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'mommmmmo?m

Let ! ant Y be.twn resl lineer spaces; 4 4 o PRT
b B S a bf.linear runct:.m:t., ECX— o convex cone:,.
X x"‘-- the polsr cone of K, that is ¥ = {yex (x,y};{r’ fer-
en xex}mxetxbeanoperammmlcinm Y, | |
‘ : The operator & is said to be monotcna if it satisfies: |
the following condition
"(l) L S Ax - &x'}}ﬂ m all x,zx*exv
Vanﬂissudtobetz-mm  if et
(2}  kxlEx' ex® for all x,x' €X such thatr-x EEK.
| In our previous paper [2] we have defined a larger cles
of operators as follows '
DEFINITION [2] . The operator A : X —Y is K—mtmo‘,sne ir
_(5.) <x - x:‘ ix = h‘);o for an X,X'€X  such Ahat
TSX'ER ' '
. The mmt.an:icity, (e}—mm clty and K-mnotcmcny pra--
‘pertles can be extended to mltivalued mappings.
Obvmns]y, any monotone or (o)-monotone mapping is & Kimo -
' mtcmse one. Therefore, the stuﬂty of the K-monotone mapplngs i ir-

portant for = synthem.s ef” some results in monotone and in: (¢ )=mirm



_ n this paper we deal with the mmtonicity prcpertles of

m best approxlmat:wn operators' , -

In vhat follows X is a real fﬁlbert space, Y=X eand
the b111near functional <. : .}13 the s«:alaa- product on X. De-
note by |l ll the norm in X irduced by the scalar product, by || H’
an arbitrary norm in X, equivalent with H. || and by € a nonvoid
closed convex subset of X. :

The mepping B =8 ( |-, & , B : x--z asmgn:mgto
eetﬁ'x x€X the subset [yec s - yli= :mf Elx -z | }is called
the best spproxination mapglng by element: of c and with respect'

to the norm H- |f' « e

Since the space (X, Jl-lI") ‘-igs reflexive, we have Bx # ¢
for 81} xE€X. Moreover, if the norm ll- [|' or the subset g
strietly convex, then for each x €X the subset Bx contains
an nnique element denoted by ¥; in this eése the mapping B is
en operator from X inte x: \ |

Tt is well known that the operator B (-, C) is mono-
tone Por every norvoid closed convex subset C. 4 ‘

‘Feor other norms i« || the operators B (|| - H'; C) can be not
monotone, b&t under some additional geometrica}.‘ conditions imposed
to the normo end to the subsets C, they can be (c}-m-notonéh or 5

only K-monotone with respect to certasin cones - K.
¥or an exemple of best approximation operator wiich is not
monotone but is (o)-monotone, let us consider in X = B® the norm
H(x,7) [lm = Rax {|x| § Iy[} end & closed strictly convex subset

c C{xyl ; Hxylll < 1] such that the points (-1,0),(1,0),

(0,-1), (0,1I) belong 1o its bourdary IC .

let (x,¥y) ¢ C. Then B (xz,y) - (-1,0] if y +x+21<0
e y-x-1>=0 ;'B‘(xsy)=f1.,0]i_fy-x+1'~;§0
ad y+x=-1320 ; B(xy)=(0,1)if y-x+1<x0
el y4+x+E<O 3 Bny)=(0,1)if y+x~-1>0

ed Fo-x-12D - &lse. i y - x:- ¥<O, y~x+ 130,
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| then B (x,y) = (£, ¥ _'whei'e Y =y=2 -x, xx" >0

serd (7, ¥ € 00 ; while if y+x+1>0 and y%z-i<0,=-.
then B (x,5) = (X, ") where 7" =y =x - x* , x.2*>0
and (%, ¥ €9C .,

| Po prav'e ﬁ}at the operators B and (- B) are not monotone,
let us consider the point z = (-x , eIl with x>o0. Then, by
using the proprieties of (, we see that 1/2 <x <1. Also, 1let

¥*>1 end 2et z* = (x*,x" -1). One has Bz =z am B2'=(1,0).

Consequently, { z* - 2, Bz! ~Bz »>=2%° « (2x = 1) x' and since

2x - 1>0, we have that {z* - z, Bz* - Bz)> <0 (>0) for
¥*> 2 %2/(2x - 1) (respectively Tar x'< 2 ¥2/(2x~ 1)). Thus ,
the operators B and (~ B) are no"r..umnotone.
5  Under an additional eondition on the set C , the operator
B (Il ops €) mll be (o)-monotone.
£ In order to formulate this conditioen, for each number of >0

let us consider the convex cone (with nonvoid interior)

Kd={(x,y)6 R® s iylga{x}.

- Row we can-atate :

 If the subset C CR® satisfies the above conditions end

in sddition there i'g ol >1 such that € Ctzo- x'd')ﬂ (-—zo-l- K, ),
vhere 2z, = (1,0}, then the operator B ( II‘- s C) is

. = 5
{o)-monctone with respect to the cones Kl/o( and (K‘l/of.) =K_-

_Returning at the case of an arbitrary Hilbert space X,
we will -give an exemple of FK-monotone operater which is not mono-
tone and (essentially) nor (0)-monotone.

Por this, let us consider the striectly comvex set
3 =-{xEX 3 lellél},' a fixed element u €X , {full=1 ard the
norm |l fl, &ssocisted to m as follows ¢
() llxlig=ll=ll ; it [<xudl=lzli/ V2

| Iz, V2, ir |K<xudl<liixil/ V2,

i




where in =x = (u:,x)ﬁ .
I7 we denote by 4 the operator B (M} .||

congider the following convex cone ke
(%) %t{_xé!;(x,'u);ij‘kﬁ/ﬁ},.
then we czn state 2 ' ‘

- mrEOREM. 1%, The operators A and (-A) =zre not monotone;

2%, Tor esch corvex cone XC X with dim K=2, the

- erators A and (-#) are not (o)-monotone ;

0 Whe gnerstor & is K - Eonotone .

Tetails will appear in [4] .
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