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Let n be a nonnegative integer. Consider n+3 resal

numbers
1) XL Xy Leen KXy g

and a real function f defined on the points (1). Denote by
Di(f) the divided difference

(xysxpneeesxyge Xgppaecnarggit ],
where 1< 1¢n+3. By the mean value theorem of divided differen-

ces, we have

(2) (xn+3:xl)Di(f) = (xi-xl)Dn+3(f) +(x, ,~-x;)D,(£),

n+3
for each i, 4<1<n+3 (see |2) , p.163). Whence, we obtain
Xy =Xy

X 3-31

3) D, (£)=D,(£) =
( K 4 {2) =

(D, 3(£)=Dy (£)) ,

for all i, k such that 1<i, k< n+3.

PROPOSITIOR 1. The following statements are egquivalent:
1°. We have

(4) [x2,13,...,xn+2;fj < max([xl,xz,. ..,zn+1;ﬂ "
[13,14,...,zn+3;fj). :
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2%, We have

(5) 0« max (- [xpxz----rzm.g;f]v{xzvxjr'"sxn+3;f]} '
%9, Tor every i and X with 1<i<k gn3, k-i22,
we have
(6) 0 & mex (= [XyyeresXy 100 ee9Xnesi T

[Xypeees®s 10%54100 21 %nass £7 )

Proof. The equivalence 1% &> 2° follows imediately by
the recurrence formula of divided differences (see[4], p.8).

The implication 3°=> 2° is obvious, if we take in (6)
i=1and ¥ = m#3, e

Assume now that 3% is not satisfied, i.e., there exists
iand k¥, 1 €1 <k <3, k=i > 2, such that Di(f)<0 and
D (f) > 0. Then, by (3), we have D 4(f) - Dy(f) >0. Con -
sequently, agsin by (3), we obtain

Ds(£) - Dy{f) >0  and Dy 4(f) - D(f) >0 ,

whence Dy(£) < O and D, (f) >0 , which shews that 27 is not
satisfied too. T™us, 27 = 3%, which completes the proof.

The following proposition ean be proved similarly.

PROPCSITION 2. The following statements sre equivalent:

19, We have

(4%) [xz.:x’,. . eyXpyoif] £ maX ([xy0%oree1py1iT] s

[1.5,14,...,xm3;f] : e ’
2%, We have
(5%) 0 < max ( —[11,12,.'..,xn+2 ;t],[xz,za',...,xn_i_’;f]-}.
=® por every i and k with 1€i<kgn+3, k-i22, we
have
(6") 0 < max ( "[!1"""15-1"’1:-»1""":14-5"] .

[111 o e, ¢ LR ,x,,_,,,;t]) .
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Let X be £ set of reel numbers containing at least n+3
elecents and let £ be a real funetion defined on X.

The functions ¥ satisfying condition (4) ((4')) 5
for every system of points (1) in X, have been first considered
by Elena Popoviciu in [1]. They have been called quasiconvex

functions of order n (strictly quasicorvex furctions of order n).

These functions represent & natural gererelization of nonconcave

(eonvex) functions of order n.

For n =0, the functions f seatiefying condition (4),i.e.,

for every system of points X <Xy < Xy in X, hed been first
studied by T. Popovieiu [3] , but not under the neme of quasicon-
vex functions (see also [4] s P.22) .

Aceording to Proposition 1 (Proposi'tion 2), each of inequa-
lities (4),(5),(6),((4%),(5'),(€")) may be used in the definition
of quesiconvex (strietly quasicenvex) functions of order n.

Let us remark that we can speak about quasiconvex (strictiy
ciuasicomex) furctions of order n, even for n=-1, if we use in
definitiorn inequality (5)((5')) instead of (4)((4')). ,

PROPCSITION 5., Iet f : X —R be a quesicornvex function

of order n,n>0 &nd let the points (1) in X satisfy

(7) [x1,12,o--,x:j_l,xj.‘_l,--.,xn_!_’; f] =0 N

for some j , 2 € i € n+2. Then

a) We have

(8) 0 < [Xy,XpyeeesXpys 3 - o3 P
b) ‘We hsve
(9) [11'""xk—l'xk+l""’xn+5:f] <0 -‘E[xl,...,xi__l ;

Xi41re0 1Ty 5 T1

vhedever 1 <3i < j<k<ni3.
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Proof. The atatenenta n) and b) being equivalent, as
follows 1-.medlat317 by (3) and (7), we have only ie prove, that
b) ie true, To thie end, assume that Djtf) = 0 for a certain
Jy» 2 %€ § < p+2 ard take arbitrary i end ¥ with 1<i<j<kgnt3. .
.[pply:lrg (2) to J dinstead of i, we see that Dl(f}Dn_l_.!'{f) =< 0
or the other hand, since f is quasiconvex of order n, we have
(5), that is O < mex (~D, 4(2},D4(f)). Consequently,D, (f) > 0
erd Dn+3(ﬂ < 0, vhence, using (3}, we conclude that :Dk(r) -
D;(f) <0 and Dj(f) - Dy (f) € 0. Thus, we have (9), which com-
pletes the proof.

Similarly we .can prove thg following propositien.

PROPCSITION 4, let f : X — R be 2 strictly quasicon-

vex function of order n, n>0 end let the points (1) in X s&=

+igfy econdition (7) for some J, 2<J € n+2. Theft

a) We have

(8*) 0 <[xg,%5,000% 8 3 £].
b) We have

(9%)  [XyyeeesTe yosTianrece ,xn+3,f] <0 <[xyyeeesX_y9%5470

seesXpym § f]
whenever 1 <1 < j <k < nt3. -

In the paper [5] (see also [6]) the functions £ satie-
fying (8') for every system (1) of p01nta satisfying (7), have
been celled (90 pn—t»l'
for which aasertion '5 in Proposition 2 is true, heve been ealled

.93 2) - quasiconvex and the functlons > o

strongly ( 9) 2) - quasiconvex functions. These fune-
+ions have been defined in conrection with the notion of decom-
position of an interpolation operstor (see [s]y.

We state now the pain resulis,
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TEECREM 1. Let f : T — R be & continuous furetion =

here I is an intervel of resl numbers. The following state -~
ments are equivalent :
: 1%, The function £ is quasiconvex of erder n.
2°. We have ' ‘

(10) 0 < [xyyxp,eeeyx,y 5 7]

for every system (1) of points in I— satisfyi

X [11,...,!J-_.l,!j_’,l,...,!m’; f] = 0 9
for some § ; 2<j<n+2,
f. We have ;
L]
(11) [H"""k-l'xkﬂ"“’xms;f] <0< [xl"“'xi—l”iﬂ'
' ceesXyw § ]

for every system (1) of points in I, provided that 1<i<j<k <

sn+3% and _
[:1,...,xj_l,xj+1,...,xn+3 s f]: 0.
Proof. Aceording to Proposition 3, we.hmre orly to prove
that 3% => 1% Assume that 19 is not true. Then, there exists a
system (1) of points in I such that (5) is not satisfied. Hence
Dy(f) <0 and D, (f) > 0. .

- Case 1 : There existe j, 2<j<sn+2 such that Dj(f)= 0.
Then, by (11), we hsve D 5(f) < 0 < Dy(f), a contradiction . In
this case the proof is fimished.

Case 2 : There is i, 1<isn+2, such that D; (£)<O<D, , (f).
Then, by the continuity of f, there exists e, xi<e<:i+1, such
that
(12) ‘ [xys00c0x 300, LIPPTIDPE S0Y rtl=o0.

We consgider the following subcases :
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a) i = 1. Replacing in (1) Xy by ¢ we shall obtain
for the new system of points :'Dy(£)< 0 and, by (12), Dy (£)=0, .
which contradiets (11). § :

b) i = n+2. Replacing in (1) Xppn by e we Bhall obtain
for the new system of points : Dy (1) > o.mﬁ, by fl2),1)n+2(f]“= :
= 0, which also contrediects (11). -

¢) 2<1i<ntl. Derote by D ,(f) the divided @iffe -
E 3
rence of f on the pointa : c,xl,xz,...,g“_’, except x; and
X« We will show that ‘ ‘

(13) DI <0 e Bf, (>0,

Suppose, a contrarie, that Dg'i(r) >0 and D§+1,n+5

We will derive & contradiction. Indeed, by D{ i(f) >0 and
: ]

(f) <o.

nlcf) < (, we must havé

[12 o..,xi,e,xi+l,..-,1m2;f] < 0 y

as follows if we apply (3] to the points : XoyeeesXgsCyXy naceey
Thase

Similarly, by Df (f1 <0 end

+1,n+3 (£f) > 0 , we must have

-
“n+3
[xz ...,xj_,c,xi_i_'l,'...,xmz:f] 2 0y

8 contradiction. Thus, (13) holds.

.

, s o [ i B -

tiowy if Dl,i(ﬂ < 0 , then, repiacing in (1) x; by e,
we shall obtein for the new system of mn+3 points : Bl(f) <0
and, by (12), D
e
Di+1,n+'5
tain for this new system of n+% points : Dpys(f) >0 and ,

141(f) = 0, which contradicts (11). Alse, if

(f) > 0, then, replacing in (1) x; .4 by ¢, we shall ob -

by (12), D;(f) = 0, a contradiction to (11).
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Therefore, 3°::> 1° as desired,

THEOREM 2. Let £ : 1 — R be a continuous function,

where 1 is an interval of real numbers. The following statements

are squivalent:

1°, The function f is strictly quasiconvex of order mn.

29, We have
(lo*) . 0<[x1,12,...,xn +3;fj

for every system (1) of peints ‘in I gatisfying

Exl’""xj-l'xj¥l""'xn+3 H fj= o,
for some J, 2¢ j< n+2.
3°. We have

(11") [—11"°"xka1'1k+1'""xn+3‘f14oq[11"‘”xiul'xi+l""'1n+3;ﬂ

for every system (1) of points in I, provided that 1<i<jck<ntd

and

[ xl’"f’xj-l’xj+l"‘"xn+3;f] = Qs
The proof of Theorem 2 is similar to that of Theorem 1.
In the particular case, n=0, Theorem 1 and Theorem 2

have been given by Elena Popoviciu (1}
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Remania

This paper is im fimal ferm amd Re versiem of it will
" be submitted fer publicatiem elsewhere.



