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D. D. STANCU

In a previous paper [4] we have constructed and investigated a
positive linear operator, of Bernstein-lype, depending on a non-negative
integer parameter » and on two real paramcters « and B, such that:
05 a<p.

The purpose of this note is to consider and study a more general
operator Lf,‘f.h_“_,. mapping into itself the Banach space C[0, 1] of

5
real-valued continuous functions on [0, 1]. This operator depends
on the parameters « and B, as well as on s non-negative integer para-

meters »;, ..., 7, independent of the natural number m, and such that:
07, S ... 7, 4+ ... +7<m.

For any function f: [0, 1] - R, we define this operator by

(1) (L?;Eh_,_,,s_f)(%} = ?_:(; Pu—r,.. .—rs,k(x)F::.;‘”"s (f, o, 3 5 Jj),
where
) Foi "S5 @ B3 %) =23 /(1 — 2GR f o, B),
=
with
Frsesos?, k4 7y ¥ 4+ o k o+ oo Figa
G";"kj,s(f; o, B):f( + 7 + +V1‘| )_I_f( + ¥y ¥ +f&]+
at m+ B m+ B
(3)
Et+ridrnt ..o +rpgt e a e SN TR R R R »{--m)
+fl‘ m+ B J—'——If( m + B

and with a usual notation, which will be used throughout the paper:

’,‘) (1 — £y,

7

(4) Puilt) : = (
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In the first place, one ohserve that we have

I o

(5 L“.ff , 0) — 7-77". Lf?.’? i 1) — {m + ot]‘

6) @ NO =f () @) = [
Consequently, the polynomial defined at (1) is interpolatory at

the Ieft side of [0, 1]if « = 0 and, respectively, at the right side if p = 0.

For o = B = 0 it is interpolatory at both sides of [0, 17.

In the special case: 7, = ... =7 =7 we obtain

m—sr “’, F +
: o,f o v o 1
(6) {[-m,l Sy ‘ \-- T f/;ﬁ sy, «‘a(\l / fl_: ;'f\ﬂ- r[’**””}

E=0 j—0 m | B
which for s = 0 leads us to the Bernstein-type operator B%P investigated
in our earlier paper [3], while for s = 1 we arrive at the operator L%®
studied in detail in our recent paper [4]. M a =3 =0, s =1 and » =0
or » = 1, we get the well known Bernstein operatpor B,,,

A convergence property of the sequence of approximating polynomials
defined at (1) is illustrated by the following theorem.

THEOREM 1. If f = C[0, 1], +
and 0 £ o £ B, then we have

lim Lff;,{;'-‘,....r( f=15h

M~y 0

. ¥s are fixed non-negalive inlegers

uniformly on the wnterval [0, 1].

Because we have a sequence of linear positive operators mapping into
itself the space C[0, 1], we need first to find the values of the operator
for the three test functions e, ¢, ¢, where ¢g(f): = (j =0, 1, 2) for
any ¢t = [0, 1].

It is a straightforward calculation to verify that we have

B % = [ J'B ) p) == g 0 2T ‘Bx,
) (L,,,,,.l____,,se(,)(l.) 1. (L""“""’s ) (%) % - i
L,aﬁ e Yl) = 1 Grineeny #1—2x) (e — Ba)(e + Pr + 2mx)
( j— se )(1') ( % n, ) 5 B J (-n), £ ;rj)z

where, for abbreviation, we have introduced the notation

(8) DRSS N |, » P SR B (]

m 4+ B L=

H]

These results permit us to see that the uniform convergence holds
for the monomials ¢,, ¢; and ¢,, since the quantity (8) tends to zero when
m tends to infinity. The assertion of the theorem now follows immediately
by applying the well known convergence criterion of Bohman— Korovkin.

One observes that if « = 8 = 0 then e, and ¢, are fixed elements
of the operator Lu,,..., = Lf:f,lw_,,ui and the approximation formula

(9) f: Lm,rl,...,rﬁ_f"* Rm,rl,...,rsf

has the highest degree of exactness, namely N = 1.
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We shall henceforth restrict to this important special case, when we
can write

M—ti—.. =1

(10)  Lpon VW) = 0 DmormccmegF (5 %),

k=0

and, more explicitely, we now have

FmsUWFﬂP*W4ﬂ+MI#w4pﬁtq+“¢¢ﬁfﬂ+

n

(1 — x)- [f(’*_’ ) ke T e T +ff"7]!+

1

Lo 42l — %) [f(ﬁ'_"i#) + f(k___"_*_’iiﬁi““) ST -

m
kJ_Jl—r...+1's_1] c A’—}—rl—‘,—...—{—i";]
A s = o T eSS Y

+ f( m ] -{ f( n

According to {7), we now have

(11) (R0 ea)(x) = ——= (1 + Sy ™).
In the particular case of the operator defined at (6) we obtain

(Rurs €5)(%) = 7*'“__"')[1 - ﬂil_)]_

m n

By using a standard method one can prove
THEOREM 2. If [ € C[0, 1] then for any x = [0, 1] we have

| /(%) = (Lo, )A€

~V1F¢"](ﬂfvliﬁ}

where o 1s the modulus of continuity, while v is a unspecified postiive cons-
tarnt.

This theorem enables us to see that in the maximum norm over [0, 1]
we can deduce as a corrollary of this theorem the following estimate of

T. Popoviciu — type:
1
[ lf ‘m #ie ""s-f‘ ( -\/1 —I— Sm 0 J (f '\H] .

In the next theorem we indicate a result from which there follows
at once an estimate of G. G. Lorentz—type.

THEOREM 3. If f = C1[0, 1] then we have

1f(%) = (Larer, () | S

5

VT VT VI )
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The following theorem gives an evaluation of the remainder of the ‘
approximation formula (9). | i

THEOREM 4. If f < C2[0, 1] and % is any gwen point of [0, 1] then
we have the following integral representation

1

(12) (Rm,r.,...,rsf)(x) = SGm,J',,...,rs.(ﬁf x)f”(t)(ff,
0
where
(13) (T‘J:F,;',....,;S'(f; :"")’ = (R.‘J;,J‘,....,r:(i:',n‘}(/)- @.\(f) = (?ﬂ B E){—

aind Ryp,...n, 0perates on ,(l) as a Junction . of x.

Since the degree of exactness of formula (9) is N = 1, it is clear that
by using a well known theorem of Peano the remainder can be represented
under the form (12), at (13) being defined the Peano kernel associated
with our operator. One can sce that for a fixed value of x the equation
T G,,,‘,;___‘,,;(zf; %) represents a continuous broken line which joins the
points (0, 0) and (0, 1), being situated beneath the f-axis. One observes
that it represents a spline function, of first degree, having the knots
kim.

By use of the mean value theorem we obtain

1

(14 (R s D) = O Gt 2 (0 < & < 1), |

]

Because the Peano kernel is independent of the function J, we may insert
f=e, in (14) and we obtain

1
: : E ,
(15) § G t5 Rt = L(Rory, )2,

0

Consequently, from (14), (15) and {11) we can deduce a Cauchy-type
expression for the remainder :

m,0

(Rm,rl,...,rsf)(x) == len_j-i)’ El + Sfl,‘“,rs]f”(z.)'

Tt should be observed that if fis convex of first-order on [0, 1] then
we have Lut...s f > fon [0, 1], while if /is concave of first-order on [0, 1]
then we have Loy, L9 J <[ on (0, 1).

By using a standard technique, one can give an asymptotic estimate,

of Voronovskaja-type, for the remainder of the approximation formula
(9); we can state

THEOREM 5. For any f in C[0, 1], possessing a second derivative at
a poimt x of [0, 1], we have

(R F)®) = — [1 4 S’“'“*’s]%—-ﬂfu(x) 4 nld)
1] m

m,0

where ew(x) lends to zero when m tends to infinity.
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Now let us conclude this note by mentioning two other important
properties of our operator : 1) This operator enjoys the variation diminishing
property, in the sense of 1. J. SCHOENBERG [2], since it preserves the linear
functions and it is easy to see that the numbers of variations of sign of
Lm,,,,___,,sf and f, on [0, 1], satisfy the relation: o(f) = v(Lums,.. ,,sf);
2) Assuming that f’ = Tipy 1, choosing v = 1, and taking inte account
that in this case w(f"; 8) £ M3, we can deduce from Theorem 3 an esti-
mate of the following form

|F(#) — Lo )(E)| € M - Nooots . 2o =0

whete
WIlET¢E

L R | QR | BHE Y TR

This result gives an indication on the saturation class of the polyno-
mial Ly,y,..., f, which consists of those f  C[0, 1] for which f* < Lip 1,
the optimal order of approximation being x(1 — x)/m. For proving these
results one can make use of the techniques employed by . G. LORENTZ
[1] in the case of the classical Bernstein polynomial.
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