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1. ™o the peper [5] we hzve defired s quesiwgonvexd gy w0 -
rerty in abstraet (nonlincar) speces. For, we have seuridessd 2 cet

%, thrce subeets S (8. Cs Cr, tws partitions &I 8, ond o &
0 3 2 s s
i % - -~ ] = — “ b
(). sy =s5UT Usl, e 5,CFK,
5 s o+ o~
=y S, = tera 5 S
{2} 8o S?USIUSZ.?LEB ..vl(: 1
U
end twvo sets le and 2 of interpolating cparaters relrtive to &,
. ol

respectively to Sy, that is :
Ulﬁ?‘[’l = Uj: X —=8y =and Ugx = x for any x &g ;
b‘z eﬂz =2 U i X ----.‘52 2nd ng =x Tforoy 2z ';;2 a

In the set of operators U : X —~=X one defin es [1] ¢ 1=

DERINTTION % [5] « We cay tat the iriplet 12';_,171,‘."{} is

& deconpoaition of the operator Uy Eﬁ relntive to (i:o,;fl),i;"

1% U3,Uy,1 eﬂl s UpaUy, 03 <IT,

+ ol - e s -
27 Tor esch ¥y ES, f:,z) cuch that iy & §,, e have

' ’-- + . " + -
Uy €85 (8) and Uy €5y (57)

5\

DEFTNITICH 2 [3] . The element x€Y is erid %o be L8 By

guasi-convex if for esch Uy Euz Tor whitithere iz & deearnceizion

-
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{Tg,Uq,Uy) relstive to (S;,S;) such that U;x €5, the following

relation is satielied ¢

+
(4 : Up X €Sy,

In [3] we have proved that (4) impliee U]'_:: & Sl"' and

7l x & 8% and thet if '§1 - SI then the conver=e implicetion is
b i h
also trua.
2. In this peper we dezl with the linear case. Jet X be &
_resl lincopr space, c % 31 ‘; 55 three lirear subspaces of X, Sq 8

naximzl proper subspece of Sa and T & maxinsl promer subspace

=3
of _',-I, with OOC‘JQ °

1et .

1
rolative o Sy end Sos respectively. If we fix Ty E 51\ 'S‘; and

and 'Zl,e be the setw of linear interpolsting operstors

75 € 5\ 5, then we can associate [1] to eech operator Uleul the

divided difference functionel [Uy;e] : X ~= R which satisfies

[ul i 0y x] =[t‘.1; :] for all xe€X, [Ul; x]= 0 for eny xe'go and

["Jl - ylj =1 and to each operstor Uz Guz, the divided difference

[‘.’? ry -] : ¥ —s R satisfying [Uz AU x] = [U? : x] for al1 =x€i,

[’J? : x] ¢ fsrl any X€5y end [‘U2 2 '2?2] = 1. d
 [1] it is shown that for all :-2e’LL2, 1,‘T el 4 such that

"

,],‘1 31U, and U} 5 J # [1’1 5 .] , the following recurrence for -
mule iz satisfied »
. PR B
sl A
[vys7y) ~[Vy574d

3. Under the assurptions from section 2, define :

(%) (xE€X) .

S;={IGSII [‘J]_;x]>0| FUleul}. Si:-s; 5
3 ={xes,| [1,:2]>0, vmelh), s5--5

ard consider the Tollowing partitiors:

s=qUEUg , s-5Us5Us .
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132 ). If Uy Eu2, tien the following propositions are

1° The - triplet (Ui,l}l,Ui}, where Ui,t‘l,{}; Eﬂl and

U3sUp,Uy <0 U, is a decouposition of U, relative to (S.,5,),

if end only if there exists y e;;; satisfying Uyyes,, 'ciyesi

- o +
and U] y€ESy -

CL . Wl

o iien each deconposition of U, rcletive tn

7 . 4 e 3 5
{8187}, is equally a decomposition of U, relative to (Se'r’sl) .

s ] + P o - A I - =) PP
S - (bI,UI,LIl} is a decorposition of U, relative to -_uo,.-_.l},

then for cach y & S; we have -

(6) Cvjs 5] <[uy ;5] <[u];s].

Proot. 1° Assume that there oxists hfl = S; such ‘that 7 €S,
Ujy €S] and UlyES; =nd consider y' €S) asuch that Uyy' € S,
Bv (5} we have:
[U{;‘.V]-[Ul;y]
[v35700-[vys9p] *
and since [:Um;y] = [U-;?I ] = 0, we dednce that L-U:l'._;y'] hes the ceme
sign ms [U_-:_;y] . Similzrly, [U;_;y'] and [Ui;y,] have the ssne sign.

To ;31‘0\?9 2% we have to show that the decorpositions relative

[U';_iy‘]- [Ul-iy ']

o <[u,5Y = (03751~ Lop7, ]

o< [u,5)=

to (S.,5;) and those relative io (go,’sl) are the sorce.
Cbviously, esch decomposition relative to {go,sl) is glso e

dzcomposition relative to (SU,SI}. g
let (Ui,UI,Ui} be & decomposition of - U, relative to (5,,5,)
and ¥y &'Ss' such that Uy Ego. If we put y' = § = Uyy » then
yt €5, and Uy = 0 €5, Comsequently, Uyy' € ] and Uzy* € St
that is Uy - T,y €S7 &nd Upy - Uyy €5y - Tus Upy €53 end
Uy € s{. Finally, we take into scesunt 1°. .
39 For y €S} define y' =y - Uyy €5} Since Upy'= 0€S,
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L EiE By 'I-." & >.," ard ":').:y €3 .J.r Tierefara !_U;;lfziyj < C and
Iy w 4= s oty l-[uy] <o ane [ugsad-Dnsv] e
Tciad Yot 1! G g ] I,L&.(:IEHI, vu-r; ‘u. 7 "; -7 :"2 .

i e asgihs . - : - -
BT TRY ig m deanzposition of Uy Telative to {Su"sl) if and enly

“ierm ewicts y &€8) suen wat (3) be satisfied.

Pras®. Me necensiiy of the condition follova by Jerca 1.3°,

Mrave D.et ine cordition is sufficien 1, asnuse that there exists

g ook N < A S - ~F :
=, wmlioiying (8). Them, yti=E oy - ‘..'1‘7 €3, ,LL‘ 'v'_! =%
v

; T gt o s e . ;
REETUN B S R Ltl.;:f'j > 0. Thevefuras, ! e,sl and Jl:y" &S ,.7,
HCEE wa wEale Yewine T .

e

-

T Le et mEX,

i s vz

vy merssttiong are gauivaler

s
P LA

5w ;;q. (2 :1""’1.’32} ~ guasi « sonvew. ;
2 o a1 v U, U0y g'u W UL Uy By =T,

ws 42 Mieh there exicis ;;é?sa matiafying (6}, tle Folly-

B0t N hald
by e ik

i proaf is irmediste by lera 2.

TETUITION Y. The elenent x@X  is called strong (84:84,85) ~

wraw 17 far eech decornosition (UI’("I’ Uy) relstive to (Sgs8,)

m5 g eper ater froit ol,. the follewing inequality is satisfiad :

....... s

o<5=5?£';’:Ui;=]§[l'{':?ﬁJ}'

oy ~imy

AT Y. Sy etrong (Sa,sz_,szj - guesi-ccnvew element isn

-»c.a“'v-x.

Tregl. Jet ZE€F e o streng (5.9 8p degquneinonver eleaent,
S In

4 o W 2o - « e 3
L& ’L, o {'Ji,um,.,-k} & Tasorigeition of Uy r@lshi‘m b f--‘n-'sl‘ ®
-t

iteh satiafies hre s, ad @), o ,[" x| =

':..:?:r:{--;- xJ [LIaX:}J v MG“E ,x,ﬂ‘h *‘Eb i

&‘i’
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ez 3 21 - yd= [ 5 v

gnd since ¥ € Sa\, the denorirator of +he Truction is poeitive,

By (%)

Therefore, [U,;x] > 0. ™e save irequality holds even if
*

'3”33{_" [U}_ zds [~1 ; T]} 5 "['-—71 i x] .

In g following peper we vill desl with the conditions so
that the comverse of theorem 2 he wlse true.

EXEFIE. Iet X be the sct of al‘l resl funciions . £ defined
2:; 'f;hi)inte?vel ;]C E:'._.‘}o = 3’0, SI_ n’sz Qnﬂ’ SI 9-

+ + - - +

Sa 54 Jn-—l* - S)n’ By & jnﬂ‘ S = g’nﬂ. + Where ‘@k(k‘-‘") Renoias
the set of the polynomiale by desree sk ond 5); 4 9;} is ithe subaset

H

~

of all elersnts of @k: haring poeitive {(negsiive) domirant coelficienz.

Denote by le the set of all TLagrenge interpelating operstors
il @n;x1§125---,311+1;-) ad Ly uz the et of all Legrense interpo-
'.\._at:‘.r:g operators L( @n+1;x1,x2,...,xn*2,;-), where TpsXgyeesg¥, o 8T
distinet points in J . The divided differences assueiatn"d with these
operators ere those ordinary, on the painta xl,xz,...,x_l ﬂ, respecti-
Vely on 31' 21.0.,%4_2-

st U, =1 (g)n-t-l' xl'x?'“"%ﬂ.” i Eu:«:* where

e Rl e
* LEWA 3. The ' triplet- (Up,U;,Uy) is a decouposition of

U, relative to ( @a' @n), if and oniy if

B =1 3’:13"1-""’“5,-1' b 25 LLALEL PP SR

U1= L ( Qn:xl".”x. 1, a+1,a-¢’xn.+2 ] )

UI =L ( ,@n,xx,...,x,:_l, xk“"l,-..’xﬂ'!‘z i° ) ] ’
Here 1€k<j<ig€pr + 2. ¢

Proof. Denote by D;(f) the divided difference
Degpeeermyg, TyygrecesTpgp 5 £1s & = 1,2,...,042. One has

(Ggag= 3PIDCE) = (X 2 )0 (1) + (Xppom XIDY(E) ,
E=1,2,000y & + 2. Prom henes, we infer that

(g™ ) OgO)-Bgf)) = (=X D40 (£)-1y(2)) .
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ion 0% order n on 7, then :),__:_2(f)<

(£) <D:(T} for any i and j such that
o

TTORT! 3. The funciion’ £ 1 d — B is strong( @o,g:’n, g)nﬂ)-

- nei-gonvex If and only if Toap soch svsten of pointa
s< T <. . .<€x,., fron J and for every i and Y such that
IR <isn o+ 2, i-22=2 the followins ineguality is satisfied:

3y C<:5:tt-[x1, ser 9Ty qa¥ i qeee ,%*_-2;1‘]‘ ’
Boyses o XysXesqee - s %u0if] 1

e proof is immediste by lemma 3.

Let us remarl: that if the fumtion f is strong (530, @n,@+i>-
- zussi-ceonvex, then it gatisfies

o< ﬁ'ﬂ{_*[xl'x‘é""’xn*-l;f] 3 [zz,xj,...,zn+2 ;f] }

an? the eguivalent ineguality
(72 0%peee ,xp__!_l;f] < mex {[xl,r?, s ,:%_;f] . [33,x4, 5 i ,xm_z;f] } %
:is means that each strong (QJO, QJ:, 93_“13 - guesi-convex function

is pstristly auesi-corvev of order n-1% in the sense of [2] .
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