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ABSTRACT - In this paper we first use a probabilistic method to construct a linear positive
polynomial operator Lf'nvlz of Bernstein type, depending on a non-negative integer

parameter r and on two real parameters ¢ and §, such that 0<gq <f3- Then we inves-
tigate the approximation properties of this operator mapping into itself the Banach
space C[0,1] of real-valued continuous functions on [0,1]. A special attention is
accorded to the case of the operator L, —L° ° . We prove that the remainder of the

approximation formula of a function feC[O 1] by L, ,f can be represented either
by means of divided differences, or in an integral form, obtained by using a classical
theorem of Peano. We give also an asymptotic estimate for this remainder. The ope-
rator L, , enjoys the variation diminishing property — in the sense of I. J. Schoenberg
[15]. By extendmg the known inequalities of - T. Popoviciu [12] and G. G. Lorentz
[7], we evaluate the orders of approximation in terms of the modulus of continuity
of the function f or of its derivative. In the last section of this paper we determine
the point spectrum of the operator L,, , and, finally, we present a quadrature formula
which can be constructed by means of this operator.

1. Construction of the operators L%? by a probabilistic method.

Consider a succession of independent trials with two possible outcomes:
a «success» — with probability p, or a «failure» — with probability ¢=1-—p.

Let r be a given non-negative integer, m a natural number such that m>2r
and k a non-negative integer satisfying the condition k<m.

One denotes by E..x. the event that at the trial number m—r-+1 occur the
(m—r—k+1) th failure or the (k—r+1) th success.

It is easy to see that this event occurs if and only if:

(i) among the first m—r trials there are exactly k successes and m—r—k
failures and the (m—r+1) th trial results in a failure; one denotes this event
by E'mt,r, OF
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(ii) among the first m—r trials there are exactly k—r successes and
—k failures and the (m—r-1) th trial results in a success; one denotes this
event by E”m 1.r.
We observe that we have

Errr if 0<k<r
Em,k,r= 'E’m,k,r U E”m,k,r if r=< kSm—I’
"E” m e r if m—r<k=<m.

Consequently we can write for the probability of this event the following
formulae

(1,1) P (Em,k,r)zﬂ'm,k,rz

(mk—r )p" gk if 0<k<e

— .(mk—r)p g k+1+( ).pk—m-l m-k if r<k<m—r

M=Tr\ it rit m-t ; - <
(k r)p q _ if m—r<k=<m.

\

Let X be a random variable, of discrete type, which takes on the values
k(0<k=<m) with the probability mmz,, that is

(1.2) PX=k)=mur, 0<k=<m).
We have
i m— m—r—k r k—r m-k —
kgonmkr—-qz( k )p q +p2(k —r )p gmr=1.

One observes that for r=0 or r=1 the above probability distribution reduces
to the binomial distribution.

Let us consider now a function feC [0,1] and an associate random va-
riable Y%, s with the probability distribution given by

P( Wa.pzf (zi%)) =TTm,k,r (OSkSm),

where a and f§ are given real constants such that 0<a <.
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The expected value of this random variable is

%+a)

fy— 3 e FEEE
E (Yap) kfoﬂ,k, f<m+ﬁ

In this way we arrive naturally at a linear positive operator L34 defined by

k—i—a)

(1.3) (LoeD @)= Z wmer () P

ni,Tr

where x€[0, 1] and

- )x" (1 —x)m-r—k+t if O0<k<r

r)x"(l—x)”’“""+’+ if r<k<m-—r
(1.4) W k,r (X) =

)xk—r+l (1 x)m—k
)x"“'*‘(l —0"k fi m—r<k<m.

(o
[t

This operator represents a generalization, depending on the non-negative
integer parameter r and on two real parameters a and f(0<a<pf), of the
classical operator B, of Bernstein, defined by

@ — ™ k
B f) (x): = kfo Pmx (X) f <_—m )
where

(1.5) Dk (X) : :< Z) x* (1 —x)mk,

It is obvious that L% =L%" =B,. The operator L%% has been given

earlier by H. Brass [2]. In our previous paper [18] we have investigated in detail
the operator of Bernstein type B&f= L8 =] ®8

‘i O w1t

Because we can write

(Las D (X)— (mk r )x" (1—x)m-r+1-k f(%%) +

T\ ge-rt mox ¢ [RtQ
F ) amomi(),
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by making use of the following change of index of summation k—r=j, we can see
immediately that we are able to express our operator by means of the fundamen-
tal Bernstein polynomials (1.5) in the following form

oo (15 et

m——r

(1.6) . (L2 H ()= z Pm rk (%)

m,r

By making use of a method presented in our earlier paper [18] it can be
easily shown that we have the following representation by means of finite
differences

0= [ om0
(.7 (LoAD = _0( e 1@ x)(AWxﬂf)(m+ﬂ>+

xk

+x(A';jrﬂf)( )

2. The convergence of the sequence (L%%).

Since (L%”) is a sequence of linear positive operators, by applying the
well known theorem of Bohman-Korovkin we can state.

THEOREM 2.1, If feC[0,1], risa non-negattve fixed integer and 0<a=<p,
then we have

lim Lof f=f,

uniformly on the interval 10,1].

ProoF. Let us calculate first the value of our operator for the test functions
e, e, €5, where ¢; (): =# (j=0,1,2) ¥ te[0, 1].

We have
@.1 L @) D=(1=%+2) T P D=1,
=0

22 L8 o) (0= mz e atre "5’ =

(2.2) ( e) (x)= p k(x)m-*-ﬁ +m+,3 Z Pk (X)=
_m—r atrx _  a—fx
“mtB “tmif T T myp

because

m--r —_r

(Bm-r el) (x)-— ' X.

-Z' pm—rk(x) +5 m‘}'ﬁ —+—ﬁ‘
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For the monomial ¢; we can write successively

m—r ‘ ? ’
L e R e |-

_ P 4r(r+2a) x (m—r) (a+rx)
_— (m+ﬂ)2 +2 (m+ﬂ)2 (Bm—r el) (x)+
(m—
+ et ’3)2 (Bm ren (0=
= (Wl-rﬁ? [2+r (r+20)x+2 (m—1) (@+rx) x+ (M=) 2+ m—r) x (1—x)],

since
: _ x (1—x)
(Bm-r &) (xX)=x*+ “m—r
It is helpful to write this result under the form

(2.3) (Lefe) () =2+

-+ [m+r(r—D]x (1—x)4(a—fx) Cmx+fx+a)}.

L
(m~+p)
According to (2.1), (2.2) and (2.3) we have

lim L3f ej=¢; (j=0,1,2),

m —-Co

uniformily on [0, 1], so that if we invoke the Bohman-Korovkin theorem (see,
e. g. [4] or [7]), we obtain the desired result.

3. Evaluation of the remainder.
Let us consider the approximation formula
(3.1 F=LGE P )+ (RSE D (x).

Now referring to (1.3) and (1.4) we can see that

) Lzt H ()= f(’"+;)

so that if 0=a<f then our approximation polynomial L‘,',;f‘r f is interpolatory
at the left side of [0,1] and if 0<a=§ then it is interpolatory at the right side
only,

@3 O=1z%
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If a=f=0 then we obtain the operator L. ,=L%°, defined by

m,r’

(3.2) (Lo, ) (x): = z Wan,k,r (X) f(i)
Jo==() m

e k k+r
=% proos ) (1= f{ ) 4y (£7)
where the fundamental polynomials wi . and pm-rx are defined at (1.4), respec-
tively at (1.5).
In this case it is easy to see that

(3.3) Lmr ) (0)=1(0), (L, f (D=1 (1).

Hence the polynomial L., f is interpolatory at both sides of [0, 1].

We notice that if 0<a<f then our approximation polynomial is mnot
interpolatory at any point of [0, 1] and in this case the degree of exactness of
the approximation formula (3.1) equals —1,1i.e. the remainder vanishes if and
only if f is a polynomial identically zero on [0, 1].

The highest degree of exactness is 1 and it is achieved if and only if a=8=0.
In this case e and e; are fixed elements of the operator L,

We shall henceforth investigate the remainder term of the approximation
formula

(34 F @) =Lmr ) )+ R ) (x)

having the maximum degree of exactness.
We now state and prove a basic result of this section.

THEOREM 3.1. The remainder of the approximation formula (3.4) can be
expressed by means of the second-order divided differences in the following form

{3.5) Ron,r ) (x)=
_x(l=x) =l k k41
> (m r)éopm-r-i,k (x)( (1—x)|x, T f]+
k4r k+r+1 ) o k k+r
+x[x, o ,f]' +r2k2=0pm_r,k(x) X o f];

Proor. We can write successively
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(Rm,r f) (x) =f ()— (Lm,r f) (x) =

m-—r

=1=3 % pners 0 -1 (£ ))+x':§:pm_,,k(x)(f(x)_f(HT’>>=

=125 D () k)[ £, f]+
x mr k+r

+ = 2 Pmrk(x) (mx—r—k)|x ——;f],
m k=20

where the brackets represent the symbol for divided differences. If we use
the identities
mx—k=m—r—k)x— k(1—x)+rx,
mx—r—k=m—r—k x—k{l—x)—r(1—x),

and take into account that
m—ry\ _ m—r—1 m—ry\_. _ [m—r—1
m=r=b"g" ) =" T =T,

we can write further

v eit]+

(Rm,r ) (%) =

e —x’;—é—]<m P

1) xk (1_x)m—r—k

"‘—' m—r—1 e k.
( )x"(l-—x) "[x,m,f]-i—

k—1
+—:;1—x (I—X):‘g:pm—r,k ()| x, Tkn‘; f} +
Z T (e -
._mm x(1— x)m; (mk rI 1>x"(1—x)"‘""‘ x,lc—j;;f}—
_——x(l—x)mz-rpm rk(x)[ k—_:f;f .

Substituting k—1=j in the second and fifth sums and then denoting again
the summation index by k, we can write down the following expression for the

remainder
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St

m

[t |5+

|-zt

m-—~r—1

(Rmrf)(x)— Lx(1- x)2 Z' Pmr-1, (X)

m-—r

—x(l X) Z DPm- e (X)

m—r—l1

r-1,k (X)

As a consequence of this result and of the following relations between divided
differences

B[kt ) L[k ket
X, ;f] [x: m Jf]—— m x;m? m lf]
k1 | k+tr | r k k+r
x:"m—,f X, — ,f]—*m— X T ,f]
[ Lad { k+r+1 f] __1_[ k+r k+r+1 _f]
J - x} m’ m s 3

we obtain finally the representation (3.5) and so the Theorem 3.1 is proved.
One observes that for r=0 formula (3.5) leads us to the following expression
for the remainder in the classical Bernstein approximation formula

x(l —x) ™1

k 1
Z Pm-1% (x) k_*—

x———,f},

m’ m

G6) RmoHWD=Rmf) )=~

which has been established first in our earlier paper [17].

It is easily verified that in the case r=1 one obtains also formula (3.6), so
that we have Rmo f=Rm1f=Rn .

Formula (3.5) enables us to state the following corollaries.

CoroLLARY 3.1. We have (R, f) (0)=(Rm, ) (1) = 0, and R, f =0-if and
only if f is a linear function.

CoRrROLLARY 3.2. If f is convex of first-order on [0, 1], without being linear,
then we have Lm.f>f on (0,1), while if f is concave of first-order on [0,1]
then Lm.,r f<f on (0.1).

CoroLLARY 3.3. If all the divided differences of second-order of f are bounded
on [0, 1], then we have
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x (1—x)
Tm

14 rir—1)

m MZ (f))

3.7 |(Re,r ) ()] < [

where M. (f) is the least upper bound of the absolute values of the second-
order divided differences of f on [0, 1].

The inequality (3.7) permits us to see at once that we can optimize the error
bound of the approximation of the function f by means of Ly, f if we take r=0
or r=1, when the operator Ln, reduces to the Bernstein operator B..

COROLLARY 3.4, If feC[0, 1] then for any fixed point x of [0, 1] we have

rir—-1
m

X (;—xl[gml,gm,em;ﬂ,

(3.8) Ror ) (R)= — [ 1+

where Emj (j=1,2,3) are certain distinct points of [0, 1], which might depend
upon f.

Proor. According to Theorem 3.1 the approximation formula (3.4) has the
degree of exactness one and it is obvious that R.,f#0 if f is any first-order
convex function, i.e. a function for which any divided differences on three
distinct points of [0, 1] is positive. By using a known theorem of T. Popoviciu
[13] there exist three distinct points &mi, Emz, Ems on [0, 1] such that

(Rer f) () =R, €2) (X) [Emt, Ena, Emss 1.

But from the formula (2.3), where we set a==0, we obtain

(3.9) (Lm» €2) (x)=xz+[ 4 (:n—l) 'X(rln—x) ’

so that we have

9 (Rim,r @) (x)=__[ 1+ rir—1 1 x(1—x)
m m

and this completes the proof.
As a consequence of Corollary 3.4 we can state

CoroLLARY 3.5. If feC?[0,1] then there exists a point £,€(0,1) such
that

_ r(f"—l) x(l—x) rr
(3.10) Rer (= |14 L=, 2029 g e
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Now we can give an asymptotic estimate, of Voronovskaja type, for the
remainder of approximation formula (3.4).

THEOREM 3.2, If the function feC [0,1] possesses a second derivative
at a point x of [0, 1], then we have

x(1—x)
" 2m

” Em (X)
(0 +T .

_ r(r—1
Re ) (== | 142

where €, (x) tends to 0 when m tends to oo.
We sketch the proof of this theorem. The idea here is to use Taylor expansion
of the following form

fO=f@)+{t—x)f )+ —;—(t—x)2 [f"+g®],

where g is a certain real-valued function defined on [0, 1] having the property:
g () = 0 when t — x. Next we have to replace ¢ by k/m, multiply both members
DY Wm.t,r (x), sum over k and take into account that

Lm,r =6, Lm,r e =e, Lm,r e=e+ |1+ L(L__Q] ﬂ___ﬂ
m m
Consequently, we obtain
— rir=1) 1 x(1-=x) ,,
e e e e

where

m 2
(=5 % wna () ) g ().
k=0 m m
By using a standard method (see, . g. [7]), it can be shown that pn (x) can
be represented in the form & (x)/m, where &, (x) = 0 as m—> oo.
We next proceed to establish an integral representation of the remainder
of the approximation formula (3.4).

TueoreM 3.3. If f€C?[0,1] and x is any fixed point of [0, 1] then we
have

1
(3.11) (Rmn,r f) ()= f G, (£ x) 17 (D dt,
0



by means of a new generalized Bernstein operator 221

where
x—t+]x—1t|

Gy (6 X)=(Rmr @) (t), 0:O)=(x—1);= 2
and R.., operates on ¢, (t) as a function of x.

ProoF. Appealing to a well known theorem of G. Peano [11], we obtain
formula (3.11), Gm, (-; x) being the Peano kernel associated with the opera-

tor Ru,r.
Because

_ - k
(R 0 (O=(x—=1)e = T Wz (x)(; —t)+,

it is easy to obtain explicit expressions for this kernel.
Assuming that

X€E

-1
%;—, %] (1=p=m),

we have

@) G (6 )=5—t— 2 Wy (x)(i_t)
k=j m

for
=t i) . -
tE[m 7m]’ ]—'1’2,' :p 1’
.. TR k. p—1 )
(i) Gmr (@ x)=x—t ki,,w’"'"" (x)(m t>, te[m , X3
m k p
(i) Gmr(t: )=— Z Wmrr ()| — —t|, te|x,—|;
k=p m m
. m k
(i) Gmrt; X)=— Z Wmrr (X)|— —¢
k=4 m
for

-1 i .
te [—m y ml, j=p+1, p+2,..,m.

Now referring to the identities
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j-1 m
Z Whtr () + Z W (¥)=1,
k=0 k=j

ji—-1 m
2 ka,k,r (x) + x ka,k,r (x) =mx,
k=0 k=j

it is easy to see that we can write

=1 k
(3.12) Gur(t; )=~ 2 Wi (%) (t“' )
FewxQ m

for

while for te|? —1
m

y x] we obtain

p—-1 k
(3.13) Gur(t; X)=— % Wnt, (%) (t— -—)
k=0 m

If we take into account (iii), (iv), (iv), (3.12) and (3.13), we see that for
a fixed value xe [0,1] the equation y=Gum, (¢; x) represents a continuous broken
line which joins the points (0,0), (0,1) and is situated beneath the #-axis.

By application of the mean value theorem to the integral occurring in (3.11)
we can obtain in another way formula (3.10), because

r{r—1) ‘ x(1—x)

1
1
me,r (& x) dt= > (Rm,r €2) (x)=— [ 1+ - o
0

Employing a method of Radon-Ghizzetti (cf. [14], [5] or [6]), it may
actually be shown that G...(f; x) represents the solution of a second-order
differential system, under certain boundary conditions, so that G, . (¢; x) is the
corresponding Green’s function. It should be pointed out that in fact Gu.r (¢; x)
represents a spline function, of first degree, using the knots k/m.

One observes that the operator L, enjoys the variation diminishing property
(see I. J. Schoenberg [15]), because according to Theorem 3.1 it preserves the
linear functions and it is obvious that the number of variations of sign of Ly, f
and of f on [0, 1] satisfies the relation: v (Lm,H=v (f).
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4, Estimate of the order of approximation.

In this section we are concerned with the estimate of the order of approxi-
mation of a function feC [0, 1] by means of the linear positive operator L. We
shall use the modulus of continuity, defined by

w @)=w (f; &): = sup |f ") —f (),

where x* and x” are points from [0,1] so that |x”—x’| <3, being a positive
number.
By using a standard method we prove

TueoreM 4.1. If feC [0, 1] then for any x€[0, 1] we have
1+L Vl-l——————r (r=1) ]w(al/x———(l_x) \
a m m /

Proor. Since Lm,r@=¢y and wmr, (x)=0 on [0, 1], we can write

4.1) lf )= Lmr N (x)ls

where a is any positive constant.

- k
_— < ’ — 1 —
|f (€)= (Lm,+ 1) (x)l—kfo W kr (X) lf (x) f( , )’
If we use the following known properties 6f the modulus of continuity

[f (") —f () =w (x"—%]), w (A6 =< (1+1) w (&),

we obtain
| 1 ] _k_! 1 k
lf(x) f( )l—w(c? lx—- m|5)_<_ (1+ 5 x—;!)w@).
Consequently we can write
42) 0= (Lns ) I (14 5= 3 s @ x—i‘)ww)
™ - 0 k=m0 0T m ’

By making use of the Cauchy inequality we obtain

m k 211/2
s[ Z Wikr (x)( x— —-) J =
k=0 m

1/2

m k
4 ’ A
“.3) kf_o W k,r (X) i x

x(1—x)
m

=[(Lm1' ez) (x)_x2]1/2={[ 1+ r (:'n— 1) ]
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because of the equality (3.9"). Hence

x(1—x)
m

_ 12
I ()= Lns ) (x)ls§1+§ [(1+":n D ) §w<a>.

By inserting into it 8=a'x (1—x)/Vm, where a denotes any positive constant
(naturally with the condition that this value of & belongs to the domain of w),
we are led just to the desired inequality (4.1).

In the special cases r=0 or r=1, we obtain the corresponding inequality
for the Bernstein operators:

I ()= Bn (x)ls(1+;—) w(a ]/’-‘-—@)

m

Since x (1—x)<1/4, if we take a=2, we obtain the following result.

COROLLARY 4.1. In the maximum norm over [0,1] we have

@.4) Ilf—Lm.rfIIS(1+ —,}]/1+""” )w (1 )

m Vm

If we next assume that the function f possesses a continuous derivative on
the interval [0, 1], then we may proceed to give a new estimate of the order of
approximation of f by means of L, f.

TuEOREM 4.2. If f€C' [0, 1] then we have

(4.5) |f (€)= (Lm,r ) ()| =

Y TR )

a being any positive constant.

Proor. By applying the mean value theorem of differential calculus we
can write

k ’ ) ’ ’
F—{L)=(s- L)1 0+~ L)1y @-r @1,
where §=&mx (x) is an interior point of the interval determined by x and

k/m.
If we multiply both members of this equality by wme,,(x) and sum over
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k, we obtain

F0 =L D =1 00 F (3= L, 1+

m

+ 3 (5= s 0 1 @1 01
Since L, é,-: g (j=0, 1), the first sum vanishes and we can write
[f ()= (Lon,s ) ()] < g || - lwmk, @ f ©—f ).

One observes that we have

) w (f’; 0),

k
@1 @l=(14+16-x) o0 ;) <[145- }%_x

where & is any positive number which does not depend on k.
Consequently we get

m
2 [ x—
k=0

If (= L ) (0] < L2 : Wi tr () -+

1 12

ko ,
+ = 3 k=0<x"‘—‘"7> W, k,r (x) &)(f,a)

By using the relationship (4.3) and inserting d=a x (1—x)/ m, we obtain
finally the desired inequality.

As in the case of the Corollary 4.1, we can deduce from Theorem 4.2 the
following

CoroLLARY 4.2. If feC' [0, 1], we have in the maximum norm over [0, 1]:

46) [lf— Lo I < V ]/ —_ [2+]/1+

One observes that for x=0 or x=1 the relations (4.1) and (4.5) become
equalities because of (3.3).

It should be noticed that in the special cases r=0 or r=1 the inequalities (4.4)
and (4.6) reduce respectively to the classical inequalities of T. Popoviciu and
G. G. Lorentz.

(f’v—)'
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REMARK. In 1969 [19] we have evaluated the orders of approximation
of functions by means of a general class of linear positive operators (L..) construct-
ed by a probabilistic method. Our results were formulated in terms of modulus
of continuity of the function f or of its derivative f, as well as of an arbitrary
positive constant which can be properly chosen in every case. This idea to introduce
and use such a constant has been adopted, unfortunately ignoring the real source
[19], by B. Mond [9] and B. Mond and R. Vasudevan [10].

5. The spectrum of the operator L., and a quadrature formula.

We now proceed to examine the spectral properties of the operator L,
mapping the Banach space C [0, 1] into itself.

It is known that a number A such that L., f=Af for some element fe C[0, 1],
which is not identically zero, is called an eigenvalue of L. ., while f is an eigenfunc-
tion.

According to (1.7), if r=1 then for each j=0,1,...,m—r+1 the operator
L, transforms a polynomial P;, of degree j, into a polynomial of the same
degree; consequently for each j there corresponds an eigenfunction associated
with each eigenvalue A;=A; (Lm,). By using the method of undetermined coef-
ficients the equation LmrP;=A; P; permits to determine the eigenvalues A; and
the corresponding eigenfunctions, that is the spectrum of the operator L.

We have obtained the following result regarding the point spectrum of the
operator L.

THEOREM 5.1. The eigenvalues A; (m,r) of the operator L, are given by

'10 (m, r):lll (m: r)=1,

2 (m, r)=( 1—_:7;_)(1_ ;_}-;_1) (1_r+i~2)(1+ G—1) (r--l))

m m

2=j<m—r+i).

If we set here r=1 we see that the eigenvalues A; (m, 0)=41; (m) of the
Bernstein operator B, are

Ao (m)=2, (m)=1, Aj(m)=(1——1n7)(1~—’27—t>...(1_'——) @<j<m).

Note that the point spectrum of the operator B, was first given in [3]. Re-
cently in [1] it has beeen given a characterization of the operator B, by using
the eigenvalue A; (m).
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It is easily verified that in our case we have
0<dmerit (M, )< . <ham, )< AL (m, Y=Ao (m, )=1.

As we have seen at (4.1), the rate of convergence of the operator L, is
characterized by Lo, ((f—x)% x). Since

rir—1)
m

x(1—x)
m

¥U=X g (=% )< Lme (=205 0)=| 1+

k4

it is clear that the best result can be achieved when r=0 or r=1, that is in the
case of the operator B.
Because of the fact that

1 r@e=1 1

1— o = (L) <Az (Bm)=1"";:

we are able to arrive at the same conclusion by using a theorem given in [1].

We mention that to each eigenvalue A; (m, r) there corresponds an infinite
number of polynomials which are eigenfunctions associated with this eigenvalue.
Thus, for the particular degrees 0,1, 2, it is easy to see that the corresponding
eigenfunctions are a, a+fx, ax (1—x), where a and f are arbitrary real numbers,

We end this paper pointing out that by using the linear positive operator
Ln,, we have constructed (see our recent paper [20]) the following quadrature
formula

b |
1 1 k
!f(x)dx S} —— [Z‘(m r— k+1)f<——n7)+

+(m— 2r+2)"'£’f< )+ Z(k—r-i—l)f( )]+pm,,(f),

m=m—rL1

where, if we assume that feC?(0, 1), the remainder can be expressed in the
following simple form

1
12m

P (= — [1+’(fn‘”]f"<§), 0<E<l1.

In the case Lmo=Lm1=Bn. this result has been given in our earlier paper

[16].
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