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REZUMAT. - Construclia unor operatori liniari de aproximare prin metode

probabilistice. Lucrarea prezinti o metodi probabilistici de construire a unui sir de operatori

liniari pozitivi utilizaji in teoria aproximdirii uniforme a functilor continue de dou# variabile.

Se studiazi convergen|a sirului si se evalueazi ordinul de aproximare. In final sunt prezentate

exemple care extind in plan rezultatele objinute in [2].

1. Introduction. Connections between probability and positive linear operators are
discussed in many papers. Also a lot of generalizations and investigations of the classical
operators of discret type (Bernstein, Szasz, Mirakyan, Meyer-Kénig and Zeller and others)
were studied [1], [3], [4], [5], [6], [7], [8], [9], [10] and the literature cited there.

This paper develops a general probabilistic method for constructing positive linear
operators useful in the theory of uniform approximation of continuous functions of two
variables. We study this sequence of operators by applying the well known theorem of
‘Bohman-Korovkin. Then we evaluate the orders of approximation in terms of the modulus

of continuity; in the last section of this paper we present some examples which extend the

results of G.C.Jain and S.Pethe [2].

2. Construction of the operators. Let ( Q, 4, P ) be a probability space in the sence

of Kolmogorov, i.e. Q is an arbitrary abstract space, A4 is a o-algebra of subsets of Q and P
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a probability measure in Q and on A. Let (){'"')”Z e ( }’m)mzl be two real sequences of random
variables having the follow;ing distributions:
E{A % x.) =D, (iEACN), P( Y =y.)=4q,,(xy), UE BCN) where
(x,y)EIxJCRxR;[and J are not necessarily bounded intervals. Let (p,,','j) be
defined by:

Pay(x,y) = P(X,=x, and ¥ =y )

By the definition of this distribution we have:

S poi=d,. 3, Pm =P, andconsequeally YYo= (1)
iEA JEB iEA jEB
Now we consider the operators defined by:
(La L)) =30 X Py ) S (%00 Vo) (2)
iEA JEB

where fis a continuous function on / x J.
It is clear that the operators defined in (2) are linear positive. Therefore they are
monotone. Let us calculate the values of our operator for the test functionse, : D = R,

where ¢,,(x,y) = x*y'; k,l € {0,1,2}, k+I s 2. Using (1) we have:
K g

(Lmneno)(xny) =Z E pﬂ::_:" I e(m(x’y)

i€d jJEB

Let us agree to denote the expectation of the random variable Z by E(Z) and the moments

about the origin by v,(Z), the subscript indicating the order of the moment. In these

notations:
( mn lU)(x y) -E E p';:.fl ni = E pmxm 5 E(Xn)
€4 JER G..'l
Analogous:
(Lmneﬂl ) (x‘-V) = E( Ym)
Also:

(300 = 2. 0 Bk = 5 ():p,,’:;) 2 =Y poxe =X

1EA JEB €A \ JED 1€
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Analogous: (L, e,)(x,) = v,(7,)
At last we coimpuite;

12

(L,,,,.e“)(x,y) g(zpmj m) mj= E(Xnym) = (VZ(XH)VZ(YM)) ?
J

according to the Schwartz inequality. By making use of the results established above, in

concordance with the well-known Korovkin’s theorem in probabilistic form, we can state:

(mn)EN <N

THEOREM. Let (L) be introduced in (2) and f € C(IxJ)
b :
iMlimy, (X)=x*, kK€ {1,2}
ii) Iimvk(Ym) =yt kE {I,i}
iii) Lim E(X Y, ) = xy

{n, )

then we have: (llm (e ) = [ uniformly on I = J,

3. Order of approximation. For evaluating the corresponding orders of
approximation, it is convenient to make use of the modulus of continuity of f, which is
defined by:

w(8,,8,) =max |f(x", ") - f(x" ,y" )|, f‘or |x'-x" | <8,, |y'-y"|=<9,,6,,8, being
positive numbers,

We will need the following known property of the modulus of continuity

(llél,kzbz) < (1+A +X,) 0 (3, 62), (A, >0,%,>0) (3)

We can write succesively: |

[(2o) 59 - £ )| = | T X s (%000) - 1
JER iEA
EDID AV ESICRI] =D 35 St (EIE L
JEB €A JEB 1€

But by using the inequality (3) we have:

Y= 1)
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and similar results for £(Y, ) and v,(V,).

E(X Y )= EZ.[j(nm)"pm(nx,y)‘rlmJ(my,',f’) — xy, (n,m) = (®©,®)

izl j=1

This completes the proof.
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