (0), it is evident that formulas (6) are also true for

On the other hand, if we take into account the fact that (UE,UI1 ) (x)=
P (x) for x€[0, 1) and the corresponding relations established by Miiller
can see that formulas (6) also hold if @=0. This completes the proof

a 2.
We are now able to state and prove a convergence theorem for the

e of the linear positive operators U mapping the linear space C [0, 1]
inuous real-valued functions on the compact unit interval [0, 1] into

Theorem 1. Let feC [0, 1]. If 0=0 =0, -0 as m— o, then we have

lim USY | =f

: M=o

mly on each interval of the form [0, a], where 0<a<I.

of. We may consider a>0, because for a=0 this theorem has been
by Meyer-Kénig and Zeller [4].
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According to Lemma 2, we have uniformly on [0, a]: !

lim Up!) ej—e; (j=0, 1, 2).

m-wo

Appealing to the well-known Bohman-Korovkin theorem (see, o

we can conclude that the assertion of our theorem is true.

5. By using a method presented in § 3 of our previous Paper [10] g

evaluate the order of approximation of f e C [0, 1] by means of U,[,?]'f_ '
First we state and prove

Lemma 3. The following inequalily
X [x4a (1—x)] [] - % [xta (1-x)]
1+C1 (I—X) g (Um 62) (x) é I+a (l*x) +
holds for all x € [0, 1].
Proof. 1f in (8) we use the relation

¥ (1—x)
TH%T:;)T

i < o —2
e (1) = CE) + (i),

which can be easily verified, we obtain

Qn e =3 () (-4 ¥, 1 () e g

= X ("F) gy ¥ m‘—#{iil_(m_fw) (1 (| g
=l j=0 ’

e = 1 m— AW
:(1Lz)a+t(1_t)j§0—m—m( i) -,

Consequently we can write relation

(=1 < @u &) () < (1—tp 1020,

Using this and Lemma 1, we get just the relation (9), which is also true if x={

and if a=0.

Theorem 2. If feC [0,1] and o >0, then we have

_ i 2+yaFi (VWJ
“f Uﬂ'l fllg ]_ILVCW_—I mf m £

where wy is the modulus of continuity of | and ||-|| stands for the uniform

over [0,a] (0<a<1).

: E T T G > 2 P (3 13
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A o =4

,roof According to the first relation from (6) and the fact that the poly-
17[5 defined at (3) are=0 on [0,1), we can write
[ ) —F

F )= (U D ()] = X umix () e ‘

wsing the following properties of the modulus of continuity
()~ () = 07 (57— XD), oy (8) < (AFD ey 6) (h,530)

‘taiﬂ

=l 2ol ol o 3 sl
g(H—% x— } oy ()
Hence we can write
10~ U @)1= [ 00 9] 07 6 i)

e (/) =| x—1| for all ¢ in the basic interval [0, a], x being any fixed point
B (f) =

cc;)rding to the Cauchy-Schwarz inequality we have
(U b2) (9) < [(URY 92) (9]
nd by (6) we oblain G |
) (URB) (0) = (Ui &) (1) — .
P'By Lemma 3 and a straightforward calculation we find
| = « % (=% X ({—x) )
b l(ich-ELl(l-fz) = '["] TPE) () = l(ira (1—x) + m[1-a(l— x)]

"It follows that

[a] < 1 V1+am
[| Um ‘p”l=1+vm =
I we return to (11) we can write
| 2 | [ m
[u] =t V o (8)
=R B e

: ,a_a*‘g-'ét by taking

mn

BZVI—I—G.m

We readily arrive at the required inequality (10).
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SI ZELLER
REZUMAT

In anul 1970 autoryl a introdus si studiat, intr.o lucrare aparuti in aces
revistd, un operator linjar pozitiv care generalizeazs binecunoscuty| opera
al lui Meyer-Konig §i Zeller. In aceastj | ucrare se prezinti o nouj generalj
a acestui operator si se studiazg pProprietatile sale de aproximare a funct
continue pe interyaly] [0,1].
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