= 0656 -
; : s
for 1 =1i,, (for J = J,)i then consider I:*l =I U iioﬂ
t
i R R PO B TR o e e B

Lkl '
si*l = §(1,9) | te ", Je gt} , and go to step 3 i
S tep 5. Buppose we have obtained the sets Bﬁ',

- t

h = 1,.0s,7, (t,2.0), and consider M = Z_St' ,...,Sr"§ 3 if

t

d}
there exist i,3, (L # j), such that gﬁ.‘: Sd , then delate Sj
from M . After these delations we obtiain a new set
A5 "t 3 t; ]
NG =} S{‘,..., S}“ } , the spaning subgraphs [81‘]- e [si:]

t : k 1

being all generalized saddle points of G. .
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AN FXTREMAL PROBLEM IN THE THEORY OF NUMERICAT,
QUADRATURES WITH MUI/MTPLE NODRES
by D.D,Stancu -

In this paper we shall develop some theoxy and &
atructing a general quadrature formula using multiple nodes prescri«
bed in advance and other multiple nodes which we select in order to
increage the corresponding deprae of exactness,

Assume that we have a definite integral of the form

tgoritmg for cons

b
ity I(wif) = I(E) =S w(x)f(x)dx ,
] a '

where (a,b) is a bounded or umbounded interval of the real axis,w

is a given welght function for which the moments 0y = I(ek) [ek(x)
=X ¥ xE(a,b) ) (k=0,1,0,.1s) exist and c,>O,while £ is'a real-
valued function having continuous derivatives of whatever orders
will be needed,
- We congider the fixed nodes ay ygiven with theilr orders of multin
plicities m, + 1 (i1i=0,1 ,..p,r )y80 that the polynomial €U ,
defined by
m.+1
(2) QO (x) = [_](x—ai) Ik
L=0

is non-negative on (a,b) for some constant A # 0,

Wa denote by*x{ some nodes multiple of given odd orders of mul-~
tiplicities nk+1 (k=0,1,..4,8)

We next investipate a general quadrature formula of the form

(3 1(2) = Pr) + R

whera

- d)(ﬂ Z Z A meyr ; gB f (

Lhe boblliClﬂubu e Bk f being Judapendeub on f,while the
remginder R(f) is by deilnitlon the difference I(f) —fi(i).
-Let us introduce the notations

3 W M..Z(miﬂ.) + iR Z(n 2

1=0
One says that formula (3) has the degree of exactness D if we
have N(e 160 (4=0,1 4 o0 s D) -and R(ep, ) # 0. We seek to determi—
ne the nodes ¥, 80 that for appropriate values of the coefficients

ﬁ i3 and Bj { the degree D is as large as possible,
4 A g
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The following theorem is the central result of this pa]éer..
Theorem, A necessayy and sufficient condition that the quadra-
ture formula (3) has the highest degree of exactness,namely D =
M+N+s, is that the polynomial u defined by

S
i
(6) u(x) ='|;;] (x..-xk)nk‘+ )
FCRme =0

be orthogonal,with respect to the welght function wew,to' any po-

lynomial of degree < s.There exists at least one quadrature formula

of the form (3) having the highest degree of exactness D=M+l+s,
Proof, Let us introduce the notation

2 y +2
7 Cou =[] e E
_ =0 :

We have P (wU) = 0 and I(wU) £ 0 since W(EU(XZ0 ¥
x €(ayb) and it is not identically zero, It follows that the hi-
phest degree of = @xactmess D of (3) must satlsfly the inequality
DEM+N+8, We shall prove that one can choose the nodes x, so
-that D = M+N+s.

In order to construct a quadrature formula of the foym (3)
we firast introduce s+l distinet real nodes X'j (=0l 2 o8y
assuming that none of these coincide with any of the a; and Ko
Then we wse the Lagrange-Hermite interpolation formula corres—
ponding to +the function f and the points a4 9%, and Ej'

(8) £f(x) = (LHf)(x) + (rf)(x) ,
where the interpolating polynomial is

a X "
£ = £ 1 k J
(LH L (LH I\ mi+1 ; nk+i d 1) g

the numbers beneath the nodes desgignating their multiplicities,
It is easily verified that we have

~ ai Xk
(9 (IHf\(x)-VCX)(LHfl)(Xi my+l ? o+l +
1 +w(x)u(>c)(l§Hf2)(xs a;]_ ) ;
where
(x)

s

(x) - .

(10)  w(x)= _r—[}(x_,\ofj) 5 flt'x)=——--—f‘x‘) ) ﬁ(f{')... DUl
a:

=299 =

!

The remainder (i) (x) of interﬁolation Tormula (8) can be ex—
pressed by a divided difference as follows

-4 - . i 4 x"‘ x
G BN S A o () bt [ Bty e R J
Sedin Ot ga ey B0 5|

By integrating the pPreceding interpolation formula we obtain a
Quadrature formula of the following form :

12) e = WSk ),
whers
(13 Q) = TCx)(x))

‘and S has the form

3 e =;03,f( 5 -

O fpo.ums,e,,ttln.e. ocoefficdents A:L,ﬂ,jt and Bk; f »which appear in the
breceding guadrature formula gare independent of the function f,

B«eﬁca'usg the divided difference which occurs in (11) is of op-
der MiNws+l it Tollows that the quadrature formula (12) imas the
degreo of exactness D= 45, ‘ :

Now: we wanit to tay to detormine the nodes X 80 that 0, = 0
G0 oo iepsVe. Because ' J

i

WS CHZ) WXV

C
) gy
wh;aba
V()
‘V’j () .-:-;{-_-'—a:]— >

we obscrve that we should have I( Wi ecouvy =0 (3=041 5 w0 580

Validnge into aceount the fact that K‘,j are arbitrary,it follows
[’h’,"f b 04=0 (.—;:.—.o,.i,‘..n,s\ 1f and only if the polynomial u(x) is
orthogonal on (a,b),wlth Tespect to the weipht funcbion W, to all
Polyuiomials of dogres £ 8, This is eqLiiva-lent to

14 : . % i
(14 ; I(ww;eju\ 3SR 6 = o LR T

llere we have a systom of sl cquations in s+1 unknowns:x S
o
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One can prove that; this gystem has at least a real

by cousidering the function

solution,

(15) F(Byatgseensty) = Twil) =
&
n,+2 n+2
— w(x)w(x)(x-to) L (X-.'ts) dx ’
a .

which is defined in the Euclidean space Rg 4.
This funetion,which is continuous and positive,has a lower bow

und 4 on the domain;=00<t S by Loso g <N of the space R 4+

Using the results from ,[1],[2],[5J,one can-prove.that the
value My is taken by the function F at least in a point of dis-
tinct coordinates (xo,xi,...,xs3,th¢se coordinates being situa-

ted in the interior of the interval. _
Since at this point therc is a relative minimum,we have

1 OF _1(R)=0,

16) = o X
(16 . L + 0 &
whe re
e __.__..—-"U(X) (3
rk(x) = Ww(x) e
Tt follows that we must have
(17) I(wliK) = O (k:k).i,uli|s) »

where Qk are the fundamental intcrpolation polynomials of La-
grange with regard to the distinet points Xo'x1’°‘“'xs'
Because Ek are linear independent,it follows that the poly-
nomial u satisfies the orthogonality coudition (143,
If we now asswne that the system of real numbers (xo,...,xs)
satisfies the conditions (14),then it follows immediately ‘that

their orders of multiplicities ro+i,...,r5+1 are odd numbers.

1f we take into account that

2]
_‘_D._F-- =) 3 -——E'r_'— = 0 ,_2 2 > O

_ (e, = 0,150,585 R+0E)
we counclude that at the point (xo,...,xf),for which the condi-
tions (14) are fulfiled,the function T has a relative minimume.

As regards to the remainder,il we assumne that the funetion £

: 586 =
has a continuous derivative of ordor M+l+s+l on (a,b),and we m
ke r 0 e : pidy 3 Ing—
; _ XJ-QLJ (320414 000y8),then formula (11) permits us to give the
ollowing expression for the remainder of the general quad
formula (5)-(4)3 quadrature

(MEN+5+1)
e e )
RO =~ inmssD) | Liwiew) , §€(a,b) .

We should mention that related
' _ papers to our work are: 1)
(51» (1 [2)o[ 4] ' ot

Wg shall now give twq examples,

1%, T2 (a,0)=(4,1),p00= =xF e oty 11,8 -1 a1
are simple fixed node ‘ ik o e
EHEee? s and xo is a simple arbitrary node g then

ighest degree of exactness D=(1+1)+1+0=3 is achieved if
xO 3 _.._fi.
: ot—j—}b-f H
and the corresponding quadrature formula is

1
S (1- x;{1+x')pf7(:t)dx:
1

«t3+1 R ) : : .
=l o LT e
(x+2) (p+2) I (ot 1) L(«HJ(«-&) ﬁ_1)+

: <
+ (‘m+1)(p+1)(o<+/s+u)bf[ E@/i%" +(BrL(P+2) fu)j —

p x+}3+.z%ﬂ§ﬂp+é) 5 v
3 (c<+[b+H)F(q+/7>;E)‘.F &),

—

which Lor ¢f= Q— 0O becomes
: = 8 the classical Cavalieri-Si ;
drature formula, sk e
2% IOf (g, b)) = 1.8 :
® ? = - ’ x) =

Tixed nodes,but 1242 1) ¥ xe(-1,1) and we have no

8,but we have two variable nodes:x slmple) :
(triple), then the highest dep - TRl sl

) 16 highest depree of exactness D:U+i+5+1-5 isg
=¥ [=]

attained if we have x =— V5 /3%
: ) e RS =V5 /5 ,the corres .
quadrature formula being 1 : BRRISERRatLy

€ = / By : Hs e
§ oo - L aafl B B2 LD Z )
-1 =
| tooas t ()

constbrucled earlier in (1], (2 and [ 5
gk Jn [_]_J ’ [_L], and [5} sy using other methods,
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ETUDE A L'EGARD DE LYAMELIORATION DU SERVICE AVEC L'ENERGIE

ELECTRIQUE POUR LES CONSOMMATEURS DOMESTIQUES

Adrian A,St&nculescu

Dans le rapport qui suit on presente une méthode par la ~
quelle nous pou#ons obtenir une amélioration du service avec
1'énergie électrique pour les consommateurs domeatiques, en
sulvant la reduction du tamps'de service pour le consommatbeur
(qui se nomme ig¢i "le client") avec une perte minime en regar-
dent le congommution.de combustible (pour les voltures d'inter~
vention) qui appartient de l'usine (¢'est & dire pour "le four—
nigseur"), :
| L'analyse a été effectud dans une usine de reseaux
électriques, pendant une periode du temps.

Les clients suffisent parfois des interruptions de
1*énergie électrique, la raison étant les derangements qui ap-
paraigaaent dans les reseauXe ‘ y _

Par consequent, le dérangement est annoncé & 1'un de
L'apparails télephonique qui existe monté au sidge du bureau
de distribution avec 1'énergie électrique & 1'usine,

I¢i se trouve en permanence un fonctionnaire de per-
vice qui peut receptdonner ce dérangement.

Le dérangement qui a &té annoncé est enragisfmé
dang le registre de dér&ngament, puis le fonctionnaire en
lransmet directemment ou par le radio chez une volture de ser~
vice 'qui est libre (Le service de l'usine est doté avec deux
voltures de service pour remedier les dérangemments).

Apres quol le dérangemment a &té remedid en ter-
rain, on transmet chez 1'usine 1le fin du travail et 1l'alimen=
tation du consommateur avee 1'énerpie électriques

fous les temps de ces operations on ecrit dans le

reglatre,



