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ON THE APPROXIMATION OF FUNCTIONS OF TWO VARIABLES
BY MEANS OF A CLASS OF LINEAR OPERATORS

D. D. Stancu

Summary. In this paper we develop a theory concerning the approximation of func-
tions of two variables f€C(D), where D={(x,y): x=0, y=0, x+y =1}, by means of the linear

positive operator P(“] defined as follows

'mm—i .
Pt =3 Xwl, .01 Gim, jim),
i=0 j=

where
,w[u] i‘- y ) = 1(——"’.—")(';1 )('";.'i)x(i’"“),\'U"'“)(l _x_y) (m—-i—j,—'a)’

m,i,j

a being a parameter which may depend only on m, while by ul™"! one denotes the ge-
neralized factorial of degree n and increment 2 of .

1. In this paper we consider a sequence of positive linear operators
(Plahy, depending on a real parameter «, defined on the vector space C(D)
of functions f, of two variables, continuous on the isosceles right triangle
D:{(x,y):x=0, y=0, x+y=1}, and we give some results concerning the
approximation of functions f by means of Plalf,

Preliminary we point out that (Pllf)(x, y) can be considered as originat-
ing in an identity derived from the Vandermonde formula for the factorial
power and then we present a probabilistic method for obtaining it.

The results of the present paper represent extensions to iwo variables
of those given in [9]. It should be mentioned that in our previous paper
[11] we have considered the operalors Plel in the case a=0 as a generaliz-
ation to the two-dimensional case of the polynomial operator of Bernstein
type which we have introduced and investigated in (7]. In [8] and [10] we
have discussed some probabilistic methodq for constructing and investigating

positive linear operators.
2. We denote by u™ the factorial power of order n (:natural num-

ber) and increment & (:real number) of u, that is:

W) = y(w—h) - - (w—n—1h),
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where n—1 h represents the product (n—1)h.
If #=1, for brevity, we shall use the notation u instead of u.b,
When n-0 and u-+0 we set u®"=1. Evidently for /=0 we have u»0=uy"
We shall make use of the following notations

ll(""h) 1 - u(—-u. ~h) — 1 ___1 ______

u("'l') -

provided that the denominators are different from zero.
It is easily verified that if » and j are natural numbers such thatn>j,
then we have

(1 ) i = u(f-”)(u —jh)("-j'h).

3. We now wish to point out that in the same manner as the Bern-
stein polynomial B,f, defined by

¢ B m! {4y - m—i—j ' J
(2) (Buf )%, 3)= . % _jlm=i— V== Sl (Ti,' ' 7,7)

originates in the identity

! o .
= (.\‘ ’Ly - 1— x—y)’" =-'0 ‘}" W,%ij)'_ X‘yj(] — X“'J’)m_l—/,
<i+j=m i

so if we consider the Vandermonde formula

m 3
: , :
(+v+wymn= N T gy k)
' —_— Tk
i k=0
(i+]+ k=m)

and set u=x, v=y, w=1—x—v, h=—a, we obtain the identity

s \ﬂ‘ ,”! - .."ll .,"U e ( —j— ‘-— )
Wr—ol: 2 Sqimoiagg ~ s Nl —x g
Oi+jsm

which gives rise to the polynomial Plelf defined by

P a) . — 1(—=m,~a) N\ 7!’_1! : Al —a)yl/,—a)
(3) (PRf)0x,y)= 16 o iim iy Y

\ . Sisef )l b, S
X (1 —x—y)m—i-i ’f( e R )
Throughout this paper we assume that the real parameter a« may de-
pend only on the natural number m so that
1m=a) =(14a)(142a)...(l +m—1a)=0.

It is obvious that at (3) we have a polynomial of degree m with re-
snect to x and y, which can be written in the form

m m—i

(3) (Plf)(x, )= T\;‘:{: Wl X D) (7’5’ 7jn')’



where

- : ' o p(li—0a),(/,—a) (m—i—j,—a)
" (a] __[m|(m—i\¥" YT (1 —x—y)

(3 ) w,,,',_j(xry) = (i )(I } l(m__,,) s

4. As we have shown in (11}, if «>0, x>0, y>0 and x+y<1, then
we can represent the operator Plel by means of the Bernstein operator B,

in the following form

(Plif)(x,9)
1 ) XYy 17**")‘_1
a’ a’ a

where by B(a,b,c) one denotes the Dirichlet double integral, that is
B(a, b,c)=ffu"—‘fu”“‘(l—u—p)‘”dudv,
: D

5. In accordance with our previous investigation [10] of the operator
Plal we should notice that one can arrive at this operator by making use
of the Markov-Pélya bivariate probability distribution.

A two-dimensional discrete random variable (X,Y) is said to have a
Markov-Pdlya distribution if its probabiliy - function: P(X=i, V=), where
i=0,1,..., mand j=0,1,..., m—i, is given by
m(l—*/) p(l'.——u)q‘jp—a)r(m-i—j,—-u)

(4) P(X=i,Y=])="

gy mea ;

where p,q,r and a are any real numbers such that p>0,¢>0,r>0
pHq+r=1, —ma=min{p,q,r}.

One can arrive at this formula when p,¢ and r are rational numbers
by considering an urn model. This can be briefly explained as follows. An
urn contains A white, B black and C red balls. One draws one ball at ran-
dom and then it is replaced and moreover a balls of color drawn are
added. This procedure is repeated m times. If we assume that the random
vector (X,Y) takes on the values (i,j), where i=0,1,..., m and
j=0,1,..., m~i, if during m trials one obtains exactly / times a white
ball, j times a black ball and m-——i—j times a red ball, then

m(i+j) A("v_a)B(/.»_a)C(m_i—L_a)

ilj! (A+B+C)m—a)

Now introducing the notations: A+B--C=N, A/N=p, BIN=q, C[N=nr

a/N=a, then the foregoing probability is given by a formula of the form (4).
If fis a real-valued function of two variables such that the mean va-

lue of f(X/m, Y/m) exists for m=1,2,..., then it is given just by (PIf) (p, 9).
It should be observed that the integer a of balls added at each trial

may be chosen negative, when one can give the following interpretation:
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after each drawing we do not replace the ball drawn and moreover we
shall eliminate from the urn —(a+-1)balls of the same colour as the ball

just drawn.
In order that we can perform all the m trials when a is a negative

integer we should assume that
(5) A+ma=0, B-+ma=0, C+ma=0,

from which we find the restrictions: p4ma=0, ¢+ma=0, r+ma=1—p—q
+ma=0. It is clear that these inequalities are satisfied if «=0, but when a
is negative we should assume that—ma=1/3. In fact when—ma=1/3 the
foregoing inequalities are satisfied only for p=¢=1/3.

Consequently if we assume that a=a, is a negative number depending
on m so that —map=e, where 0<e<1/3, then we can define the operator
Plal by formulas (3) or (3) and it is of positive type on the triangle D,

whose vertices are the points
(6) (&,€), (1—¢&¢), (¢, 1—e).
It is obvious that when a=a,=0 then Pl is of positive type over

D,=D,

6. Now we state and prove

Theorem 1. The polynomial defined by (3)—(3") can be represented by
the following expansion

mm-—r

- - — (r,—a) (S,—u)
(7) (PN =2 ST Frmm AT 1/00)
r==0 s=0 m' m

where we have

7 1 10,0- 3 Yol A )

m m —0 =0

. e, the finite diiference of order (r,s) with the steps A=k=1/m and the
starting point (0,0) of the function f.

Proof. Let us consider the Newton-Biermann interpolating polynomial
(see [4] and [6]) correepondmg to the function f and the nodes (i/m, j/m),

where i=0,1,..., m and j=0,1,..., m—i:
N ()
(Na )t D= 2 2 g, 0,0)
r=0s m'm

Performing the changes of variables mf=u, mr=v we obtain

v '1") (%) rs
NuhHlas o0 )= _‘.1”,.;’.» ° 1 £(0,0)

R
§=0 m' m

From this we readily arrive at the equation

Sl o Ny )= 3 Ten a7 1100,0),

0<i Lj~ 0<r4+ssm
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where

NS ofc) u
M(r.s)= 2/ l(’)j(s'wln.]i.j(x’y)'

0=i+j=m

According to the interpolating properties of the polynomial N,f we
have (N,f)(i/m,jim)=f(i/m,j/m) and we conclude that

(8) Paneny)= Y Zea ot 10,0

|
O=r+s=m ris

We will now proceed to find a convenient formula for M ). Because
of the fact that k=0 if k=0,1,..., n—1, we can write

m m—i

9) 1= M,y = 2:4\7,'0; s )(r;t) (m;i) xli—a)gli=a)(] — x — y)m—ij—a)

I=r j=s

Refering to the formula

(10) kun(g) - n(q)(',;:g
we have
m—1i
(11) S= Zj(s)(m;;-t)y(j.~,,)(] —x—3) SR
Jj=s
m—i
=(m—i)® 2’(”1;;—8) |li—a)(] — x — y)m—i—i~a),
J=s

If we set j—s--/ and take into account formula (1) we obtain
m—i—s§

S=(m—i)® S (m—;"-—s) 5+ —a)( | —x — y)m—i=s—l.—a)

=0

m—i—s
=(m—ijys—a ¥ (’"—;“s»)( Y+ sa)b—a(] —x— y)m—i=s=t=a),
=0

Now if we refer to Vandermonde’s formula

(@+b)mh = Zn'(;;)a(k.h )h(n—h,h)

=0
we find that
(1 2) S.—: (m__i)(«f)y(s.—a)(l _x+ SQ)(M—I'—S.——H)'
Consequently, by (9)—(12) we can write

m
D : ; o
1‘"’-“"’M(r,s)=y<” 2 itr )(’;1)(”1_1)(3)x(l,-—n)(1 g Sa)(m—i—s. a)

f=r
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m
— (1) (s) N1\ pr — 1\(S) selfs—a) (] — (M—i—$,—a)
_mry(s_(i_r)(m ) xlh—a)(]1—x + sa)

I=r
[f we now set i—r—=~k we obtain

m-—r

L= M,y )= ,n(r)y(s)Z(m P k)(s)(m;f)x(r+k.— a)(1 — X + Sa)m=i=s=a).
k—0

But by (1) and (10) we have
'v(r-'r-k,—u) e x(f,—n)(x+ ra)(k.—u),
(m—r— k)“‘)(m—k- r) =(m—r— k)“’(,,,'f?ik): (m— r)‘”(m_;_s) )
so that 7 -
1(”"—'J‘)/"I(r.s)

m—r—s

. m(r)(”l_r)(S)x(f.~ u)y(&.—-a) ;:S(: (m—lle'fS)(x+ ra)(k"‘“)(l _x+ Sa)(m_r__s_k,_a).

= m(m—r)S)x(r—a yls=a)(1 4 r+ sa)m—r=s.—a),
Hence we obtain finally

7 m(f)(m__,-)(S)x(f.—a)y(-?.—niv
(rs) = “‘Fr+—s,—u) ==

and the insertion of this result into (8) leads us to the required formula (7).
For a=0 (7) reduces to a formula established in [11] for the Bernstein
polynomial (2).
By making use of the relation between divided differences and finite
differences

a,a+h,..., at+rh ] »
[b; b+k,..., b+sk S 's'hr);»r Ah kf(a b)

we have

Therefore, an immediate consequence of formula (7) is the following

m m—r oprlz.. ©

\ﬁl(,ﬂ' m—l)x(r —u)y(s —a)|l Vs m’ “m )
1 s S

0,

(Pf)x, )=

1(r+s$—a)
—0 $= 0 —_ e —
m m
7. In the next theorem we present the basic result of this paper.
Theorem 2. 1f 0=a-—a,—0 as m - co and f is continuous on the tri)-
angle [, then the sequence (Pllf) converges to f uniformly on D.
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If 0>a=a, and —ma,<e, m=1,2,..., where 0<e<1/3, then if f is
defined and bounded on D and continuous on. the triangle D, having the
vertices (6), then the sequence (Pl«) converges to f uniformly on D,.

Proof. It follows easily from (7) that for the functions e;;, 0<i+j<2,
defined by e; (x,y)=x'y/ for all (x,y) on D, we have

(Prlego)(x, y)=1, (Plle)(x,y) =%, (Pileq)(x,y)=y,

(13) (Pilea(v.9) = |5 T+ x(xka) ], Plewnn)=(1- 21
(Plelego)(x, y) = 1.:.., [Jﬂ';_)’_)+y (v +a)].

Therefore, under our assumptions we have
lim (Pleley)(x, y)=ei(x,y), 0=i+j=2,

m-—yoo

uniformly on our basic regions.
Since Plel is a linear positive operator on D, respectively on D,, the

assertions of our theorem now follow by virtue of the Bohman-Korovkin

theorem corresponding to two variables (see, e. g., {1}, [2] and [3]).
8. We now discuss the estimation of the order of approximation of the
function f by means of the operator Plo, in order to see the speed of con

vergence of (Plelf)to f. We shall make use of the modulus of continuity o
on D, defined by

olf;8)=a®)=sup| ",y )—f£, ),
where >0, while (x/,y’) and (x”,y”) are points from D, so that
| 4|y =y <8,
Consider the space C(D,) of functions continuous on D,, and the uni
form norm, defined by : :

| gll=1gllp,=max{| g(x,y) |: (x,9)eD.}.

We shall now establish
Theorem 3. 1f f¢ C(D,) then we have

(14) ‘If—P‘,,‘:‘ff'é?w(l/%)-

Proof. It should be clear that if =0 then we take ¢=0, and if a<<0
then we assume that a depends on m in such a way tha.t.—mage, wpere
0<e<1/3. In both cases the linear operator Pl is positive on D, since

wll, (x,y)=0 whenever (x,y)¢D,. Taking this into account and the first re-
lation from (13) we can write
" (a] SR a] 1 b LI
fan—PanEs Y ol (6960 ~M5 )

0=i4j=m

We shall use the following two properties of the modulus of continuity:
) --f(X, ) Sl X —x' [+ 9" =y olid)=(1+2)e(@), 1>0.
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Since

foo )~ L) (15 (= 3= o)

it follows that
(15) S, 9)—(Plf)(x, y) <[1 46" (Pl x—£)(x, y)
FO7U P y—r|)(x, y)o(d),

where in the second member the operator Plel is to be performed first with

respect to ¢ and then with respect to 7z, x and y being fixed.
In accordance with the Cauchy-Schwarz inequality and with the iden-
tities (13) we have

(16) (Pl x—E ), ) =[(PI(x—)*(x, )]
o 9 1+ 1-91"_ 1711
= 2x(Pls, )+ (P = [ e M0 | P L,
Similarly it may be shown that

’ | 1 1 a
(16) (Pl y—t ()= |/ e,

By using these inequalities, (15) leads us to

7-Pa<(14 ] o),

Now if we set

14am
d=0dn: ']/m+am
we obtain the desired inequality (14).

Specializing to the case a=0 one obtains the corresponding inequality
for the Bernstein polynomials (2), established first in [5].

9. Our next result yields a way of describing an asymptotic estimate
of remainder, of Voronovskaja type, of the approximation formula of the
function f by Pllf.

Theorem 4. Let f be defined and bounded on D. If 0<a- a,-— 0Oand
f has on (x,y)¢D the differential d*f(x,y), then

A7) (PN =I5 D+ | L faal5, )= 2 fr5,9)

[a]
1 "
( .V)fyy x’y)]+

where ylel— 0 as m-—co, -
If a=a,<0 and —mau<e, m—1,2,..., where 0<e<1/3, then if f has
on (x,y)eD, the differential d*f(x,y), then formula (17) is also valid.
Proof. By virtue of Taylor's theorem we may write the expansion

334



fit, ) =1(%,9) + (= 2)f (%, )+ (= 9)f, (%, 9)
g (= X6, 9)+(E—x) (=)L (%, )

g (=P 0 9)+(E— Xy, 9)+ (== Y)gall, ) + (r—3)2a(,7),
where (f,7)¢D and gy,85,85— 0 at {— x and 1——y.

We see at once that if we set f=i/m, v=j/m, multiply by (3"), sum
for i and j such that 0<i+j<m and use (13) we obtain

(PN 9) =105, )+ [ 6 9) = Foyl9)

+5 ¢ 2 ; L% y)} +dlal(x, y),
where

RRETIRG Py L

koo BT

Now, since gy,8s 85— 0 when {— x and r—— y, it follows that giv-
en »>0, we may choose 6> so that |g;|<e i=1,2,3, whenever £ and
v obey the conditions:'t—x|<d, r—y|<d. By setting {=i/m and v=j/m
we should have

0 el ol L lafs )<
whenever “—,‘n——x}go and ;-,’n— ~y£_§,6.
Clearly
(19) e )= 3 Gl (x,y),

0=i+j=m

where, for brevity, we used the notation

Gl o) =i, (6.9~ oy

Haw=lm el =)+ a2 el o)l
If we divide the set of indices (i, j) into four classes:

b (G )OS itjsm, |- x| L —yi<a),

{6 ): 0<iHim, | —x|<0, [~y 20 )
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i

{(1 NO<i+j<m,— xgé,%%—y%gé},

|m
i NO<ilicm | f 7
/4.{(l,j).0.>l+j§m,‘m X\ =6, -y 2

and split the sum from (19) in a corresponding way we have:
4

| del(x, ) < - G (%, 9):

d
r=I1 (i,j, GI
L

‘

Further if we take into consideration the foregoing results and proceed
as in [5] one sees that glel(x, y)= ,:l»n‘,;;'(x.y), where  ylel(x, y)— 0 as

m— o and that this convergence is uniform on D (resp. on 1),) if the
function f has all its second-order partial derivatives continuous on D (resp.
on 0D,), under the assumptions made on the parameter a.
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